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Preface

Stochastic processes and diffusion theory are the mathematical underpinnings of
many scientific disciplines, including statistical physics, physical chemistry, molec-
ular biophysics, communications theory, and many more. Many books, reviews, and
research articles have been published on this topic, from the purely mathematical to
the most practical. Some are listed below in alphabetical order, but a Web search
reveals many more.

• Mathematical theory of stochastic processes [14], [25], [46], [47], [53], [58],
[57], [72], [76], [74], [82], [206], [42], [101], [106], [115], [116], [117],
[150], [153], [161], [208], [234], [241]

• Stochastic dynamics [5], [80], [84], [171], [193], [204], [213]

• Numerical analysis of stochastic differential equations [207], [59], [132],
[131], [103], [174], [206], [4]

• Large deviations theory [32], [52], [54], [68], [77], [110], [55]

• Statistical physics [38], [82], [100], [98], [99], [185], [206], [196], [242]

• Electrical engineering [108], [148], [199]

This book offers an analytical approach to stochastic processes that are most
common in the physical and life sciences. Its aim is to make probability theory in
function space readily accessible to scientists trained in the traditional methods of
applied mathematics, such as integral, ordinary, and partial differential equations
and asymptotic methods, rather than in probability and measure theory.

The book presents the basic notions of stochastic processes, mostly diffusions,
including fundamental concepts from measure theory in the space of continuous
functions (the space of random trajectories). The rudiments of the Wiener measure
in function space are introduced not for the sake of mathematical rigor, but rather as
a tool for counting trajectories, which are the elementary events in the probabilistic
description of experiments. The Wiener measure turns out to be appropriate for
the statistical description of nonequilibrium systems and replaces the equilibrium
Boltzmann distribution in configuration space. The relevant stochastic processes are
mainly stochastic differential equations driven by Einstein’s white or the Ornstein–
Uhlenbeck (OU) colored noise, but include also continuous-time Markovian jump
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vi Preface

processes and discrete-time semi-Markovian processes, such as renewal processes.
Continuous- or discrete-time jump processes often contain more information about
the origin of randomness in a given system than diffusion (white noise) models.
Approximations of the more microscopic discrete models by their continuum limits
(diffusions) are the cornerstone of modeling random systems.

The analytical approach relies heavily on initial and boundary value problems
for partial differential equations that describe important probabilistic quantities,
such as probability density functions, mean first passage times, density of the mean

function and its derivatives play a central role in expressing these quantities analyti-
cally and in determining their interrelationships. The most prominent equations are

sity, which are the well-known transport-diffusion partial differential equations of
continuum theory, the Kolmogorov and Feynman–Kac representation formulas for
solutions of initial boundary value problems in terms of conditional probabilities,

and more.
Computer simulations are the numerical realizations of stochastic dynamics and

are ubiquitous in computational physics, chemistry, molecular biophysics, and com-
munications theory. The behavior of random trajectories near boundaries of the sim-
ulation impose a variety of boundary conditions on the probability density and its
functionals. The quite intricate connection between the random trajectories and the
boundary conditions for the partial differential equations is treated here with special
care. The Wiener path integral and Wiener measure in function space are used ex-
tensively for determining these connections. Some of the simulation-oriented topics
are discussed in one dimension only, because the book is not about simulations.
Special topics that arise in Brownian dynamics simulations and their analysis, such
as simulating trajectories between constant concentrations, connecting a simulation
to the continuum, the albedo problem, behavior of trajectories at higher-dimensional
partially reflecting boundaries, the estimate of rare events due to escape of random
trajectories through small openings, the analysis of simulations of interacting par-
ticles and more are discussed in [214]. The important topic of nonlinear optimal
filtering theory and performance evaluation of optimal phase trackers is discussed
in [215].

The extraction of useful information about stochastic processes requires the so-
lution of the basic equations of the theory. Numerical solutions of integral and
partial differential equations or computer simulations of stochastic dynamics are of-
ten inadequate for the exploration of the parameter space or for studying rare events.
The methods and tricks of the trade of applied mathematics are used extensively to
obtain explicit analytical approximations to the solutions of complicated equations.
The methods include singular perturbation techniques such as the WKB expansion,
borrowed from quantum mechanics, boundary layer theory, borrowed from con-
tinuum theory, the Wiener–Hopf method, and more. These methods are the main
analytical tools for the analysis of systems driven by small noise (small relative to
the drift). In particular, they provide analytical expressions for the mean exit time of

the Fokker–Planck and Kolmogorov equations for the transition probability den-

the Andronov–Vitt–Pontryagin equation for the conditional mean first passage time,

time spent at a point, survival probability, probability flux density, and so on. Green’s
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a random trajectory from a given domain, a problem often encountered in physics,
physical chemistry, molecular and cellular biology, and in other applications. The
last chapter, on stochastic stability, illustrates the power of the analytical methods
for establishing the stochastic stability, or even for stabilizing unstable structures by
noise.

The book contains exercises and worked-out examples. The hands-on training
in stochastic processes, as my long teaching experience shows, consists of solv-
ing the exercises, without which understanding is only illusory. The book is based
on lecture notes from a one- or two-semester course on stochastic processes and
their applications that I taught many times to graduate students of mathematics,
applied mathematics, physics, chemistry, computer science, electrical engineering,
and other disciplines. My experience shows that mathematical rigor and applica-
tions cannot coexist in the same course; excessive rigor leaves no room for in-depth
development of modeling methodology and turns off students interested in scientific
and engineering applications. Therefore the book contains only the minimal mathe-
matical rigor required for understanding the necessary measure-theoretical concepts
and for enabling the students to use their own judgment of what is correct and what
requires further theoretical study. The student should be familiar with basic measure
and integration theory as well as with rudiments of functional analysis, as taught in
most graduate analysis courses (see, e.g., [79]). More intricate measure-theoretical
problems are discussed in theoretical texts, as mentioned in the first list of references
above. The first course can cover the fundamental concepts presented in the first six
chapters and either Chapter 8 on Markov processes and their diffusion approxima-
tions, or Chapters 7 or 11, which develop some of the mentioned methods of applied
mathematics and apply them to the study of systems driven by small noise. Chapters
7 and 9–12, which develop and apply the analytical tools to the study of the equa-
tions developed in Chapters 1–6 and 8, can be chosen for the second semester. A
well-paced course can cover most of the book in a single semester. The two books
[214], on Brownian dynamics and simulations, and [215], on optimal filtering and
phase tracking, can be used for one-semester special topics followup courses.

It is recommended that students of Chapters 7 and 9–12 acquire some inde-
pendent training in singular perturbation methods, for example, from classical texts
such as [194], [121], [20], [195], [251]. These chapters require the basic knowledge
of Chapters 1–6 and a solid training in partial differential equations of mathematical
physics and in the asymptotic methods of applied mathematics.
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Chapter 1

The Physical Brownian
Motion: Diffusion And Noise

1.1 Einstein’s theory of diffusion

This chapter reviews the elementary phenomenology of diffusion and Fick’s deriva-
tion of the diffusion equation. It recounts Einstein’s theory that connects diffusion
with the Brownian motion and Langevin’s extension of that theory. It presents the
early mathematical theories of the Brownian motion.

In his Encyclopedia Britannica article Maxwell describes the phenomenon of
diffusion as follows:

When two fluids are capable of being mixed, they cannot remain in
equilibrium with each other; if they are placed in contact with each
other the process of mixture begins of itself, and goes on till the state
of equilibrium is attained, which, in the case of fluids which mix in all
proportions, is a state of uniform mixture.

This process of mixture is called diffusion. It may be easily observed
by taking a glass jar half full of water and pouring a strong solution
of a coloured salt, such as sulphate of copper, through a long-stemmed
funnel, so as to occupy the lower part of the jar. If the jar is not disturbed
we may trace the process of diffusion for weeks, months, or years, by
the gradual rise of the colour into the upper part of the jar, and the
weakening of the colour in the lower part.

This, however, is not a method capable of giving accurate measure-
ments of the composition of the liquid at different depths in the vessel.
. . .

M. Voit has observed the diffusion of cane-sugar in water by passing a
ray of plane-polarized light horizontally through the vessel and deter-
mining the angle through which the plane of polarization is turned by

© Springer Science+Business Media, LLC 2010
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2 1. The Physical Brownian Motion

the solution of sugar. . . .

The laws of diffusion were first investigated by Graham. The diffusion
of gases has recently been observed with great accuracy by Loschmidt,
and that of liquids by Fick and Voit. . . .

If we observe the process of diffusion with our most powerful micro-
scopes, we cannot follow the motion of any individual portions of the
fluids. We cannot point out one place in which the lower fluid is as-
cending, and another in which the upper fluid is descending. There are
no currents visible to us, and the motion of the material substances goes
on as imperceptibly as the conduction of heat or electricity. Hence the
motion which constitutes diffusion must be distinguished from those
motions of fluids which we can trace by means of floating motes. It may
be described as a motion of the fluids, not in mass but by molecules. .
. .

The laws of diffusion were first formulated by Fick. His first law of diffusion,
formulated in 1856 by analogy with Fourier’s first law of heat conduction, asserts
that the diffusion flux between two points of different concentrations in the fluid is
proportional to the concentration gradient between these points. The constant of
proportionality is called the diffusion coefficient and it is measured in units of area
per unit time. Fick’s first law was verified experimentally in many different diffusion
experiments. A straightforward consequence of Fick’s first law and the principle of
mass conservation is Fick’s second law, which asserts that the rate of change of the
concentration of a solute diffusing in a solvent equals minus the divergence of the
diffusion flux. Fick’s two laws of diffusion can be written in the form

J = −D∇ρ, ∂ρ

∂t
= −∇ · J , (1.1)

where J denotes the diffusion flux density vector, ρ is the concentration of the
diffusing substance (e.g., sugar in water), and D is the diffusion coefficient. Fick’s
two equations combine to give the diffusion equation

∂ρ

∂t
= ∇ ·D∇ρ. (1.2)

The observation in 1827 of the irregular motion of small particles immersed in
fluid, the so-called Brownian motion [30],

. . . played almost no role in physics until 1905, and was generally ig-
nored even by the physicists who developed the kinetic theory of gases,
though it is now frequently remarked that Brownian movement is the
best illustration of the existence of random molecular motion.

In 1905 Einstein [63] and, independently, in 1906 Smoluchowski [228] offered an
explanation of the Brownian motion based on kinetic theory and demonstrated, the-
oretically, that the phenomenon of diffusion is the result of Brownian motion. Ein-
stein’s theory was later verified experimentally by Perrin [200] and Svedberg [236].
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That of Smoluchowski was verified by Smoluchowski [226], Svedberg [237], and
Westgren [246], [247].

Einstein approached the problem of diffusion from two directions. On the one
hand, assuming the Brownian particles to be in thermodynamical equilibrium, he
used the ideal gas equation for the osmotic pressure

p =
RT

V ∗
n

N
=
RT

N
ρ, (1.3)

where T = absolute (Kelvin) temperature, n = number of suspended particles in a
volume V ∗ (partitioned from a larger volume V ), N = Avogadro’s number, and the
concentration is ρ = n/V ∗.

In equilibrium, the suspended particles are diffusing in the liquid in such a way
that the osmotic force originating in a concentration gradient is balanced by the
viscous force, which retards the motion of the particle according to hydrodynamics.
Thus,

Kρ ∝ ∂p

∂x
, (1.4)

where Kρ is the viscous force. Using eq.(1.3), this gives

Kρ =
RT

N

∂ρ

∂x
. (1.5)

Assuming that the Stokes formula for the velocity of a particle moving through a
viscous medium can be applied in the case at hand,

v =
K

6πaη
, (1.6)

where a = radius of the particle and η = coefficient of dynamical viscosity, the
coefficient K can be eliminated to give

6πaηvρ =
RT

N

∂ρ

∂x
. (1.7)

Actually, as Einstein noted, eq. (1.6) indicates that ρK/6πaη is the number of
particles crossing a unit area per unit time. This can be equated to −D (∂ρ/∂x),
where D is the diffusion coefficient, according to Fick’s law. Thus, in addition to
eq. (1.5), Einstein’s second equation is

Kρ

6πaη
= D

∂ρ

∂x
, (1.8)

hence Einstein’s expression for the diffusion coefficient is

D =
RT

N

1
6πaη

. (1.9)
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Equation (1.9) was obtained from similar considerations by Sutherland in 1904 and
published in 1905 [235].

To connect this theory with the “irregular movement which arises from thermal
molecular movement,” Einstein made the following assumptions: (1) the motion
of each particle is independent of the others and (2) “the movements of one and
the same particle after different intervals of time must be considered as mutually
independent processes, so long as we think of these intervals of time as being chosen
not too small.” Assuming that the particle is observed at consecutive time intervals
τ, 2τ, . . . , consider the number of particles whose displacement in a time interval
lies between ∆ and ∆ + d∆, in the form

dn = nφ(∆) d∆, (1.10)

where

∞∫
−∞

φ(∆) d∆ = 1, φ(∆) = φ(−∆), (1.11)

n is the total number of particles, and φ is only different from zero for small val-
ues of ∆. Equation (1.10) in effect defines the function φ(∆). The value of the
concentration ρ(x, t) after time τ has elapsed can be computed from the values of
ρ(x+ ∆, t) for all possible values of ∆, weighted by φ(∆),

ρ(x, t+ τ) =

∞∫
−∞

ρ(x+ ∆, t)φ(∆) d∆. (1.12)

Expanding ρ in Taylor’s series for small τ and ∆, the equation

ρ(x, t) +
∂ρ(x, t)
∂t

τ + · · · = ρ(x, t)

∞∫
−∞

φ(∆) d∆ +
∂ρ(x, t)
∂x

∞∫
−∞

∆φ(∆) d∆

+
∂2ρ(x, t)
∂x2

∞∫
−∞

∆2

2
φ(∆) d∆ + · · · (1.13)

is obtained. Using the conditions eq. (1.11) and neglecting terms of higher order,
eq. (1.13) reduces to

∂ρ(x, t)
∂t

= D
∂2ρ(x, t)
∂x2

, (1.14)

where

D =
1
τ

∞∫
−∞

∆2

2
φ(∆) d∆. (1.15)
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The solution of eq. (1.14),

ρ(x, t) =
n√

4πDt
exp
{
− x2

4Dt

}
, (1.16)

is described as the solution to the problem of diffusion from a single point (neglect-
ing interactions between the particles). That is, the function

p (x, t) =
1√

4πDt
exp
{
− x2

4Dt

}
(1.17)

can be interpreted as the transition probability density of a particle from the point
x = 0 at time 0 to the point x at time t.

If we denote by x(t) the displacement of the particle at time t, then for any
interval A,

Pr {x(t) ∈ A} =
∫
A

p (x, t) dx. (1.18)

It follows that the mean value

Ex(t) =
∫
xp (x, t) dx

and the variance of the displacement are

Ex(t) = 0, Ex2(t) = 2Dt. (1.19)

Obviously, if the particle starts at x(0) = x0, then

E[x(t) |x(0) = x0] =x0 (1.20)

Var[x(t) |x(0) = x0] =E[(x(t)− x0)2 |x(0) = x0] = 2Dt.

Now, using eq. (1.9) in eq. (1.20), the mean square displacement of a Brownian
particle along the x-axis is found as

σ =
√
t

√
kT

3πaη
, (1.21)

where k = R/N is Boltzmann’s constant. This formula was verified experimentally
[236]. It indicates that the mean square displacement of a Brownian particle at times
t not too short is proportional to the square root of time.

1.2 The velocity process and Langevin’s approach

According to the Waterston-Maxwell equipartition theorem, the root mean square
(RMS) velocity v̄ =

√
〈v2〉 of a suspended particle should be determined by the

equation

m

2
v̄2 =

3kT
2
. (1.22)
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Each component of the velocity vector has the same variance, so that

m

2
v̄2
x,y,z =

kT

2
, (1.23)

which is the one-dimensional version of eq. (1.22). The RMS velocity comes out to
be about 8.6 cm/sec for the particles used in Svedberg’s experiment [236]. Einstein
argued in 1907 and 1908 [63] that there is no possibility of observing this veloc-
ity, because of the very rapid viscous damping, which can be calculated from the
Stokes formula. The velocity of such a particle would drop to 1/10 of its initial
value in about 3.3× 10−7 sec. Therefore, Einstein argued, in the period τ between
observations the particle must get new impulses to movement by some process that
is the inverse of viscosity, so that it retains a velocity whose RMS average is v̄.
Between consecutive observations these impulses alter the magnitude and direc-
tion of the velocity in an irregular manner, even in the extraordinarily short time of
3.3×10−7 sec. According to this theory, the RMS velocity in the interval τ has to be
inversely proportional to

√
τ ; that is, it increases without limit as the time interval

between observations becomes smaller.
In 1908 Langevin [147] offered an alternative approach to the problem of the

Brownian motion. He assumed that the dynamics of a free Brownian particle is
governed by the frictional force −6πaηv and by a fluctuational force X , that re-
sults from the random collisions of the Brownian particle with the molecules of
the surrounding fluid, after the frictional force is subtracted. This force is random
and assumes positive and negative values with equal probabilities. It follows that
Newton’s second law of motion for the Brownian particle is given by

mẍ = −6πaηẋ+ Ξ. (1.24)

Denoting v = ẋ and multiplying eq. (1.24) by x, we obtain

m

2
d2

dt2
x2 −mv2 = −3πaη

d

dt
x2 + Ξx. (1.25)

Averaging under the assumption that the fluctuational force Ξ and the displacement
of the particle x are independent, we obtain

m

2
d2

dt2
〈x2〉+ 3πaη

d

dt
〈x2〉 = kT, (1.26)

where eq. (1.23) has been used. The solution is given by d〈x2〉/dt = kT/3πaη +
Ce−6πaηt/m, where C is a constant. The time constant in the exponent is 10−8

sec, so the mean square speed decays on a time scale much shorter than that of
observations. It follows that 〈x2〉 − 〈x2

0〉 = (kT/3πaη)t. This, in turn (see eq.
(1.19)), implies that the diffusion coefficient is given by D = kT/6πaη, as in
Einstein’s equation (1.9).

Langevin’s equation (1.24) is a stochastic differential equation, because it is
driven by a random force Ξ. If additional fields of force act on the diffusing particles
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(e.g., electrostatic, magnetic, gravitational, etc.), Langevin’s equation is modified to
include the external force, F (x, t), say, [140], [38],

mẍ+ Γẋ− F (x, t) = Ξ, (1.27)

where Γ = 6πaη is the friction coefficient of a diffusing particle. We denote the
dynamical friction coefficient (per unit mass) γ = Γ/m. If the force can be derived
from a potential, F = −∇U(x), Langevin’s equation takes the form mẍ + Γẋ +
∇U(x) = Ξ.

The main mathematical difference between the two approaches is that Einstein
assumes that the displacements ∆ are independent, whereas Langevin assumes that
the random force Ξ and the displacement x are independent. The two theories are
reconciled in Section 1.3 below.

To investigate the statistical properties of the fluctuating force Ξ, we make the
following assumptions.

(i) The fluctuating force Ξ is independent of the velocity v.

(ii) Ξ changes much faster than v.

(iii) 〈Ξ〉 = 0

(iv) The accelerations imparted in disjoint time intervals ∆t1 and ∆t2 are indepen-
dent.

The conditional probability distribution function of the velocity process of a
Brownian particle (PDF), given that it started with velocity v0 at time t = 0, is
defined as P (v, t | v0) = Pr {v(t) < v | v0} and the conditional probability density
function is defined by

p (v, t | v0) =
∂P (v, t | v0)

∂v
.

In higher dimensions, we denote the displacement vector x = (x1, x2, . . . , xd)T ,
the velocity vector ẋ = v = (v1, v2, . . . , vd)T , the random force vector Ξ =
(Ξ1,Ξ2, . . . ,Ξd)T , the PDF

P (v, t |v0) = Pr {v1(t) < v1, v2(t) < v2, . . . , vd(t) < vd |v(0) = v0} ,

and the pdf

p (v, t |v0) =
∂nP (v, t |v0)
∂v1∂v2, . . . ∂vd

.

The conditioning implies that the initial condition for the pdf is p (v, t |v0) →
δ(v−v0) as t→ 0. According to the Waterston-Maxwell theory, when the system is
in thermal equilibrium, the velocities of free Brownian particles have the Maxwell–
Boltzmann pdf; that is,

lim
t→∞

p (v, t |v0) =
( m

2πkT

)3/2

exp
{
−m|v|

2

2kT

}
. (1.28)



8 1. The Physical Brownian Motion

The solution of the Langevin equation (1.24) for a free Brownian particle is
given by

v(t) = v0e
−γt +

1
m

t∫
0

e−γ(t−s)Ξ(s) ds. (1.29)

To interpret the stochastic integral in eq. (1.29), we make a short mathematical
digression on the definition of integrals of the type

∫ t
0
g(s)Ξ(s) ds, where g(s) is a

deterministic integrable function. Such an integral is defined as the limit of finite
Riemann sums of the form

t∫
0

g(s)Ξ(s) ds = lim
∆si→0

∑
i

g(si)Ξ(si)∆si, (1.30)

where 0 = s0 < s1 < · · · < sN = t is a partition of the interval [0, t]. According
to the assumptions about Ξ, if we choose ∆si = ∆t = t/N for all i, the increments
∆bi = Ξ(si) ∆si are independent identically distributed (i.i.d.) random variables.
Einstein’s observation (see the beginning of Section 1.2) that the RMS velocity on
time intervals of length ∆t are inversely proportional to

√
∆t, implies that if the in-

crements Ξ(si) ∆si are chosen to be normally distributed, their mean must be zero
and their covariance matrix must be 〈∆bi∆bi〉 = q∆twith q a parameter to be deter-
mined. We write ∆bi ∼ N (0, q∆t). Then g(si)Ξ(si)∆si ∼ N

(
0, |g(si)|2q∆t

)
,

so that
∑
i g(si)Ξ(si) ∆si ∼ N (0, σ2

N ), where σ2
N =

∑
i |g(si)|2q∆si. As ∆t →

0, we obtain lim∆t→0 σ
2
N = q

∫ t
0
g2(s) ds and

∫ t

0

g(s)Ξ(s) ds ∼ N (0, σ2), where

σ2 = q

t∫
0

g2(s) ds. (1.31)

By considering Riemann sums of the form eq. (1.30), we find that the cross-
correlation between the integrals of two deterministic functions is the expectation
(average) of the Gaussian variables

E
t1∫

0

f(s1)Ξ(s1) ds1

t2∫
0

g(s2)Ξ(s2) ds2 = q

t1∧t2∫
0

f(s)g(s) ds, (1.32)

where t1 ∧ t2 = min{t1, t2}. We note that for the Heaviside function H(t)

∂t1 ∧ t1
∂t1

=H(t2 − t1),
∂2t1 ∧ t2
∂t2∂t1

= δ(t2 − t1)

∂t1 ∧ t2
∂t1

∂t1 ∧ t2
∂t2

=H(t2 − t1)H(t1 − t2) = 0,
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so (1.32) means that

〈Ξ(s1) ds1Ξ(s2) ds2〉 = qδ(s1 − s2) ds1 ds2. (1.33)

To interpret eq. (1.29), we use eq. (1.31) with g(s) = e−γ(t−s) and obtain

σ2 =
q

2γ
(
1− e−2γt

)
. (1.34)

Returning to the velocity vector v(t), we obtain from the above considerations

v(t)− v0e
−γt ∼ N

(
0, σ2I

)
(1.35)

with σ2 given by eq. (1.34). Finally, the condition (1.28) implies that q = 2γkT/m,
so that in 3-D the mean energy is as given in eq. (1.22).

In the limit γ →∞ the acceleration γv(t) inherits the properties of the random
acceleration Ξ(t) in the sense that for different times t2 > t1 > 0 the accelerations
γv(t1) and γv(t2) become independent. In fact, from eqs.(1.29) and (1.33) we find
that

lim
γ→∞

〈γv(t1) · γv(t2)〉 (1.36)

= lim
γ→∞

γ2

m2

t1∫
0

t2∫
0

e−γ(t1−s1)e−γ(t2−s2) 〈Ξ(s1) ·Ξ(s2)〉 ds1 ds2

= lim
γ→∞

t1∫
0

e−γ(t1−s1)e−γ(t2−s1) ds1 = lim
γ→∞

γ

m2

[
e−γ(t2−t1) − e−γ(t2+t1)

]
= 0

and a similar result for 0 < t2 < t1. It follows that

〈γv(t1) · γv(t2)〉 =
γ

m2
e−γ|t2−t1|(1 + o(1)) for γ(t1 ∧ t2) � 1. (1.37)

We conclude that

〈γv(t1) · γv(t2)〉 =
2q
m2

δ(t2 − t1)(1 + o(1)) for γ(t1 ∧ t2) � 1, (1.38)

because for t1 > 0

lim
γ→∞

∞∫
0

f(t2)
γ

m2
e−γ|t2−t1|(1 + o(1))∆t2 =

2
m2

f(t1) (1.39)

for all test functions f(t) in R+
.
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1.3 The displacement process

The displacement of a free Brownian particle is obtained from integration of the
velocity process,

x(t) = x0 +

t∫
0

v(s) ds. (1.40)

Using the expression (1.29) in eq. (1.40) and changing the order of integration in
the resulting iterated integral, we obtain

x(t)− x0 − v0
1− e−γt

γ
=

t∫
0

g(s)Ξ(s) ds, (1.41)

where g(s) = (1− e−γ(t−s))/mγ.
Reasoning as above, we find that the stochastic integral in eq. (1.41) is a normal

variable with zero mean and covariance matrix Σ = σ2I , where

σ2 = q

t∫
0

g2(s) ds =
q

2γ3

(
2γt− 3 + 4e−γt − e−2γt

)
. (1.42)

It follows that x(t)− x0 − v0(1− e−γt)/γ ∼ N
(
0, σ2I

)
; that is,

p (x, t |x0,v0) =
{

mγ2

2πkT (2γt− 3 + 4e−γt − e−2γt)

}3/2

× exp

−
mγ2

∣∣∣∣x− x0 − v0
1− e−γt

γ

∣∣∣∣2
2γt− 3 + 4e−γt − e−2γt

 . (1.43)

Next, we calculate the moments of the displacement. Obviously,

E
[
x(t)− x0 − v0

1− e−γt

γ

]
= 0 (1.44)

and the conditional second moment of the displacement is

E
(
|x(t)− x0|2 |x0,v0

)
=
∫
|x− x0|2p (x, t |x0,v0) dx

=
|v0|2

γ2

(
1− e−γt

)2 +
3kT
mγ2

(
2γt− 3 + 4e−γt − e−2γt

)
, (1.45)
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which is independent of x0. Using the Maxwell distribution of velocities (1.28), we
find that the unconditional second moment is

E |x(t)− x0|2 =Ex0Ev0

(
|x(t)− x0|2 |x0,v0

)
=

3kT
mγ2

(
1− e−γt

)2 +
3kT
mγ2

(
2γt− 3 + 4e−γt − e−2γt

)
=

6kT
mγ2

(
γt− 1 + e−γt

)
. (1.46)

The long time asymptotics of E |x(t)− x0|2 is found from eq. (1.46) to be

E |x(t)− x0|2 ∼
6kT
mγ

t =
kT

maη
t for tγ � 1; (1.47)

that is, the displacement variance of each component is asymptotically kT/3maη. It
was this fact that was verified experimentally by Perrin [200]. The one-dimensional
diffusion coefficient, as defined in eq. (1.19), is therefore given by D = kT/6maη.

Equation (1.46) implies that the short time asymptotics of E |x(t)− x0|2 is
given by

E |x(t)− x0|2 ∼
3kT
m

t2 = 〈|v0|2〉t2. (1.48)

This result was first obtained by Smoluchowski.
To reconcile the Einstein and the Langevin approaches, we have to show that for

two disjoint time intervals, (t1, t2) and (t3, t4), in the limit γ →∞, the increments
∆1x = x(t2) − x(t1) and ∆3x = x(t4) − x(t3) are independent zero mean
Gaussian variables with variances proportional to the time increments. Equation
(1.41) implies that in the limit γ → ∞ the increments ∆1x and ∆3x are zero
mean Gaussian variables and eq. (1.47) shows that the variance of an increment is
proportional to the time increment.

To show that the increments are independent, we use eq. (1.38) in eq. (1.41) to
obtain

lim
γ→∞

γ2〈∆1x ·∆3x〉 = lim
γ→∞

t2∫
t1

t4∫
t3

〈γv(s1) · γv(s2)〉 ds1 ds2

=
2q
m2

t2∫
t1

t4∫
t3

δ(s2 − s1) ds1 ds2 = 0. (1.49)

As is well-known [72], uncorrelated Gaussian variables are independent. This rec-
onciles the Einstein and Langevin theories of Brownian motion in liquid.

Introducing the dimensionless variables s = γt and ξ(s) =
√
m/6kTγx(t),

we find from eq. (1.46) that

lim
γ→∞

E |ξ(s)− ξ(0)|2 = s− 1 + e−s ∼ s for s� 1 (1.50)
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and from eq. (1.49) that

lim
γ→∞

E∆1ξ ·∆3ξ = 0. (1.51)

Equations (1.50) and (1.51) explain (in the context of Langevin’s description) Ein-
stein’s quoted assumption that “... the movement of one and the same particle after
different intervals of time [are] mutually independent processes, so long as we think
of these intervals of time as being chosen not too small.”

Exercise 1.1 (The Maxwell distribution). Denote by v = (v1, v2, v3)T the veloc-
ity vector of a gas particle. Following Maxwell, assume that v is a three-dimensional
random variable whose probability density function, h(v), satisfies the following as-
sumptions.

(i) vj (j = 1, 2, 3) are identically distributed independent random variables.

(ii) The probability density function of v is a function of the kinetic energy of a
particle, that is,

h(v) = g

(
1
2
m|v|2

)
= p (|v|) ,

where m is the mass of the particle. Show that v must be N (0, kI), where k is
some positive constant and (I)ij = δij (Kronecker’s δ), that is, v is a Gaussian
variable. (HINT: Set h(v) = f(v1)f(v2)f(v3) and derive the differential equation
p′(s)/sp (s) = constant.) 2

Exercise 1.2 (The joint pdf of displacement and velocity). Prove that the joint
pdf of displacement and velocity for a one-dimensional free Brownian motion in a
constant external field V ′(x) = g is given by [38]

pc(x, v, t |x0, v0) (1.52)

=
1

2π
√
FG−H2

exp
{
−
[
GR2 − 2HRS + FS2

]
/2(FG−H2)

}
,

where

R =x− x0 − γ−1v0(1− e−γt) + gγ−2
(
γt− 1 + e−γt

)
,

S = v − v0e
−γt + gγ−1

(
1− e−γt

)
, (1.53)

and

F = εγ−2
[
2γt− 3 + 4e−γt − e−2γt

]
, G = ε(1− e−2γt),

H = εγ−1(1− e−γt)2, ε =
kT

m
. (1.54)

The marginal pdf of the velocity is

p (v, t | v0) =
1√

2πε(1− e−2γt)
exp
{
− [v − v0e

−γt + gγ−1(1− e−γt)]2

2ε(1− e−2γt)

}
,
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and the marginal pdf of the displacement is

p (x, t |x0, v0) =

√
γ2

2πε [2γt− 3 + 4e−γt − e−2γt]
(1.55)

× exp

{
−
γ2
[
x− x0 − v0γ

−1(1− e−γt)− gγ−2(1− e−γt − γt)
]2

2ε [2γt− 3 + 4e−γt − e−2γt]

}
.

2

Exercise 1.3 (The Brownian harmonic oscillator). Solve the Langevin equation
for a Brownian harmonic oscillator (in one dimension) for both the displacement
and the velocity. Find the joint pdf of the two processes. Calculate the long time
limits of the first moments and the covariance matrix of the two processes (see [38]).
2

Exercise 1.4 (The forced Brownian oscillator). Solve the same problem for a
periodically forced Brownian harmonic oscillator. Consider in particular the limits
of small friction and resonance [67]. 2

Exercise 1.5 (Charged Brownian particles). Solve the same problem for a charged
Brownian particle in a uniform electrostatic and constant magnetic field. 2

Exercise 1.6 (Correlation). Calculate the limit (1.49) when the intervals (t1, t2)
and (t3, t4) overlap. 2

1.4 Classical theory of noise

The concept of Gaussian noise is widely used in physics, signal processing, commu-
nications theory, in modeling stock prices, and in many other applications. Gaussian
noise is usually meant as a zero mean process whose all n-dimensional probability
distributions are Gaussian (n = 1, 2, . . . ). More specifically, a process x(t) is a
Gaussian process if for all t1 < t2, · · · < tn and all x = (x1, x2, . . . , xn)T the joint
PDF of x(t1), x(t2), . . . , x(tn) has the Gaussian density

p (x1, t1;x2, t2; . . . , xn, tn) =
∂n Pr{x(t1) ≤ x1, x(t2) ≤ x2, . . . , x(tn) ≤ xn}

∂x1∂x2 · · · ∂xn

= (2π detσ)−n/2exp
{
−1

2
xTσ−1x

}
,

where σ =
{
σij(t1, t2, . . . , tn)

}n
i,j=1

is the autocovariance matrix, defined by

σij(t1, t2, . . . , tn) = Ex(ti)x(tj). (1.56)

The process is stationary if

p (x1, t1;x2, t2; . . . , xn, tn) = p (x1, 0;x2, t2 − t1; . . . , xn, tn − t1). (1.57)
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This definition applies to vector-valued processes as well. Classical theory describes
stationary Gaussian processes ξ(t) in terms of their autocorrelation function

Rξ(τ) = Eξ(t+ τ)ξ(t) (1.58)

and its Fourier transform, called the power spectral density function,

Sξ(ν) =

∞∫
−∞

e−iντRξ(τ) dτ. (1.59)

When ξ(t) is measured in volts, Sξ(ν) is scaled with resistance and measured in
watt/Hz. For example, if Sξ(ν) = 1, the process ξ(t) is called "white noise", be-
cause its power output per Hz is the same, 1 watt/Hz at all frequencies ν.

We consider here two examples of stationary Gaussian noise. The velocity pro-
cess of a free Brownian particle, as described in Section 1.2, is often used as a model
of noise. It can be formally defined as the output of the “low pass filter”

ẋ(t) + ax(t) = bΞ(t), (1.60)

where Ξ(t)∆t ∼ N (0,∆t), and a, b > 0 are constants. We set

w(t) =

t∫
0

Ξ(s) ds, (1.61)

which is a continuous function, and write the solution of eq. (1.60) as

x(t2) =x(t1)e−a(t2−t1)

− ab

t2∫
t1

e−a(t2−s)w(s) ds+ b
[
w(t2)− e−a(t2−t1)w(t1)

]
. (1.62)

Definition 1.4.1 (The Ornstein–Uhlenbeck process). The process x(t) defined in
eq. (1.62) is called the Ornstein–Uhlenbeck process or colored noise.

We can show now that x(t) is a stationary Gaussian process whose n-dimensional
autocovariance matrix (1.56) is given by (1.36) as

σij =
b2

2a

[
e−a(tj−ti) − e−a(tj+ti)

]
.

It follows that in the limit ti →∞, such that ti − tj → t̃i, the n-dimensional pdf of
x(t) satisfies the stationarity condition (1.57).

This means that the limit (in distribution) ξ(t) = limτ→∞ x(t + τ) − x(τ)
exists and is a stationary Gaussian process. The limit is defined as colored noise or
wideband noise. Its autocorrelation function is given by

Rξ(τ) = Eξ(t+ τ)ξ(t) =
b2

2a
e−a|τ |. (1.63)
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Note that due to stationarity, Rξ(τ) in eq. (1.63) is independent of t and can be
written as Rξ(τ) = Eξ(τ)ξ(0). The correlation time of the process is the time
Rξ(τ) decays by a factor of e. For colored noise the decay time is τdecay = 1/a. In
the n-dimensional case the power spectral density matrix is defined as the Fourier
transform of the autocorrelation matrix.

The Fourier inversion formula gives

Rξ(τ) =
1
2π

∞∫
−∞

eiντSξ(ν) dν.

The total power output of the process is defined as

Pξ =

∞∫
−∞

Sξ(ν) dν = 2πRξ(0); (1.64)

that is, the total power output is the area under the graph of the power spectral
density function. If ξ(t, ω) is measured in volts, Pξ is scaled with resistance and
measured in watts. The spectral height is defined as the maximum of Sξ(ν). When
it is achieved at ν = 0, eq. (1.59) gives Sξ(0) =

∫∞
−∞Rξ(τ) dτ ; that is, the spectral

height is the area under the graph of the autocorrelation function.
For colored noise, eqs.(1.63) and (1.59) give

Sξ(ν) =
b2

2a

∞∫
−∞

e−iντe−a|τ | dτ =
b2

a2 + ν2
,

which is called the Lorentzian power spectrum. The total power output is, according
to eq. (1.64), Pξ = πb2/2a. The spectral height of colored noise is Sξ(0) =
b2/a2. The width of the power spectral density is defined as the (two-sided) distance
between the frequencies at which Sξ(ν) decays to one half of its maximum. For
colored noise the width is 2a.

If the spectral height is scaled with the spectral width, b = ab0, the power
spectral density function becomes

Sξ(ν) =
a2b20

a2 + ν2
→ b20 as a→∞, (1.65)

so that

lim
a→∞

Rξ(τ) = b20δ(τ) (1.66)

(see Section 2.2 below).
If the Brownian motion is the primary object that can be constructed mathemat-

ically, as described below, then eq. (1.61) identifies white Gaussian noise as the
derivative (in some sense) of the Brownian motion; that is, Ξ(t) = ẇ(t). In view
of the Paley–Wiener–Zygmund theorem [198] (see Section 3.3.1 below) about the
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nondifferentiability of the Brownian paths, the concept of Gaussian white noise can-
not be interpreted in the naïve differential calculus sense. The issue here is similar
to that of the nonexistence of Dirac’s δ(t) as a function, although it has many formal
properties that are similar to those of differentiable functions. Both can, however,
be interpreted in the sense of distributions (or generalized functions [152]). White
noise can be defined as a limit in the sense of distributions [152] of the wideband
(colored) noise ξ(ta) defined above. We describe below formal properties of white
noise, which can also be derived from the properties of colored noise.

Due to the stationarity of the Brownian increments, the formal definition of
white noise implies that it is a stationary Gaussian process. Equation (2.36) below
implies that the autocorrelation function of white noise is given by

Eẇ(t)ẇ(s) =
∂2

∂t∂s
(t ∧ s) = δ(t− s), (1.67)

or alternatively, for all t,

Rẇ(τ) = Eẇ(t+ τ)ẇ(t) = δ(τ). (1.68)

For n-dimensional white noise ẇ(t) the autocorrelation function is found from
(2.47) as

Covẇ(t, s) = Iδ(t− s) = Iδ(τ). (1.69)

Now, eqs.(1.68) and (1.59) give

Sẇ(ν) = 1, (1.70)

so that the power spectrum of ẇ(t) is flat; that is, the total power output of ẇ(t) is
the same at all frequencies. Processes with a flat spectrum are called white noises.
According to the definition (1.64) and eq. (1.70), the total power output of white
noise is infinite.

Similarly, Sẇ(ν) = I is the power-spectral matrix of n-dimensional white
noise. The concept of white noise is an idealization of a wise-band noise with
infinite bandwidth, although it does not represent a mathematically well-defined
object.

If we define white Gaussian noise as the primitive object, colored noise can be
defined as low-pass filtered white noise and vice versa, if colored noise is the prim-
itive object, white noise can be defined as the limit of colored noise as bandwidth
becomes infinite.

1.5 An application: Johnson noise

In 1928 Johnson [111] measured the random fluctuating voltage across a resistor and
found that the power-spectral density function of the random electromotive force
produced by the resistor was white with spectral height proportional to resistance
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and temperature. A theoretical derivation of this result was presented by Nyquist
[192] in the same issue of Physical Reviews. Here, we derive Nyquist’s result for an
ionic solution, where the ions are assumed identical independent Brownian particles
in a uniform electrostatic field.

The Ramo–Shockley theorem [220], [205] relates the microscopic motion of
mobile charges in a domain D to the electric current measured at any given elec-
trode. For a single moving charge q at location x with velocity v, the instantaneous
current at the jth electrode is given by

Ij = qv · ∇uj(x), (1.71)

where uj is the solution of the Laplace equation

∇ · [ε(x)∇uj ] = 0 for x ∈ D (1.72)

with the boundary conditions

uj

∣∣∣∣
∂Dj

= 1, uj

∣∣∣∣
∂Di

= 0, (i 6= j), (1.73)

where ∂Dj is the boundary of the jth electrode. In addition, the normal component
of the field is continuous at dielectric interfaces [107],

ε1
∂uj
∂n

− ε2
∂uj
∂n

= 0,

where derivatives are taken in the normal direction to the interface, and ε1 and
ε2 are the dielectric coefficients on the two sides. In the case of many particles,
due to superposition, the total current recorded at the jth electrode is given by
Ij =

∑
i qivi · uj(xi). Consider, for example, an infinite conducting parallel plates

capacitor, shorted through an Ampère meter. The separation between the plates is
L and a point charge q is moving with an instantaneous velocity v(t) in a direction
perpendicular to the electrodes. The solution of (1.72), (1.73) is u(x) = x/L for
0 ≤ x ≤ L, therefore, according to (1.71), the current on the Ampère meter is

I =
qv

L
. (1.74)

Exercise 1.7 (Elementary derivation of (1.74)). The charges induced on the plates
of the capacitor move through the shorting Ampère meter to equalize the electro-
static potential between the plates (at zero, say), giving rise to a current through the
Ampère meter. To calculate this current (i) calculate first the induced charge density
on the right plate, σ(r, θ). Use Maxwell’s equation [107]

DivE = −4πσ, (1.75)

whereE is the electrostatic field on the right plate. The surface divergence operator
is defined as DivE = n · [E], where [E] is the jump in the field across the plate
and n is the unit normal to the plate. The electric field, given by

E = −∇φ, (1.76)
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where φ is the potential, is found by placing image charges q on the x-axis at the
points 2nL + d, and image charges −q at the points 2 (n+ 1)L − d to maintain
zero potential on the plates. Introduce in the yz-plane of the electrode a system of
polar coordinates (r, θ). Find from Coulomb’s law that

φ(d, r, θ) = q

∞∑
n=0

 1[
(2nL+ d)2 + r2

]1/2 − 1[
(2 (n+ 1)L− d)2 + r2

]1/2
 ,

hence eq. (1.76) gives the field on the plate as

E(r, θ) = q

∞∑
n=0

 rn[
(2nL+ d)2 + r2

]3/2 − r′n[
(2 (n+ 1)L− d)2 + r2

]3/2
 ,

where rn and r′n are unit vectors pointing from the positive and negative image
charges to the point (r, θ) in the yz-plane, respectively. The component of the field
parallel to the yz-plane vanishes, due to symmetry, and the normal component has
magnitude

DivE = 2q
∞∑
n=0

 2nL+ d[
(2nL+ d)2 + r2

]3/2 − 2 (n+ 1)L− d[
(2 (n+ 1)L− d)2 + r2

]3/2
 .

Finally, the surface charge density is found from Maxwell’s equation (1.75) as the θ
independent expression

σ(r) =
−q
2π

∞∑
n=0

 2nL+ d[
(2nL+ d)2 + r2

]3/2 − 2 (n+ 1)L− d[
(2 (n+ 1)L− d)2 + r2

]3/2
 .

(ii) Calculate the total charge on the right plate Q = 2π
∫∞
0
σ(r) r dr. To evaluate

this integral, use the definition of the improper integral

Q = lim
R→∞

2π
∫ R

0

σ(r) r dr.

The latter integral can be evaluated by using termwise integration, because for each
finite R the sum converges uniformly. Get

R∫
0

α r dr

[α2 + r2]3/2
=

α

[α2 + r2]1/2
− 1, (1.77)
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with α = 2nL+d or α = 2 (n+ 1)L−d. Returning to the infinite sum, isolate the
n = 0 term and rearrange the sum; then, integrating term by terms, get from (1.77)

QR =2π

R∫
0

σ(r) r dr

= q

∞∑
n=1

 2nL+ d[
(2nL+ d)2 +R2

]1/2 − 2 (n+ 1)L− d[
(2 (n+ 1)L− d)2 +R2

]1/2
− q

= q

∞∑
n=1

 2nL+ d[
(2nL+ d)2 +R2

]1/2 − 2nL− d[
(2nL− d)2 +R2

]1/2
− q

= qR

∞∑
n=1

1
R


2nL+ d

R[(
2nL+ d

R

)2

+ 1

]1/2
−

2nL− d

R[(
2nL− d

R

)2

+ 1

]1/2


− q.

Write the infinite sum as the limit
∑∞
n=1 = limN→∞

∑N
n=1 and note that the re-

sulting sums are the Riemann sums that define the integral
∫M
0

x dx√
1+x2 . Set 2N/R =

M . Now, for any smooth function f(x), the difference between two Riemann
sums is

∑
j [f(xj)− f(yj)]∆xj =

∑
j f

′(ξj)(xj − yj)∆xj . In the case at hand,
xj − yj = 2d/R, ∆xj = 2L/R, so that for M >> 1 we obtain∑

j

[f(xj)− f(yj ]∆xj =
2d
R

∑
j

f ′(ξj)∆xj

≈ 2d
R

M∫
0

f ′(x) dx =
2d
R

x√
1 + x2

∣∣∣∣M
0

≈ 2d
R
.

It follows that for large R and M ,

QR = q
R

2L

∞∑
n=1

2L
R


2nL+ d

R[(
2nL+ d

R

)2

+ 1

]1/2
−

2nL− d

R[(
2nL− d

R

)2

+ 1

]1/2


+ q

≈ q
(

1− d

L

)
,

so that Q = q(1 − d/L). The distance of the charge from the right plate is a
function of time, d = d(t), because it is moving, and so is the total charge on the
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plate, Q = Q(t). Thus, the current carried by the charge is obtained as

Ip =
d

dt
Q(t) = − q

L

d

dt
d(t) =

qv

L
, (1.78)

where the velocity of the moving charge is v = −ḋ(t). 2

Now, an electrostatically neutral electrolytic solution of concentration ρ is placed
between the plates of the capacitor and a voltage V is maintained across the plates.
The concentrations on the plates are maintained equal and constant. We assume, for
simplicity, that the positive ions have charge q and the negative ions have charge−q
and they have the same constant diffusion coefficient. Obviously, this is generally
not the case (see Exercise 1.8 below). Thus, we do not distinguish between positive
and negative ions, because they make the same contribution to the current and to the
noise. Under these conditions the electrostatic field E in the solution is uniform.

The average motion of an ion in solution is described by

d2Ex(t)
dt2

+ γ
dEx(t)
dt

=
qE

m
, (1.79)

where γ is the friction coefficient. In the steady-state the velocity is given by
limt→∞ dEx(t)/dt = qE/γm, so the steady-state average current per particle is
given by Īp = qEẋ/L = q2E/γmL. The voltage across the capacitor is V = EL,
so that Īp can be written as Īp = q2V/γmL2. If N identical charges are uni-
formly distributed between the plates of the capacitor with density (per unit length)
ρ = N/L, the average current is given by Ī = Nq2V/γmL2 = q2ρV/γmL, so that
Ohm’s law gives the resistance

R =
V

Ī
=
γmL

q2ρ
. (1.80)

Thus the resistance of the one-dimensional ionic solution is proportional to the fric-
tion coefficient, to the mass of the moving charge, and to the length of the “resistor”,
and inversely proportional to the density of the ions and to the square of the ionic
charge.

The motion of an ion of mass m in the solution is described by the overdamped
Langevin equation

ẍ(t) + γẋ(t)− qE

m
=

√
2γkT
m

ẇ(t), (1.81)

giving the average motion of eq. (1.79). Setting ∆x(t) = x(t) − x̄(t), (1.81)
takes the form ∆ẍ(t) + γ∆ẋ(t) =

√
2γkT/m ẇ(t), so that ∆ẋ(t) is the Ornstein–

Uhlenbeck process. Writing the noisy current per particle as Ip (t) = Īp + ∆Ip (t),
we find from eq. (1.78) that ∆Ip (t) = q∆ẋ(t)/L.

Thus the autocorrelation function of current fluctuations per particle is given by

lim
t→∞

〈∆Ip (t)∆Ip (t+ s)〉 =
q2

L2
lim
t→∞

〈∆ẋ(t)∆ẋ(t+ s)〉. (1.82)
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According to (1.63), limt→∞〈∆ẋ(t)∆ẋ(t + s)〉 = (kT/m)e−γ|s|, so that (1.82)
gives

lim
t→∞

〈∆Ip (t)∆Ip (t+ s)〉 =
q2

L2

kT

m
e−γ|s|. (1.83)

According to (1.38), eq. (1.83) can be approximated for large γ by

lim
t→∞

〈∆Ip (t)∆Ip (t+ s)〉 =
2q2

L2

kT

γm
δ(s). (1.84)

For N identical noninteracting particles eqs.(1.84) and (1.80) give

lim
t→∞

〈∆I(t)∆I(t+ s)〉 = N lim
t→∞

〈∆Ip (t)∆Ip (t+ s)〉 =
2kT
R

δ(s). (1.85)

Thus, according to (1.65), the power spectrum of the current fluctuations is given
by SI(ω) = 2kT/R. The power spectrum of the voltage fluctuations is given by
SV (ω) = R2SI(ω) = 2kTR, which is Nyquist’s formula for the random electro-
motive force of a resistor [192].

Exercise 1.8 (Resistance of solution). Assume the negative and positive ions have
charges q− and q+ and diffusion coefficients D− and D+, respectively. Calculate
the resistance of the solution and find the corresponding Nyquist formula assuming
(a) q− = −q+, D− 6= D+; (b) q− 6= −q+ and D− 6= D+. 2

1.6 Linear systems

In a linear system

ẋ(t) = A(t)x(t) + f(t), x(0) = x0, (1.86)

whereA(t) is a deterministic n × n matrix, the inhomogeneous term f(t) is called
the input signal and the solution x(t) is the output. The output can be represented
in terms of a fundamental solution, denoted Φ(t, s), which is an n × n matrix that
satisfies the matrix differential equation

∂

∂t
Φ(t, s) = A(t)Φ(t, s), Φ(s, s) = I, (1.87)

where I is the identity matrix. The solution of (1.86) can be represented as

x(t) = Φ(t, 0)x0 +

t∫
0

Φ(t, s)f(s) ds. (1.88)

When the input is white noise, the system

ẋ(t) = A(t)x(t) +B(t) ẇ(t), x(0) = x0, (1.89)



22 1. The Physical Brownian Motion

whereB(t) is a deterministic differentiable matrix andw(t) is d-dimensional Brow-
nian motion, can be converted into the well-defined integral equation

x(t2) =x(t1) +

t2∫
t1

A(s)x(s) ds+B(t2)w(t2)−B(t1)w(t1)

−
t2∫
t1

Ḃ(s)w(s) ds

whose solution is

x(t2) =Φ(t2, t1)x(t1) +B(t2)w(t2)−Φ(t2, t1)B(t1)w(t1)

−
t2∫
t1

∂

∂s
[Φ(t, s)B(s)]w(s) ds. (1.90)

Obviously, setting in eq. (1.90) t2 = t and t1 = 0 and averaging gives Ex(t) =
Φ(t, 0)Ex0, which is equivalent to dEx(t)/dt = A(t)Ex(t) and Ex(0) = Ex0,
which can be obtained from (1.89) by formal averaging. To calculate higher-order
moments, the formal representation x(t) = Φ(t, 0)x0 +

∫ t
0
Φ(t, s)B(s)ẇ(s) ds

and (1.69) can be used for the calculation of the autocovariance matrix of the output.
The constant coefficients case, where A(t) and B(t) are independent of t is

widely used in filtering theory [243]. In this case the functionals of the output
can be evaluated explicitly. The fundamental solution Φ(t, s) is simply Φ(t, s) =
exp{A(t − s)}. If the eigenvalues of A are in the left half of the complex plane,
then lims→∞ exp{A(t− s)} = 0 and the convergence is exponential. The integral∫ t
−∞ exp{A(t − s)}Bw(s) ds exists, because the growth of the Brownian motion

is not stronger than a fractional power of t (see Section 3.3.2 below) and the process

xst(t) =

t∫
−∞

exp{A(t− s)}Bẇ(s) ds

=Bw(t)−A
t∫

−∞

exp{A(t− s)}Bw(s) ds (1.91)

is a solution of the system (1.90). The solution xst(t) is a stationary process, be-
cause it is Gaussian, xst(−∞) = 0, and its autocovariance matrix,

σ(t, s) = Exst(t)xTst(s), (1.92)

is a function of t − s. Indeed, the covariance matrix σ(t, t) = Exst(t)xTst(t) can
be found, using (1.69), as

σ(t, t) =

t∫
−∞

exp{A(t− s)}BBT exp{AT (t− s)} ds.



1. The Physical Brownian Motion 23

It follows that

Aσ(t, t) + σ(t, t)AT =

t∫
−∞

[
A exp{A(t− s)}BBT exp{AT (t− s)}

+ exp{A(t− s)}BBT exp{AT (t− s)}AT
]
ds

= −
t∫

−∞

d

ds
exp{A(t− s)}BBT exp{AT (t− s)} ds

= −BBT .

Thus σ(t, t) is determined from a system of linear equations independent of t and it
is therefore constant, denoted σ. The equation

Aσ + σAT +BBT = 0 (1.93)

is called Lyapunov’s equation.
Using (1.69), we find from (1.92) that

σ(t, s) =

t∧s∫
−∞

exp{A(t− τ)}BBT exp{AT (s− τ)} dτ. (1.94)

For t > s > τ , we write exp{A(t− τ)} = exp{A(t− s)} exp{A(s− τ)} so that
(1.94) takes the form

σ(t, s) = exp{A(t− s)}
t∫

−∞

exp{A(s− τ)}BBT exp{AT (s− τ)} dτ

= exp{A(t− s)}σ.

For s > t, we obtain σ(t, s) = σ exp{AT (s − t)}. Thus, the autocovariance
matrix of the Gaussian process xst(t) is a function of t − s, which proves that all
its multidimensional pdfs are functions of t − s; that is, the process xst(t) is a
stationary solution of the linear system in the constant coefficients case where the
eigenvalues ofA are in the left half of the complex plane (the stable case). We write
in this case σ(t, s) = σ(τ), where τ = t− s. Stable linear systems can be viewed
as higher-dimensional generalizations of the one-dimensional Ornstein–Uhlenbeck
process (see Section 1.4).

Exercise 1.9 (White noise as a limit of colored noise). Derive the properties of
white noise from those of colored noise in the limit a→∞, as described at the end
of Section 1.4. 2

Exercise 1.10 (Integrals of white noise). Use the formal properties of white noise,
described in this section, for the following calculations. Assume that g(t) and h(t)
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are integrable deterministic functions. Define

x(t) =

t∫
0

g(s)ẇ(s) ds, y(t) =

t∫
0

h(s)ẇ(s) ds

and the two-dimensional process z(t) = (x(t), y(t)). Show that z(t) is a Gaussian
process, Ez(t) = 0, and that the covariance matrix is

EzT (t)z(t) =
(
A B
B C

)
,

where

A =

t∫
0

g2(s) ds, B =

t∫
0

g(s)h(s) ds, C =

t∫
0

h2(s) ds.

2

Exercise 1.11 (The pdf of a multidimensional BM). Find the joint pdf of the
vector w = (w(t1), w(t2), . . . , w(tn))T . 2

Exercise 1.12 (Lyapunov’s equation in 2-D). Show that for 2 × 2 matrices Lya-
punov’s equation (1.93) gives

σ =
1

2 (trA) (detA)

{
(detA)BBT + [A− (trA) I]BBT [A− (trA) I]T

}
.

2

Exercise 1.13 (Power spectrum). Show that the power spectral density matrix of
the stationary solution,

S(ν) =

∞∫
−∞

e−iντσ(τ) dτ,

is given by S(ν) = [A+ iν]−1
BBT

[
AT + iν

]−1

. 2

Exercise 1.14 (The stationary case). Show that in the stationary case σ̇(τ) =
Aσ(τ). 2

Exercise 1.15 (The autocorrelation of a linear system). Express the autocorrela-
tion matrix of the solution of a linear system in terms of the fundamental solution.
2



Chapter 2

The Probability Space of
Brownian Motion

2.1 Introduction

According to Einstein’s description, the Brownian motion can be defined by the
following two properties: first, it has continuous trajectories (sample paths) and
second, the increments of the paths in disjoint time intervals are independent zero
mean Gaussian random variables with variance proportional to the duration of the
time interval (it is assumed, for definiteness, that the possible trajectories of a Brow-
nian particle start at the origin). These properties have far-reaching implications
about the analytic properties of the Brownian trajectories. It can be shown, for ex-
ample (see Theorem 2.4.1), that these trajectories are not differentiable at any point
with probability 1 [198]. That is, the velocity process of the Brownian motion can-
not be defined as a real-valued function, although it can be defined as a distribution
(generalized function) [152]. Langevin’s construction does not resolve this diffi-
culty, because it gives rise to a velocity process that is not differentiable so that the
acceleration process, Ξ(t) in eq. (1.24), cannot be defined.

One might guess that in order to overcome this difficulty in Langevin’s equation
all differential equations could be converted into integral equations so that the equa-
tions contain only well defined velocities. This approach, however, fails even in the
simplest differential equations that contain the process Ξ(t) (which in one dimen-
sion is denoted Ξ(t)). For example, if we assume that ∆w(t) ≡

∫ t+∆t

t
Ξ(s) ds ∼

N (0,∆t) and construct the solution of the initial value problem

ẋ = xΞ(t), x(0) =x0 > 0 (2.1)

by the Euler method

x∆t(t+ ∆t)− x∆t(t) = x∆t(t)∆w(t), x∆t(0) = x0 > 0, (2.2)
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the limit x(t) = lim∆t→0 x∆t(t) is not the function

x(t) = x0 exp


t∫

0

Ξ(s) ds

 .

It is shown below that the solution is

x(t) = x0 exp


t∫

0

Ξ(s) ds− 1
2
t

 .

It is evident from this example that differential equations that involve the Brownian
motion do not obey the rules of the differential and integral calculus.

A similar phenomenon manifests itself in other numerical schemes. Consider,
for example, three different numerical schemes for integrating eq. (2.1) (or rather
(2.2)), an explicit Euler, semi implicit, and implicit schemes. More specifically, con-
sider the one-dimensional version of eq. (2.2) with ∆w(t) ∼ N (0,∆t). Discretiz-
ing time by setting tj = j∆t for j = 0, 1, 2, . . . , the random increments ∆w(tj) =
w(tj+1) − w(tj) are simulated by ∆w(tj) = nj

√
∆t, where nj ∼ N (0, 1) are

independent (zero mean standard Gaussian random numbers taken from the ran-
dom number generator). The explicit Euler scheme (2.2) is written as xex(tj+1) =
xex(tj) + xex(tj)nj

√
∆t, with xex(0) = x0 > 0, the semi implicit scheme is

xsi(tj+1) = xsi(tj) + 1
2 [xsi(tj) + xsi(tj+1)]nj

√
∆t, with xsi(0) = x0 > 0, and

the implicit scheme is xim(tj+1) = xim(tj) + xim(tj+1)nj
√

∆t, with xim(0) =
x0 > 0. In the limit ∆t → 0, tj → t the numerical solutions converge (in proba-
bility) to the three different limits

lim
∆t→0, tj→t

xex(tj) =x0exp


t∫

0

Ξ(s) ds− 1
2
t



lim
∆t→0, tj→t

xsi(tj) =x0exp


t∫

0

Ξ(s) ds



lim
∆t→0, tj→t

xim(tj) =x0exp


t∫

0

Ξ(s) ds+
1
2
t

 .

These examples indicate that naïve applications of elementary analysis and prob-
ability theory to the simulation of Brownian motion may lead to conflicting results.
The study of the trajectories of the Brownian motion requires a minimal degree of
mathematical rigor in the definitions and constructions of the probability space and
the probability measure for the Brownian trajectories in order to gain some insight
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into stochastic dynamics. Thus Section 2.2 contains a smattering of basic measure
theory that is necessary for the required mathematical insight.

In this chapter the mathematical Brownian motion is defined axiomatically by
the properties of the physical Brownian motion as described in Chapter 1. Two con-
structions of the mathematical Brownian motion are presented, the Paley–Wiener
Fourier series expansion and Lévy’s method of refinements of piecewise linear ap-
proximations [150]. Some analytical properties of the Brownian trajectories are
derived from the definition.

2.2 The space of Brownian trajectories

A continuous-time random process (or stochastic process) x(t, ω) : R+ × Ω → R
is a function of two variables, a real variable t, usually interpreted as time, and ω in a
probability space (or sample space) Ω, in which events are defined. More generally,
the random process x(t, ω) can take values in a set X , called the state space, such

as the real line R, or the Euclidean space Rd
, or any other set. When t is interpreted

as time, we write x(t, ω) : R+ ×Ω → X . For each ω ∈ Ω the stochastic process is
a function of t, called a trajectory.

We assume henceforth that the state space of a stochastic process x(t, ω) is

X = Rd
and its trajectories are continuous functions; that is, for fixed ω ∈ Ω the

trajectories are continuous curves in Rd
. To assign probability to events connected

to trajectories, it is necessary to describe the probability space Ω. We begin with
the description of the probability space and the Einstein-Langevin requirement that
the trajectories of the Brownian motion be continuous. Thus, we define events in a
probability space for the Brownian motion in terms of continuous functions of time.
We identify all possible paths of the Brownian motion as all continuous functions.
Each continuous function is an elementary event in this space. Physically, this event
can represent the path of a microscopic particle in solution. The path, and thus
the event in the probability space, is the outcome of the experiment of continuous
recording of the path of a particle diffusing according to the Einstein-Langevin de-
scription, namely, without jumps. If jumps were found experimentally, a different
theory might be needed, depending on the properties of the paths, for example, as
is the case for the paths of the Poisson jump process [199, p. 290], [116, p. 22,
Example 2]. In many cases, we consider sets of elementary events, which are often
called “events”, for short.

We hardly ever consider elementary events, because their probability is zero.
This, for example is the case of turning a roulette wheel with a needle pointing to a
single point. The outcome of each spin is a single point or number (an elementary
event). Each point must have probability zero, because in an honest roulette wheel
all points are equally likely and there are an infinite number of them on the wheel.
Of course, for every spin there is an outcome, so that events of probability zero do
occur. The roulette wheel is partitioned into a finite number of intervals of finite
lengths, each containing an infinite number of points (elementary events), because
we want a finite nonzero estimate of the probability. Every time the roulette wheel
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is spun the needle comes to rest in only one interval, which is the outcome of the
game or experiment. This outcome is called “an event”, which is a composite event
consisting of uncountably many elementary events, whose individual probabilities
are zero; however, the probability of the outcome, the composite event, is a finite
nonzero number.

In the same vein, a Brownian elementary event will have to be assigned proba-
bility zero. A typical Brownian event that corresponds to an experiment consists of
(uncountably many) elementary events. It may be, for example, the set of all con-
tinuous functions that satisfy some given criteria. Thus, in an experiment one might
record the ensemble of all Brownian paths that are found in a given region (under a
microscope) at a given time. We formally define Brownian elementary events and
events as follows. Denote by R and R+ the real numbers and the nonnegative real
numbers, respectively, then

Definition 2.2.1 (The space of elementary events). The space of elementary events
for the Brownian motion is the set of all continuous real functions,

Ω = {ω(t) : R+ 7→ R}.

Thus each continuous function is an elementary event. To define Brownian
events that are more complicated than elementary events; that is, events that consist
of uncountably many Brownian trajectories (each of which is an elementary event),
we define first events called “cylinders”.

Definition 2.2.2 (Cylinder sets). A cylinder set of Brownian trajectories is defined
by times 0 ≤ t1 < t2 < · · · < tn and real intervals Ik = (ak, bk), (k = 1, 2, . . . , n)
as

C(t1, . . . , tn; I1, . . . , In) = {ω(t) ∈ Ω |ω(tk) ∈ Ik, for all 1 ≤ k ≤ n}. (2.3)

Obviously, for any 0 ≤ t1 < t and any interval I1,

C(t;R) = Ω, C(t1, t; I1,R) = C(t1; I1). (2.4)

Thus, for the the cylinderC(t1, t2, . . . , tn; I1, I2, . . . , In) not to contain a trajectory
ω(t) it suffices that for at least one of the times tk the value of ω(tk) is not in the
interval Ik, for example, the dotted trajectory in Figure 2.1 belongs to the cylinder
C(126, [−0.1, 0.5]), but neither toC(132, [−0.4, 0.1]) nor toC(136, [−0.2,−0.10]).
Thus it does not belong to the cylinder C(126, 132, [−0.1, 0.5], [−0.4, 0.1]), which
is their intersection.

For each real x, we set Ix = (−∞, x]. Then the cylinder C(t; Ix) is the set
of all continuous functions ω(·) such that ω(t) ≤ x. It is the set of all Brownian
trajectories that would be observed at time t to be below the level x. It is important
to note that C(t; Ix) consists of entire trajectories, not merely of their segments
observed below the level x at time t.

The cylinder C(t1, t2; I1, I2) consists of all continuous functions ω(·) such that
a1 < ω(t1) < b1 and a2 < ω(t2) < b2. That is, C(t1, t2; I1, I2) consists of all
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Figure 2.1. Four Brownian trajectories sampled at discrete times. Three cylinders
are marked by vertical bars. The trajectories were sampled according to the scheme
(2.21).

Brownian paths that are observed at time t1 to be between the levels a1 and b1 and
at time t2 to be between the levels a2 and b2 (see Figure 2.1).

Definition 2.2.3 (Brownian events). Brownian events are all sets of Brownian tra-
jectories that can be obtained from cylinders by the operations of countable unions,
intersections, and the operation of complement.

These sets form the space of Brownian events, denoted F . The space F is
characterized by the property that if Ai are subsets of F (i = 1, 2, . . . ); that is, ifAi
are Brownian events, then their (countable) union,

⋃∞
i=1Ai, is also an event and so

are the complements Aci = Ω − Ai. This space of Brownian events is an example
of a σ-algebra.

Definition 2.2.4 (σ-algebra). A σ-algebra in Ω is a nonempty collection F of sub-
sets of Ω such that

1. Ω ∈ F .

2. If A ∈ F then Ac = Ω−A ∈ F .

3. If Ai ∈ F , (i = 1, 2, . . .), then
⋃∞
i=1Ai ∈ F .

In this notation the designation σ stands for the word “countable”. If only a
finite number of unions, intersections, and complement of events are considered, we
refer to the resulting set of events as an “algebra”. The elements (events) of F are
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called measurable sets. Examples exist of nonmeasurable sets [183], [58]. Sigma-
algebras are introduced so we can easily keep track of past, present, and future in
our study of Brownian events. Causality must be included in our description of the
evolution of Brownian trajectories; that is, events occurring after time t do not affect
events up to time t. There are noncausal problems in probability theory, such as the
problem of estimating a given random signal in a given time interval, given its noisy
measurements in the past and in the future (e.g., the entire signal is recorded on a
CD). This is the smoothing problem (see [215] for some discussion).

The pair (Ω,F) is called probability space. The probability measure is defined
on events. In the process of constructing a probability model of the Brownian mo-
tion (or any other process) both the space of elementary events and the relevant
σ-algebra of events have to be specified. There is more than one way to specify
structures of events (algebras or σ-algebras) in the same space of elementary events
and different pairs of spaces and σ-algebras of events are considered different prob-
ability spaces, as described below. For example, if the roulette wheel is partitioned
into arcs in two different ways so that one partition cannot be obtained from the
other by the operations of union, intersection, and complement, then the different
partitions form different algebras in the space of elementary events for the exper-
iment of rotating the roulette wheel. Thus, partitioning the wheel into two equal
arcs or into three equal arcs results in two different algebras of events. In general,
each σ-algebra in Ω specifies a different way of selecting the elementary events to
form composite events that correspond to different ways of handling the same raw
experimental data, when the data are the elementary events.

Definition 2.2.5 (Brownian filtration). The σ-algebra Ft is defined by cylinder
sets confined to times 0 ≤ ti < t, for some fixed t. Obviously, Fs ⊂ Ft ⊂ F if
0 ≤ s < t < ∞. The family of σ−algebras Ft for t ≥ 0 is called the Brownian
filtration and is said to be generated by the Brownian events up to time t.

Note that the elementary events of the Brownian filtration Ft are continuous
functions in the entire time range, not just the initial segments in the time interval
[0, t]. However, only the initial segments of the Brownian paths in Ft that occur by
time t are observed and so can be used to define the filtration. The pairs (Ω,Ft) are
different probability spaces for different values of t.

Up to now, we have considered only elementary events and sets of elementary
events that were referred to as “events”. The events we have defined mathematically
have to be assigned probabilities, to represent some measure of our uncertainty
about the outcome of a given experiment [53]. The assigned probabilities form a
mathematical model for the statistical processing of collected data. This was the
case for the recordings of paths of Brownian particles before mathematical models
were constructed by Einstein, Smoluchowski, and Langevin.

Definition 2.2.6 (Random variables in (Ω,F)). A random variableX(ω) in (Ω,F)
is a real function X(·) : Ω → R such that {ω ∈ Ω |X(ω) ≤ x} ∈ F for all x ∈ R.

That is, {ω ∈ Ω |X(ω) ≤ x} is a Brownian event that can be expressed by
countable operations of union, intersection, and complement of cylinders. In math-
ematical terminology a random variable in Ω is a real F-measurable function.
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Example 2.1 (Random functions). For each t ≥ 0 consider the random variable
Xt(ω) = ω(t) in Ω. This random variable is the outcome of the experiment of
sampling the position of a Brownian particle (trajectory) at a fixed time t. Thus
Xt(ω) takes different values on different trajectories. Obviously, {ω ∈ Ω |Xt(ω) ≤
x} = {ω ∈ Ω |ω(t) ≤ x} = C(t; Ix) ∈ F , so that Xt(ω) is a random variable in
(Ω,F). 2

Example 2.2 (Average velocity). Although, as mentioned in Section 2.1, the deriva-
tive of the Brownian path does not exist as a real-valued function, the average ve-
locity process of a Brownian trajectory ω in the time interval [t, t + ∆t] can be
defined as V̄t(ω) = [ω(t + ∆t) − ω(t)]/∆t. The time averaging here is not ex-
pectation, because it is defined separately on each trajectory, therefore V̄t(ω) is a
random variable, which takes different values on different trajectories. To see that
V̄t(ω) is a random variable in (Ω,F), we have to show that for every real number v
the event {ω ∈ Ω | V̄t(ω) ≤ v} can be expressed by countable operations of union,
intersection, and complement of cylinders. To do so, we assume that ∆t > 0 and
write

{ω ∈ Ω | V̄t(ω) ≤ v} = {ω ∈ Ω |ω(t+ ∆t)− ω(t) ≤ v∆t} ≡ A.

We denote the set of rational numbers by Q and the set of positive rational numbers
by Q+

and define in F the set of paths

B ≡
⋂

ε∈Q+

⋃
y∈Q

C(t, t+ ∆t; [y − ε, y + ε], (−∞, v∆t+ y + ε]).

The set B is simply the set of paths in F such that for every rational ε > 0, there
exists a rational y such that |w(t) − y| ≤ ε and w(t + ∆t) ≤ y + v∆t + ε.
Showing that A = B proves that V̄t(ω) is a random variable in Ω (i.e., V̄t(ω) is
F-measurable).

To show that A = B, we show that A ⊂ B and B ⊂ A. If ω ∈ A then

ω(t+ ∆t)− ω(t) ≤ v∆t (2.5)

and as is well-known from the differential calculus, for every number ω(t) and every
ε ∈ Q+

there exists y ∈ Q such that

y − ε ≤ ω(t) ≤ y + ε. (2.6)

It follows from eqs. (2.5) and (2.6) that both inequalities

y − ε ≤ ω(t) ≤ y + ε, ω(t+ ∆t) ≤ v∆t+ y + ε (2.7)

hold. They mean that for every ε ∈ Q+
there exists y ∈ Q such that

ω ∈ C(t, t+ ∆t; [y − ε, y + ε], (−∞, v∆t+ y + ε]).

This in turn means that ω ∈ B. Hence A ⊂ B.
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Conversely, if ω ∈ B, then for every ε ∈ Q+
there exists y ∈ Q such that

ω ∈ C(t, t + ∆t; [y − ε, y + ε], (−∞, v∆t + y + ε]), which implies that the
inequalities (2.7) hold and consequently ω(t + ∆t) − ω(t) ≤ v∆t + 2ε for every
ε ∈ Q+

. It follows that ω(t + ∆t) − ω(t) ≤ v∆t, so that ω ∈ A, which implies
that B ⊂ A, as claimed above. 2

Example 2.3 (Integrals of random functions). A similar argument can be used to
show, for example, that X(ω) =

∫ T
0
ω(t) dt is a random variable in Ω, measurable

with respect to FT . 2

Definition 2.2.7 (Markov times). A nonnegative random variable τ(ω), defined on
Ω, is called a stopping time or a Markov time relative to the filtration Ft for t ≥ 0
if

{ω ∈ Ω | τ(ω) ≤ t} ∈ Ft for all t ≥ 0.

Example 2.4 (First passage times). The first passage time (FPT) of a Brownian
trajectory through a given point is a random variable in Ω and a stopping time.
Indeed, assume that ω(0) < y and set τy(ω) = inf{t ≥ 0 |ω(t) > y}; that is,
τy(ω) is the first passage time of ω(t) through the value y. To show that τy is Ft-
measurable for every t > 0, we proceed in an analogous manner to that above. We
denote by Qt the set of all positive rational numbers that do not exceed t. Obviously,
Qt is a countable set. The event {ω ∈ Ω | τy(ω) ≤ t} consists of all Brownian
trajectories ω that go above the level y at some time prior to t. Thus, due to the
continuity of the Brownian paths,

{ω ∈ Ω | τy(ω) ≤ t} =
⋃

r∈Qt

{ω ∈ Ω |ω(r) ≥ y},

which is a countable union of the cylinders C(r, [y,∞)) for r ≤ t and is thus in Ft.
2

Example 2.5 (Last passage time). On the other hand, the last passage time (LPT)
of x(t, ω) to a given point y before time T , denoted LPT (y, T, ω), is not a stopping
time, because at time t it is not a Brownian event that depends on the Brownian
trajectories up to time t. Rather, it depends on events after time t, because the last
passage may occur after that; that is,

{ω ∈ Ω |LPT (y, T, ω) ≤ t} 6∈ Ft for all 0 ≤ t < T.

Although LPT (y, T, ω) is a random variable in (Ω,F), it is not a random variable
in (Ω,Ft) for t < T . Last passage times occur in practical problems. For example,
if a Brownian particle is trapped in a finite potential well and escapes at a random
time, the time between the last visit to the bottom of the well and the first passage
time through the top of the well is a LPT. 2

Example 2.6 (Indicators). For any setA ∈ Ω the indicator function ofA is defined
by

1A(ω) =
{

1 if ω ∈ A
0 otherwise.

(2.8)
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For all A ∈ F the function 1A(ω) is a random variable in (Ω,F). Indeed, if x < 1,
then {ω ∈ Ω |1A(ω) ≤ x} = Ω − A = Ac and if x ≥ 1, then {ω ∈ Ω |1A(ω) ≤
x} = Ω so that in either case the set {ω ∈ Ω |1A(ω) ≤ x} is in F . Thus, if A is not
a measurable set, its indicator function 1A(ω) is a nonmeasurable function so that
1A(ω) is not a random variable. 2

Exercise 2.1 (Positive random variables). For a random variable X(ω) define the
functions X+(ω) = max{X(ω), 0} and X−(ω) = min{X(ω), 0}. Show that
X+(ω) and X−(ω) are random variables (i.e., they are measurable functions). 2

Measurements recorded sequentially in time are often represented graphically
as points in the d-dimensional real Euclidean space Rd

(d = 1, 2, . . . ,). When the
points are sampled from a curve in Rd

, they form a path. For example, recordings
of trajectories of Brownian particles in R3

reveal that they have continuous paths,
however, repeated recordings yield different paths that look completely erratic and
random. When tracking charged Brownian particles (e.g., ions in solution) in the
presence of an external electrostatic field, the paths remain continuous, erratic, and
random; however, they tend to look different from those of uncharged Brownian
particles.

Definition 2.2.8 (Stochastic processes in (Ω,F)). A function x(t, ω) : R+×Ω 7→
R is called a stochastic process in (Ω,F) with continuous trajectories if

(i) x(t, ω) is a continuous function of t for every ω ∈ Ω,

(ii) for every fixed t ≥ 0 the function x(t, ω) : Ω 7→ R is a random variable in Ω.

The variable ω in the notation for a stochastic process x(t, ω) denotes the de-
pendence of the value the process takes at any given time t on the elementary event
ω; that is, on the particular realization of the Brownian path ω. Point (ii) of the
definition means that the sets {ω ∈ Ω |x(t, ω) ≤ y} are Brownian events for each
t ≥ 0 and y ∈ R; that is, they belong to F . When they do, we say that the process
x(t, ω) is measurable with respect to F or simply F-measurable.

Definition 2.2.9 (Adapted processes). The process x(t, ω) is said to be adapted
to the Brownian filtration Ft if {ω ∈ Ω |x(t, ω) ≤ y} ∈ Ft for every t ≥ 0 and
y ∈ R. In that case we also say that x(t, ω) is Ft-measurable.

This means that the events {ω ∈ Ω |x(t, ω) ≤ y} can be expressed in terms of
Brownian events up to time t. Thus an adapted process at time t does not depend on
the future behavior of the Brownian trajectories from time t on: an adapted process
is nonanticipatory. For example, for any deterministic integrable function f(t) the
process x(t, ω), whose trajectories are x(t, ω) =

∫ t
0
f(s)ω(s) ds, is adapted to the

Brownian filtration. An adapted process, such as x(t, ω) above, can be viewed as
the output of a causal filter operating on Brownian trajectories (which may represent
a random signal).

Example 2.7 (First passage times). The first passage time (FPT) τy(ω) of an
adapted continuous process x(t, ω) to a given point y is a Markov time relative to
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the Brownian filtration because it depends on the Brownian trajectories ω(t) up to
time t. The relation of Markov times to Markov processes is discussed later. Thus,
for y > 0 the random time τy(ω) = inf{t ≥ 0 |x(t, ω) > y} is the first passage
time of x(t, ω) through the value y. To see that τy is a Markov time, we proceed
in a manner similar to that of Example 2.4 above. The event {ω ∈ Ω | τy(ω) > t}
consists of all Brownian trajectories ω for which x(t, ω) stays below the level y for
all times prior to t. Thus, due to the continuity of the paths of x(t, ω),

{ω ∈ Ω | τy(ω) ≤ t} =
⋃

r∈Q
t

{ω ∈ Ω |x(r, ω) ≥ y},

which is in Ft because x(t, ω) is an adapted process. 2

Example 2.8 (Last passage time). The last passage time of x(t, ω) to a given
point y before time T , denoted LPT (y, T, ω), is not a Markov time relative to
the Brownian filtration, because at time t it is not a Brownian event that depends
on the Brownian trajectories up to time t. As mentioned in Example 2.5, it de-
pends on events after time t, because the last passage may occur after that; that is,
{ω ∈ Ω |LPT (y, T, ω) ≤ t} 6∈ Ft for all 0 ≤ t < T . 2

Example 2.9 (First exit time). The first exit time from an interval is a Markov time
for the Brownian motion. It is defined for a < 0 < b by

τ[a,b] = inf {t ≥ 0 |w(t) < a or w(t) > b} .

2

Exercise 2.2 (First exit time: continuation). Prove the claim of Example 2.9:
show that τ[a,b] is a Markov time for the Brownian motion. 2

There are two slightly different concepts of a signed measure, depending on
whether one allows it to take infinite values (see, e.g., Wikipedia).

Definition 2.2.10 (Signed measure). A signed real-valued measure in the space
(Ω,F) is a function

µ : F → R (2.9)

such that for any sequence of disjoint set {An}∞n=1 in F ,

µ

{ ∞⋃
n=1

An

}
=

∞∑
n=1

µ{An}.

Definition 2.2.11 (Real measure). If µ(A) ≥ 0 for all A ∈ F , we say that it is a
measure. The triple (Ω,F , µ) is called a measure space.

Definition 2.2.12 (Null sets). A measurable set A such that µ(A) = 0 is a µ-null
set. Any property that holds for all ω ∈ Ω, except on a µ-null set is said to hold
µ-almost everywhere (µ-a.e.) or for µ-almost all ω ∈ Ω.
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We assume that all subsets of null sets are measurable (in measure theory this
means that the measure space is complete). A measure is a monotone set function in
the sense that if A and B are measurable sets such that A ⊂ B, then µ(A) ≤ µ(B).
If µ(Ω) <∞, we say that µ(A) is a finite measure. If Ω is a countable union of sets
of finite measure, we say that Ω is a σ-finite measure.

Definition 2.2.13 (Integration with respect to a measure). A measure µ(A) de-
fines an integral of a nonnegative measurable function f(ω) by∫

Ω

f(ω) dµ(ω) = lim
h→0

lim
N→∞

N∑
n=0

nhµ{ω : nh ≤ f(ω) ≤ (n+ 1)h}, (2.10)

whenever the limit exists. In this case, we say that f(ω) is an integrable function.

For every measurable function f(ω) the nonnegative functions f+(ω) and f−(ω)
are nonnegative measurable functions and f(ω) = f+(ω) − f−(ω). We say that
f(ω) is an integrable function if both f+(ω) and f−(ω) are integrable and∫

Ω

f(ω) dµ(ω) =
∫
Ω

f+(ω) dµ(ω)−
∫
Ω

f−(ω) dµ(ω).

The function f(ω) is integrable if and only if |f(ω)| is integrable, because |f(ω)| =
f+(ω)+f−(ω). For any setA ∈ F the indicator function 1A(ω) (see Example 2.4)
is integrable and

∫
1A(ω) dµ(ω) = µ(A). We define an integral over a measurable

set A by
∫
A
f(ω) dµ(ω) =

∫
Ω

1A(ω)f(ω) dµ(ω). If
∫
A
f(ω) dµ(ω) exists, we say

that f(ω) is integrable in A. In that case f(ω) is integrable in every measurable
subset ofA. If µ(A) = 0 then

∫
A
f(ω) dµ(ω) = 0. If f(ω) is an integrable function

with respect to a measure µ(A), then the integral

ν(A) =
∫
A

f(ω) dµ(ω) (2.11)

defines ν(A) as a signed measure in F . Obviously, if µ(A) = 0 then ν(A) = 0.

Definition 2.2.14 (Differentiation of measures). If the measures ν and µ satisfy
eq. (2.11), the function f(ω) is the Radon–Nikodym derivative of the measure ν
with respect to the measure µ at the point ω and is denoted

f(ω) =
dν(ω)
dµ(ω)

. (2.12)

Definition 2.2.15 (Absolute continuity). A signed measure ν is absolutely contin-
uous with respect to the measure µ if µ-null sets are ν-null sets.

Thus the measure ν in (2.11) is absolutely continuous with respect to µ. If two
measures are absolutely continuous with respect to each other, they are said to be
equivalent.
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Theorem 2.2.1 (Radon–Nikodym [58]). If ν is a finite signed measure, absolutely
continuous with respect to a σ-finite measure µ, then there exists a µ integrable
function f(ω), uniquely defined up to µ-null sets, such that (2.11) holds for all
A ∈ F . For a constant c the inequality ν(A) ≥ cµ(A) for all A ∈ F implies
f(ω) ≥ c for µ-almost all ω ∈ Ω.

The function f(ω) in the theorem is called the Radon–Nikodym derivative and
is denoted as in (2.12).

Definition 2.2.16 (Probability measure). A positive measure Pr such that Pr{Ω} =
1 is called a probability measure and the probability of an event A ∈ F is denoted
Pr{A}.

Thus the probability of an event (a measurable set) is a number between 0 and 1.
An event whose probability is 1 is called a sure event. The event Ω is a sure event.
There are many ways for assigning probabilities to events, depending on the degree
of uncertainty we have about a given event; different persons may assign different
probabilities to the same events. We may think of the probability of an event as a
measure of our uncertainty about it [53]. Recall that a measurable function on a
probability space (Ω,F ,Pr) is called a random variable, denoted X(ω).

Definition 2.2.17 (Expectations). Integrals of random variables with respect to the
probability measure Pr{A} are called expectations and are denoted

EX(ω) =
∫
Ω

X(ω) dPr{ω}. (2.13)

For any set A in F , we define

E{X,A} =
∫
A

X(ω) dPr(ω)

=

∞∫
−∞

xPr{ω ∈ A : x ≤ X(ω) ≤ x+ dx}. (2.14)

Applications of integration with respect to Pr are given in the next section.

Definition 2.2.18 (PDF and pdf). For an integrable random variable X(ω) the
function

FX(x) = Pr{ω : X(ω) ≤ x}
is called the probability distribution function (PDF) of X(ω). The function (or gen-
eralized function [152])

fX(x) =
d

dx
FX(x)

is called the probability density function (pdf) of X(ω). The expectation EX(ω)
can be written as

EX(ω) =
∫
x dFX(x) =

∫
xfX(x) dx. (2.15)
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Note that the PDF FX(x) need not be differentiable, so the pdf fX(x) need not
be a function, but rather a generalized function (a distribution).

Exercise 2.3 (Coin tossing). Construct a probability space on R, a random variable,
PDF, and pdf for the experiment of tossing a fair coin. 2

Definition 2.2.19 (Conditional expectations). For a sub σ-fieldF1 ofF and a ran-
dom variableX(ω) with finite variance onF , the conditional expectation E(X | F1)
is a random variable measurable with respect toF1 such that for every random vari-
able Y (ω) measurable with respect to F1, whose variance is finite

EX(ω)Y (ω) = E[E(X | F1)Y (ω)]. (2.16)

If we confine the functions Y (ω) to indicators of events A ∈ F1, then (2.16)
implies that E(X | F1) is a random variable that satisfies∫

A

X(ω) dPr(ω) =
∫
A

E(X | F1) dPr(ω) (2.17)

for allA ∈ F1. To determine the existence of the conditional expectation, we denote
the left-hand side of eq. (2.17) ν(A) and recall that ν(A) is a signed measure on F1.
It follows from the Radon–Nikodym theorem that the desired function is simply

E(X | F1) =
dν(ω)
dµ(ω)

. (2.18)

Definition 2.2.20 (Conditional probabilities, distributions, and densities). For
any event M ∈ F the conditional probability of M , given F1, is defined as

Pr{M | F1} = E[1M | F1].

The conditional probability distribution function (CPDF) of the random variable
X(ω), given F1, is defined as

FX|F1(x, ω) = Pr{ω : X(ω) ≤ x | F1}.

Note that for every ω the CPDF FX|F1(x, ω) is a probability distribution func-
tion. Its density,

fX|F1(x, ω) =
d

dx
FX|F1(x, ω),

is also a random function.

2.2.1 The Wiener measure of Brownian trajectories

Having constructed the set F of events for the Brownian trajectories, we proceed to
construct a probability measure of these events. The probability measure is used to
construct a mathematical theory of the Brownian motion that can describe experi-
ments.
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A probability measure Pr can be defined on Ω (i.e., on the eventsF in Ω) to con-
form with the Einstein–Langevin description of the Brownian motion. It is enough
to define the probability measure Pr{·} on cylinder sets and then to extend it to all
events in F by the elementary properties of a probability measure (see [106] for a
more detailed exposition of this topic). The following probability measure in F is
called the Wiener measure [248]. Consider the cylinder C(t; I), where t ≥ 0 and
I = (a, b) and set

Pr{C(t; I)} =
1√
2πt

b∫
a

e−x
2/2t dx. (2.19)

If 0 = t0 < t1 < t2 < · · · < tn and Ik (k = 1, 2, . . . , n) are real intervals, set

Pr{C(t1, t2, . . . , tn; I1, I2, . . . , In

=
∫
I1

∫
I2

· · ·
∫
In

n∏
k=1

dxk√
2π(tk − tk−1)

exp
{
− (xk − xk−1)2

2(tk − tk−1)

}
, (2.20)

where x0 = 0 (the extension of the Wiener measure from cylinders toF is described
in [106, 208]). The integral (2.20) is called Wiener’s discrete path integral. The
obvious features of the Wiener measure that follow from eqs. (2.4) and (2.20) are

Pr{Ω} =
1√
2πt

∞∫
−∞

e−x
2/2t dx = 1

and for t1 < t,

Pr{C(t1, t; I1,R)

=
1

2π
√

(t− t1)t1

∫
I1

∞∫
−∞

exp
{
− (x− x1)2

2(t− t1)

}
exp
{
− x2

1

2t1

}
dx dx1

=
1√
2πt1

∫
I1

exp
{
− x2

1

2t1

}
dx1 = Pr{C(t1; I1)}.

The Wiener measure (2.20) of a cylinder is the probability of sampling points of
a trajectory in the cylinder by the simulation

x(tk) = x(tk−1) + ∆w(tk), k = 1, . . . , n, (2.21)

where tk are ordered as above, and ∆w(tk) ∼ N (0, tk−tk−1) are independent nor-
mal variables. The vertices of the trajectories in Figures 2.1 and 2.2 were sampled
according to (2.21) and interpolated linearly.

The axiomatic definition of the Brownian motion, consistent with the Einstein–
Langevin theory is as follows

)}
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Definition 2.2.21 (The MBM). A real-valued stochastic process w(t, ω) defined on
R+×Ω is a mathematical Brownian motion if
(1) w(0, ω) = 0 w.p. 1
(2) w(t, ω) is almost surely a continuous function of t
(3) For every t, s ≥ 0 the increment ∆w(s, ω) = w(t+ s, ω)− w(t, ω) is indepen-
dent of Ft, and is a zero mean Gaussian random variable with variance

E |∆w(s)|2 = s. (2.22)

The mathematical Brownian motion, defined by axioms (1)–(3), and its velocity
process are mathematical idealizations of physical processes. This idealization may
lead to unexpected and counterintuitive consequences.

There are other equivalent definitions of the MBM (see Wikipedia). According
to Definition 2.2.21, the cylinders (2.3) are identical to the cylinders

C(t1, . . . , tn; I1, . . . , In) = {ω ∈ Ω |w(tk, ω) ∈ Ik, for all 1 ≤ k ≤ n}. (2.23)

To understand the conceptual difference between the definitions (2.3) and (2.23),
we note that in (2.3) the cylinder is defined directly in terms of elementary events
whereas in (2.23) the cylinder is defined in terms of a stochastic process. It is co-
incidental that such two different definitions produce the same cylinder. In Section
5.6 below cylinders are defined in terms of other stochastic processes, as in (2.23).
It should be borne in mind, however, that the extension of the Wiener measure from
cylinders to F is not straightforward [106].

The expectation (2.22) is meant in the sense of the definition (2.13). Properties
(1)–(3) are axioms that define the Brownian motion as a mathematical entity. It has
to be shown that a stochastic process satisfying these axioms actually exists. Before
showing constructions of the MBM (see Section 2.3), we can derive some of its
properties in a straightforward manner.

First, we note that by eq. (2.19) the PDF of the MBM is

Fw(x, t) = Pr{ω ∈ Ω |w(t, ω) ≤ x} = Pr{C(t, Ix)}

=
1√
2πt

x∫
−∞

e−y
2/2t dy (2.24)

and the pdf is

fw(x, t) =
∂

∂x
Fw(x, t) =

1√
2πt

e−x
2/2t. (2.25)

It is well-known (and easily verified) that fw(x, t) is the solution of the initial value
problem for the diffusion equation

∂fw(x, t)
∂t

=
1
2
∂2fw(x, t)

∂x2
, lim

t↓0
fw(x, t) = δ(x). (2.26)
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Second, we note that (1) and (2) are not contradictory, despite the fact that not all
continuous functions vanish at time t = 0. Property (1) asserts that all trajectories
of the Brownian motion that do not start at the origin are assigned probability 0.
More specifically,

Theorem 2.2.2. The Wiener measure has property (1).

Proof. The set {ω ∈ Ω |w(0, ω) = 0} is in F , because it can be represented as a
countable intersection of cylinders. Indeed, consider two sequences tk and εn that
decrease to zero and define the cylinders

C(tk; [−εn, εn]) = {ω ∈ Ω
∣∣∣ |w(tk, ω)| < εn}.

Then

{ω ∈ Ω |w(0, ω) = 0} =
∞⋂
n=1

∞⋃
m=1

∞⋂
k=m

C(tk; [−εn, εn]). (2.27)

It follows from probability theory that

Pr{ω ∈ Ω |w(0, ω) = 0

}
= Pr

{ ∞⋂
n=1

∞⋃
m=1

∞⋂
k=m

C(tk; [−εn, εn])

}

= lim
n→∞

Pr

{ ∞⋃
m=1

∞⋂
k=m

C(tk; [−εn, εn])

}

≥ lim
n→∞

lim
m→∞

Pr

{ ∞⋂
k=m

C(tk; [−εn, εn])

}
= lim

n→∞
lim
k→∞

Pr{C(tk; [−εn, εn])}. (2.28)

Now, the Wiener measure (2.20) of a cylinder C(t; [−ε, ε]) is

Pr{C(t; [−ε, ε])} =

ε∫
−ε

1√
2πt

e−x
2/2t dx =

2√
2π

ε/
√
t∫

0

e−x
2/2 dx, (2.29)

so that eqs.(2.28) and (2.29) give

Pr{ω ∈ Ω |w(0, ω) = 0} = lim
n→∞

lim
k→∞

2√
2π

εn/
√
tk∫

0

e−x
2/2 dx = 1. (2.30)

This completes the proof of the assertion (see Figure 2.2).
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Figure 2.2. Three Brownian trajectories sampled at discrete times according to the
Wiener measure Pr0{·} by the scheme (2.21).

The initial point

In view of the above, x0 = 0 in the definition (2.20) of the Wiener measure of
a cylinder means that the Brownian paths are those continuous functions that take
the value 0 at time 0. That is, the Brownian paths are conditioned on starting at
time t = 0 at the point x0 = w(0, ω) = 0. To emphasize this point, we modify the
notation of the Wiener measure to Pr0{·}. If, in eq. (2.20), this condition is replaced
with x0 = x, the above proof of Theorem 2.2.2 shows that Prx{w(0, ω) = x} = 1
under the modified Wiener measure, now denoted Prx{·},

Thus conditioning reassigns probabilities to the Brownian paths; the set of tra-
jectories {w(0, ω) = x}, which was assigned the probability 0 under the measure
Pr0{·}, is now assigned the probability 1 under the measure Prx{·}.

Similarly, replacing the condition t0 = 0 with t0 = s and setting x0 = x in eq.
(2.20) shifts the Wiener measure, now denoted Prx,s, so that

Prx,s{C(t; [a, b])} = Pr0{C(t− s; [a− x, b− x])}. (2.31)

∆w(s, ω) are independent of t. This property is stated in the form
as a  function of s, is a MBM so that the probabilities of any Brownian event of
This means that for all positive t the increment ∆w(s, ω) = w(t+ s, ω)−w(t, ω),
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(4) The increments of the MBM are stationary.
The above argument shows that equation (2.22) in property (3) of the MBM

follows from the definition of the Wiener measure.

Theorem 2.2.3. The Wiener measure has property (3) of Definition 2.2.21 (i.e., the
increment ∆w(s, ω) = w(t+s, ω)−w(t, ω) is independent of the Brownian events
Ft) and is a zero mean Gaussian variable with variance given by (2.22).

Proof. We have to show that the joint PDF of ∆w(s, ω) = w(t + s, ω) − w(t, ω)
and any event A ∈ Ft is a product of the PDF of ∆w(s, ω) and Pr{A}. The same
is true for any eventA ∈ Ft, because any cylinder C ∈ Ft is generated by cylinders
of the form C(s, Ix) = {ω ∈ Ω |w(s, ω) ≤ x} with 0 ≤ s ≤ t. It suffices therefore
to show the independence of the increment ∆w(s, ω) and w(u, ω) for all s ≥ 0 and
u ≤ t.

To show this, recall that by definition the joint PDF of w(t1, ω), w(t2, ω), and
w(t3, ω) for 0 < t1 < t2 < t3 is the Wiener measure of the cylinder C =
C(t1, t2, t3; Ix, Iy, Iz). According to the definition (2.20) of the Wiener measure,

Fw(t1),w(t2),w(t3)(x, y, z) = Pr0(C(t1, t2, t3; Ix, Iy, Iz)) (2.32)

=

x∫
−∞

dξ

y∫
−∞

dη

z∫
−∞

dζ
1√

(2π)3t1(t2 − t1)(t3 − t2)

× exp
{
− ξ2

2t1
− (η − ξ)2

2(t2 − t1)
− (ζ − η)2

2(t3 − t2)

}
.

It follows that the joint pdf of w(t1, ω), w(t2, ω), and w(t3, ω) is given by

fw(t1),w(t2),w(t3)(ξ, η, ζ) =
∂3

∂ξ∂η∂ζ
Fw(t1),w(t2),w(t3)(ξ, η, ζ)

=
1√

(2π)3t1(t2 − t1)(t3 − t2)

× exp
{
− ξ2

2t1
− (η − ξ)2

2(t2 − t1)
− (ζ − η)2

2(t3 − t2)

}
.

Now, for any x and y

Pr{ω ∈ Ω |w(t3, ω)− w(t2, ω) < x, w(t1, ω) < y} (2.33)

=

y∫
−∞

dξ

∞∫
−∞

dη

x+η∫
−∞

dζ fw(t1),w(t2),w(t3)(ξ, η, ζ)

=

y∫
−∞

dξ

∞∫
ζ−x

dη

∞∫
−∞

dζ
1√

(2π)3t1(t2 − t1)(t3 − t2)

× exp
{
− ξ2

2t1
− (η − ξ)2

2(t2 − t1)
− (ζ − η)2

2(t3 − t2)

}
.
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Substituting η = ζ − z and noting that

∞∫
−∞

1√
2π(t2 − t1)

exp
{
− (ζ − z − ξ)2

2(t2 − t1)

}
dζ = 1, (2.34)

we obtain from eq. (2.33) that

Pr{ω ∈ Ω |w(t3, ω)− w(t2, ω) < x, w(t1, ω) < y} (2.35)

=
1√
2πt1

y∫
−∞

exp
{
− ξ2

2t1

}
dξ

1√
2π(t3 − t2)

x∫
−∞

exp
{
− z2

2(t3 − t2)

}
dz

=Pr{ω ∈ Ω |w(t1, ω) < y}Pr{ω ∈ Ω |w(t3, ω)− w(t2, ω) < x}.

Equation (2.35) means that w(t3, ω) − w(t2, ω) and w(t1, ω) are independent, as
stated in property (3) of the MBM.

Next, we calculate the moments of the MBM according to the definition (2.13).
Using (2.14), we find from (2.25) that

Ew(t, ω) =

∞∫
−∞

xPr{ω ∈ Ω |x ≤ w(t, ω) ≤ x+ dx}

=

∞∫
−∞

x√
2πt

e−x
2/2t dx = 0.

Similarly, Ew2(t, ω) = (2πt)−1/2
∫∞
−∞ x2e−x

2/2t dx = t. Now, property eq.
(2.22) follows from the independence of the increments of the MBM.

We recall that the autocorrelation function of a stochastic process x(t, ω) is de-
fined as the expectation Rx(t, s) = Ex(t, ω)x(s, ω). Using the notation t ∧ s =
min{t, s}, we have the following

Theorem 2.2.4 (Property (5)). The autocorrelation function of w(t, ω) is

Ew(t, ω)w(s, ω) = t ∧ s. (2.36)

Proof. Assuming that t ≥ s ≥ 0 and using property (3), we find that

Ew(t, ω)w(s, ω) =E [w(t, ω)− w(s, ω)] [w(s, ω)− w(0, ω)] + Ew(s, ω)w(s, ω)
=s = t ∧ s.
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2.2.2 The MBM in Rd

If w1(t), w2, (t), . . . , wd(t) are independent Brownian motions, the vector process

w(t) = (w1(t), w2(t), . . . , wd(t))T

is defined as the d-dimensional Brownian motion. The probability space Ω for the
d-dimensional Brownian motion consists of all Rd

-valued continuous functions of
t. Thus

ω(t) = (ω1(t), ω2(t), . . . , ωd(t))
T
,

where ωj(t) ∈ Ω. Cylinder sets are defined by the following

Definition 2.2.22 (Cylinder sets in Rd
). A cylinder set of d-dimensional Brownian

trajectories is defined by times 0 ≤ t1 < t2 < · · · < tk and open sets Ik, (k =
1, 2, . . . , k) as

C(t1, . . . , tk; I1, . . . , Ik) = {ω ∈ Ω |ω(tj) ∈ Ij for j = 1, . . . , k}. (2.37)

The open sets Ij can be, for example, open boxes or balls in Rd
. In particular,

we write Ix = {ω ≤ x} = {ω1 ≤ x1, . . . , ωd ≤ xd}. The appropriate σ-algebra
F and the filtration F t are constructed as in Section 2.2.

Definition 2.2.23 (The Wiener measure for the d-dimensional MBM). The d-
dimensional Wiener measure of a cylinder is defined as

Pr{C(t1, t2, . . . , tk; I1, I2, . . . , Ik)}

=
∫
I1

∫
I2

· · ·
∫
Ik

k∏
j=1

dxj
[2π(tj − tj−1)]n/2

exp
{
−|xj − xj−1|2

2(tj − tj−1)

}
. (2.38)

The PDF of the d-dimensional MBM is

Fw(x, t) =Pr{ω ∈ Ω |w(t,ω) ≤ x}

=
1

(2πt)n/2

x1∫
−∞

· · ·
xd∫

−∞

e−|y|
2/2t dy1 · · · dyd (2.39)

and the pdf is

fw(x, t) =
∂dFw(x, t)

∂x1∂x2 · · · ∂xd
=

1
(2πt)n/2

e−|x|
2/2t. (2.40)
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Equations (2.26) imply that fw(x, t) satisfies the d-dimensional diffusion equa-
tion and the initial condition

∂fw(x, t)
∂t

=
1
2
∆fw(x, t), lim

t↓0
fw(x, t) = δ(x). (2.41)

It can be seen from eq. (2.38) that any rotation of the d-dimensional Brownian
motion is d-dimensional Brownian motion.

Higher-dimensional stochastic processes are defined by the following

Definition 2.2.24 (Vector valued processes). A vector-valued function x(t,ω) :
R+×Ω7→ Rd

is called a stochastic process in (Ω,F) with continuous trajectories
if

(i) x(t,ω) is a continuous function of t for every ω ∈ Ω,

(ii) for every t ≥ 0 and x ∈ Rd
the sets {ω ∈ Ω |x(t,ω) ≤ x} are Brownian

events; that is, if {ω ∈ Ω |x(t,ω) ≤ x} ∈ F .

Note that the dimension of the elementary events ω(·) : R+ 7→ Rn
and the

dimension of the space in which the trajectories x(t,ω) move, d, are not necessarily
the same. As above, when {ω ∈ Ω |x(t,ω) ≤ x} ∈ F , we say that the process
x(t,ω) is F -measurable. The PDF of x(t,ω) is defined as

Fx(y, t) = Pr{ω ∈ Ω |x(t,ω) ≤ y} (2.42)

and the pdf is defined as

fx(y, t) =
∂dFx(y, t)

∂y1∂y2 · · · ∂yd
. (2.43)

The expectation of a matrix-valued function g(x) of a vector-valued process x(t,ω)
is the matrix

Eg(x(t,ω)) =
∫
g(y)fx(y, t) dy. (2.44)

Definition 2.2.25 (Autocorrelation and autocovariance). The autocorrelation ma-
trix of x(t,ω) is defined as the n× n matrix

Rx(t, s) = Ex(t)xT (s) (2.45)

and the autocovariance matrix is defined as

Covx(t, s) = E
[
x(t)−Ex(t)

] [
x−Ex(s)

]T
. (2.46)

The autocovariance matrix of the d-dimensional Brownian motion is found from
(2.36) as

Covw(t, s) = I(t ∧ s), (2.47)

where I is the identity matrix.
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Exercise 2.4 (Transformations preserving the MBM). Show, by verifying prop-
erties (1)–(3), that the following processes are Brownian motions:
(i) w1(t) = w(t+ s)− w(s)
(ii) w2(t) = cw(t/c2), where c is any positive constant

(iii) w3(t) = tw(1/t),
(iv) w4(t) = w(T )− w(T − t) for 0 ≤ t ≤ T ,

(v) w5(t) = −w(t). 2

Exercise 2.5 (Changing scale). Give necessary and sufficient conditions on the
functions f(t) and g(t) such that the process w4(t) = f(t)w(g(t)) is MBM. 2

Exercise 2.6 (The joint pdf of the increments). Define

∆w = (∆w(t1),∆w(t2), . . . ,∆w(tn))T .

Find the joint pdf of ∆w. 2

Exercise 2.7 (The radial MBM). Define the radial MBM by y(t) = |w(t)|, where
w(t) is the d-dimensional MBM. Find the pdf of y(t), the partial differential equa-
tion, and the initial condition it satisfies. 2

2.3 Constructions of the MBM

Two mathematical problems arise with the axiomatic definition of the Brownian
motion. One is the question of existence, or construction of such a process and the
other is of computer simulations of Brownian trajectories with different refinements
of time discretization. The first proof of existence and a mathematical construction
of the Brownian motion is due to Paley and Wiener [197] and is presented in Section
2.3.1. The second construction, due to P. Lévy [150], and the method of refinement
of computer simulations of the Brownian paths are presented in Section 2.3.2.

2.3.1 The Paley–Wiener construction of the Brownian motion

Assume that Xk, Yk (k = 0,±1,±2, . . . ) are zero mean and unit variance Gaussian
i.i.d. random variables defined in a probability space Ω̃. The probability space Ω̃ can
be chosen, for example, as the interval [0, 1] or R (see [106]). The variable Zk =
(Xk + iYk)/

√
2 is called a complex Gaussian variable. The simplest properties of

Zk are EZkZl = 0 and EZkZ̄l = δkl. The series

Z̃1(t) = tZ0 +
∑
n6=0

Zn
(
eint − 1

)
in

(2.48)

converges in L2([0, 2π]× Ω), because the coefficients are O(n−1). Each trajectory
of Z̃1(t) is obtained from an infinite sequence of the numbers Zk that are drawn in-
dependently from a standard Gaussian distribution. That is, every trajectory of Z̃1(t)
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is obtained from a realization of the infinite sequence of the random variables Zk.
Every continuous function has a unique Fourier series representation in L2[0, 2π],
however not all Fourier series that converge in the L2[0, 2π] sense are continuous
functions. Thus the space Ω of continuous functions is a subset of all the possible
realizations of Z̃1(t) obtained from realizations of infinite sequences of the inde-
pendent Gaussian random variables Zk. It follows that Z̃1(t) may be a stochastic
process on L2[0, 2π] rather than on Ω. Note that (2.48) embeds infinite-dimensional
Gaussian vectors {Zk}∞k=1 in L2[0, 2π].

We setZ(t) = Z̃1(t)/
√

2π and note thatZ(t) satisfies the properties (1), (3)–(5)
of the Brownian motion. Indeed, Z(t) is obviously a zero mean Gaussian process
with independent increments on the probability space Ω̃. The autocorrelation func-
tion is calculated from

EZ̃1(t)Z̃1(s) = ts+
∑
n6=0

(
eint − 1

) (
e−ins − 1

)
n2

.

It is well-known from Fourier series theory that

∑
n6=0

(
eint − 1

) (
e−ins − 1

)
n2

=
{
s(2π − t) for 0 ≤ s ≤ t ≤ 2π
t(2π − s) for 0 ≤ t ≤ s ≤ 2π. (2.49)

Exercise 2.8 (Proof of (2.49)). Prove eq. (2.49). 2

It follows that

EZ̃1(t)
¯̃Z1(s) =

{
st+ s(2π − t) = 2πs for 0 ≤ s ≤ t ≤ 2π
ts+ t(2π − s) = 2πt for 0 ≤ t ≤ s ≤ 2π = 2π(t ∧ s).

Separating the complex process into its real and imaginary parts, we get two inde-
pendent Brownian motions.

Now that Z(t) has been shown to satisfy all the requirements of the definition of
a Brownian motion, but the continuity property, it remains to show that almost all its
paths are continuous. To show that the paths of Z(t) are continuous, the almost sure
(in Ω̃) uniform convergence of the series (2.48) has to be demonstrated. Once this
is done, the space of realizations of the infinite sequence Zk can be identified with
the space Ω of continuous functions through the one-to-one correspondence (2.48).
Thus, we write Z(t, ω) to denote any realization of the path. For any ω denote

Zm,n(t, ω) =
n∑

k=m+1

Zke
ikt

ik
for n > m. (2.50)

Theorem 2.3.1 (Paley–Wiener). The sum
∑
n6=0 Z2n,2n+1(t) converges uniformly

for t ∈ R to a Brownian motion, except possibly on a set of probability 0 in Ω̃.
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Proof. According to eq. (2.50),

|Zm,n(t, ω)|2 =
n∑

k=m+1

|Zk(ω)|2

k2
+ 2Re


n−m−1∑
j=1

eijt
n∑

k=m+1+j

ZkZ̄k−j
k(k − j)


≤

n∑
k=m+1

|Zk(ω)|2

k2
+ 2

n−m−1∑
j=1

∣∣∣∣∣∣
n∑

k=m+1+j

ZkZ̄k−j
k(k − j)

∣∣∣∣∣∣ .
Setting Tm,n(ω) = max

0≤t≤2π
|Zm,n(t, ω)| , we get

≤
n∑

k=m+1

1
k2

+ 2
n−m−1∑
j=1

E

∣∣∣∣∣∣
n∑

k=m+1+j

ZkZ̄k−j
k(k − j)

∣∣∣∣∣∣ .
Using the Cauchy-Schwarz inequality E |

∑
| ≤

(
E |
∑
|2
)1/2

, we obtain the in-

equality

n−m−1∑
j=1

E

∣∣∣∣∣∣
n∑

k=m+1+j

ZkZ̄k−j
k(k − j)

∣∣∣∣∣∣
2

≤E
n∑

k=m+1+j

|Zk|2|Zk−j |2

k2(k − j)2
+ 2Re

∑
m+1+j<l<k≤n

E ZkZ̄k−jZlZ̄l−j
k(k − j)l(l − j)

=
n∑

k=m+1+j

1
k2(k − j)2

.

It follows that

ET 2
m,n ≤

n∑
k=m+1

1
k2

+ 2
n−m−1∑
j=1


n∑

k=m+1+j

1
k2(k − j)2


1/2

≤ n−m

m2
+ 2(n−m)

(
n−m

m4

)1/2

.

Now, we choose n = 2m and apply the Cauchy–Schwarz inequality again to get

E
(
max
t
|Zm,2m(t, ω)|

)
≤
(
ET 2

m,2m

)1/2 ≤√ 1
m

+
2√
m
≤ 2m−1/4.

It follows that

∞∑
n=1

E
(
max
t

∣∣Z2n,2n+1(t, ω)
∣∣) ≤ 2

∞∑
n=1

2−n/4 <∞.

ET 2
m,n
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Lebesgue’s monotone convergence theorem [183] asserts that if the nonnegative
functions fn are integrable such that

∫ ∑m
n=1 fn(x) dx → limit as m → ∞, then∑m

n=1 fn(x) → limit a.e. It follows that the sum
∑
n6=0 Z2n,2n+1(t) converges

uniformly in t for almost all ω.

2.3.2 P. Lévy’s method and refinements

P. Lévy [150] proposed a construction of the Brownian motion that is particularly
useful in computer simulations of Brownian trajectories. The Brownian paths are
constructed by a process that mimics the sampling of the Brownian path on different
time scales, beginning with a coarse scale through consecutive refinements.

Consider a sequence of standard Gaussian i.i.d. random variables {Yk}, for
k = 0, 1, . . . defined in Ω̃. We denote by ω any realization of the infinite sequence
{Yk} and construct a continuous path corresponding to this realization. We consider
a sequence of binary partitions of the unit interval,

T1 = {0, 1}, T2 =
{

0,
1
2
, 1
}
, T3 =

{
0,

1
4
,
1
2
,
3
4
, 1
}
. . . ,

Tn+1 =
{
k

2n
, k = 0, 1, . . . , 2n

}
.

The set T0 =
⋃∞
n=1 Tn contains all the binary numbers in the unit interval. The

binary numbers are dense in the unit interval in the sense that for every 0 ≤ x ≤ 1
there is a sequence of binary numbers xj = kj2nj with 0 ≤ kj ≤ 2nj such that
xj → x as j →∞.

Define X1(ω) = tY1(ω) for 0 ≤ t ≤ 1. Keeping in mind that T2 =
{
0, 1

2 , 1
}

and T1 \ T1 =
{

1
2

}
, we refine by keeping the “old” points; that is, by setting

X2(t, ω) = X1(t, ω) for t ∈ T1 and in the “new” point, T2 \ T1 =
{

1
2

}
, we set

X2

(
1
2 , ω

)
= 1

2 [X1(0, ω) + X1(1, ω)] + 1
2Y2(ω). The process X2(t, ω) is defined

in the interval by linear interpolation between the points of T2. We proceed by
induction,

Xn+1(t, ω)

=


Xn(t, ω) for t ∈ Tn (old points)
1
2

{
Xn

(
t+

1
2n
, ω

)
+Xn

(
t− 1

2n
, ω

)}
+

1
2(n+1)/2

Yk(ω)

for t ∈ Tn+1 \ Tn, k = 2n−1 + 1
2 (2nt− 1) (new points)

connect linearly between consecutive points

(see Figure 2.3). A Brownian trajectory sampled at 1024 points is shown in Figure
2.4.

Thus Xn+1(t) is a refinement of Xn(t). Old points stay put! So far, for ev-
ery realization ω, we constructed an infinite sequence of continuous functions. We
show below that for almost all (in the sense of Ω̃) realizations ω the sequence Xn(t)
converges uniformly to a continuous function, thus establishing a correspondence
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Figure 2.3. The graphs of X1(t) (dots), its first refinement X2(t) (dot-dash), and
second refinement X3(t) (dash).

Figure 2.4. A Brownian trajectory sampled at 1024 points.
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between ω and a continuous function. Obviously, the correspondence can be re-
versed in this construction.

Exercise 2.9 (MBM at binary points). Show that at binary points, tk,n = k2−n, 0 ≤
k ≤ 2n, the process Xn(t, ω) has the properties of the Brownian motion w(t). 2

Exercise 2.10 (Refinements). If a Brownian trajectory is sampled at points 0 =
t0 < t1 < · · · < tn = T according to the scheme (2.21) or otherwise, how should
the sampling be refined by introducing an additional sampling point t̃i such that
ti < t̃i < ti+1? 2

Exercise 2.11 (L2 convergence∗). Show that Xn(t, ω) L
2

→ X(t, ω), where X(t, ω)
has continuous paths [101]. 2

Exercise 2.12 (An i.o.). Consider an infinite sequence of events (sets) {An}. The
set An i.o. (infinitely often) is the set of all elementary events (points) that occur in

n n n

i.o. if and only if there is an infinite sequence of indices nk, (k = 1, 2, . . . ), such
that x ∈ Ank

for all k = 1, 2, . . . . Show that An i.o. =
⋂∞
m=1

⋃∞
n=mAn. 2

We need the following

Lemma 2.3.1 (Borel–Cantelli). If
∑∞
n=1 Pr{An} <∞, then Pr{An i.o.} = 0.

Proof. From Exercise 2.12 it follows that An i.o. ⊂
⋃∞
n=mAn for all m > 0. The

convergence of the series
∑∞
n=1 Pr{An} implies the inequalities Pr{An i.o.} ≤

Pr {
⋃∞
n=mAn} ≤

∑∞
n=m Pr{An} → 0 as m→∞.

The lemma means that if the sum of the probabilities converges, then, with prob-
ability one, only a finite number of the events occur.

Theorem 2.3.2 (P. Lévy). Xn(t, ω) → X(t, ω) almost surely in Ω̃, where X(t, ω)
is continuous for 0 ≤ t ≤ 1.

Proof. Set Zn = Xn+1 −Xn; then Zn(t) = 0 for t ∈ Tn and

max
0≤t≤1

|Zn(t, ω)| = max
2n−1≤k≤2n

2−n+1|Yk|.

It follows that for every λn > 0,

Pn =Pr
{

max
0≤t≤1

|Zn(t, ω)| > λn

}
≤ 2n−1Pr

{
|Yk| ≥ 2

n+1
2 λn

}
≤ 2n−1 2√

2π

∞∫
2(n+1)/2λn

e−x
2/2 dx ≤ 2n−1

√
2nπ

1
λn

exp
{
−1

2

(
2(n+1)/2λn

)2
}

). Thus x∈Ainfinitely many of the eventsA (that belong to infinitely many setsA
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because (show!) (2π)−1/2
∫∞
a
e−x

2/2 dx < (2π)−1/2a−1e−a
2/2. Choosing λn =

2−(n+1)/2
√

2cn log 2, (c > 1), we get

∑
n

Pn <
1√
2π

∑
n

2(n−1)/22(n+1)/2

√
2cn log 2

exp

{
−
(

2(n+1)/2

√
2cn log 2
2(n+1)/2

)2
}

=
∑
n

2n2−(cn+1/2)

2
√
πcn log 2

= C1

∑
n

2(1−c)n−1/2 <∞,

where C1 is a constant. It follows from the Borel–Cantelli lemma that with prob-
ability one, only a finite number of the events {max0≤t≤1 |Zn(t, ω)| > λn} occur.

max
0≤t≤1

|Zn(t, ω)| ≤ λn2−(n+1)/2
√

2cn log 2 w.p. 1.

It follows from the Weierstrass M-test that for almost all trajectories ω the series∑∞
n=1 Zn(t, ω) converges uniformly for all t ∈ [0, 2π]. Cauchy’s theorem asserts

that the sum of a uniformly convergent series of continuous functions is continuous.
The trajectories of the processX(t, ω) =

∑∞
n=1 Zn(t, ω) are continuous with prob-

ability one, because, with probability one, each function Zn(t, ω) is continuous.

Exercise 2.13 (Lévy’s construction gives a MBM). Show that if X1(t) and X2(t)
are independent Brownian motions on the interval [0, 1], then the process

X(t) =

 X1(t) for 0 ≤ t ≤ 1

X1(1) + tX2

(
1
t

)
−X2(1) for t > 1

is a Brownian motion on R+. 2

2.4 Analytical and statistical properties of Brownian
paths

The Wiener measure assigns probability 0 to several important classes of Brownian
paths. These classes include all differentiable paths, all paths that satisfy the Lip-
schitz condition at any point, all continuous paths with bounded variation on any
interval, and so on. The Brownian paths have many interesting properties, whose
investigation exceeds the scope of this book. For a more detailed description of the
Brownian paths see, for example, [106], [101], [208]. Here we list only a few of the
most prominent features of the Brownian paths. As shown below, although contin-
uous, the Brownian paths are nondifferentiable at any point with probability 1. This
means that the Wiener measure assigns probability 0 to all differentiable paths. This
fact implies that the white noise process ẇ(t) does not exist, so that strictly speak-
ing, none of the calculations carried out under the assumption that ẇ(t) exists are

Thus, for n sufficiently large,
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valid. This means that the velocity process of the MBM (white noise) should be in-
terpreted as the overdamped limit [214] of the Brownian velocity process described
in Chapter 1. In 1933 Paley, Wiener, and Zygmund [198] proved the following

Theorem 2.4.1 (Paley, Wiener, Zygmund). The Brownian paths are nondifferen-
tiable at any point with probability 1.

Proof. (Dvoretzky, Erdös, Kakutani [60]) We construct a set B of trajectories
that contains all the trajectories such that the derivative ẇ(t, ω) exists for some
t ∈ [0, 1] and show that Pr{B} = 0. The set B is constructed in the form B =⋃∞
l=1

⋃∞
m=1Bl,m, such that Pr{Bl,m} = 0 for all l,m. Consider a trajectory ω

such that ẇ(t, ω) exists for some t ∈ [0, 1]. This means that lims→t[w(t, ω) −
w(s, ω)]/(t − s) = ẇ(t, ω) 6= ±∞, or, equivalently, for every ε > 0 there exists
δ > 0 such that |[w(t, ω)− w(s, ω)]/(t− s)− ẇ(t, ω)| < ε if |t − s| < δ. It
follows that |[w(t, ω)− w(s, ω)]/(t− s)| ≤ |ẇ(t, ω)| + ε < l, for some l ≥ 1.
Define i = [nt] + 1, then ∣∣∣∣t− i

n

∣∣∣∣ < 1
n
→ 0 as n→∞. (2.51)

Now choose si,j = (i+ j)/n for j = 0, 1, 2, 3, then

|w(si,0, ω)− w(si,1, ω)| (2.52)

≤ |w(si,0, ω)− w(t, ω)|+ |w(t, ω)− w(si,1, ω)| < 3l
n
.

Similarly, |w(si,j , ω) − w(si,j+1, ω)| ≤ 7l/n for j = 1, 2. Thus, if ẇ(t, ω) ex-
ists for some ω and t, then there exists l ∈ {1, 2, . . . , n} such that for all suffi-
ciently large n there exists an i such that inequalities (2.51) and (2.52) hold for
j = 0, 1, 2. It follows that the set of ω such that the derivative exists at some point,
{ω ∈ Ω | ẇ(t, ω) exists for some t ∈ [0, 1]}, is contained in the setω ∈ Ω

∣∣∣∣∣∣
∞⋃
l=1

∞⋃
m=1

∞⋂
n=m

n⋃
i=1

2⋂
j=0

{
|w(si,j , ω)− w(si,j+1, ω)| ≤ 7l

n

} .

We denote Bl,m =
⋂∞
n=m

⋃n
i=1

⋂2
j=0 {|w(si,j , ω)− w(si,j+1, ω)| ≤ 7l/n} and

show Pr {Bl,m} = 0. Indeed, the increments w(si,j) − w(si,j+1) are independent
random zero mean Gaussian variables with variance 1/n. It follows that the prob-
ability that the three events {|w(si,j , ω)− w(si,j+1, ω)| ≤ 7l/n} for j = 0, 1, 2
occur simultaneously is the product of the probabilities of each event occurring sep-
arately; that is,

Pr


2⋂
j=0

{
|w(si,j , ω)− w(si,j+1, ω)| ≤ 7l

n

} =

√ n

2π

7l/n∫
−7l/n

e−nx
2/2 dx


3

.
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The probability of a union of n such events does not exceed the sum of the proba-
bilities; that is,

Pr


n⋃
i=1

2⋂
j=0

{
|w(si,j , ω)− w(si,j+1, ω)| ≤ 7l

n

}
≤n

√ n

2π

7l/n∫
−7l/n

e−nx
2/2 dx


3

.

The probability of the intersection
⋂
n≥m does not exceed the probability of any

of the intersected sets, thus, changing the variable of integration to y =
√
nx, we

obtain that for all n ≥ m,

Pr {Bl,m} ≤
8n√
8π3

 7l/
√
n∫

0

e−y
2/2 dy


3

≤ 8n√
8π3

(
7l√
n

)3

= const.n−1/2 → 0

as n→∞. That is, Pr {Bl,m} = 0.

The proofs of the following theorems are given, for example, in [106], [101],
[208].

Theorem 2.4.2 (The Khinchine–Lévy law of the iterated logarithm).

lim sup
t→∞

w(t)√
2t log log t

= 1, lim inf
t→∞

w(t)√
2t log log t

= −1. (2.53)

Theorem 2.4.3 (Modulus of continuity).

lim sup
h→0

w(t+ h)− w(t)√
2|h| log log |h−1|

= 1, lim inf
h→0

w(t+ h)− w(t)√
2|h| log log |h−1|

= −1. (2.54)

In particular

lim sup
h→0

|∆w|
|h|α

=


∞ if α ≥ 1

2

0 if α <
1
2
.

(2.55)

Theorem 2.4.4 (The level-crossing property). For any level a the times t such that
w(t) = a form a perfect set (i.e., every point of this set is a limit of points in this
set).

Thus, when a Brownian path reaches a given level at time t is recrosses it in-
finitely many times in every interval [t, t+ ∆t].

Exercise 2.14 (Properties of Brownian trajectories). Compare plots of simulated
trajectories w(t) with

√
2t log log t. 2
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2.4.1 The Markov property of the MBM

Definition 2.4.1 (Markov process). A stochastic process ζ(t) on [0, T ] is called a
Markov process if for any sequences 0 ≤ t0 < · · · < tn ≤ T and x0, x1, . . . , xn,
its transition probability distribution function has the property

Pr
{
ζ(tn) < xn | ζ(tn−1) < xn−1, ζ(tn−2) < xn−2, . . . , ζ(t0) < x0}

=Pr
{
ζ(tn) < xn | ζ(tn−1) < xn−1}. (2.56)

The transition probability density function, defined by

p (xn, tn |xn−1, tn−1, . . . , x1, t1)

=
∂

∂xn
Pr
{
ζ(tn) < xn | ζ(tn−1) = xn−1, ζ(tn−2) = xn−2, . . . , ζ(t0) = x0},

then satisfies

p (xn, tn |xn−1, tn−1, . . . , x1, t1) = p (xn, tn |xn−1, tn−1). (2.57)

The Markov property eq. (2.56) means that the process “forgets” the past in the
sense that if the process is observed at times t0, t1, . . . , tn−1 such that 0 ≤ t0 <
· · · < tn−1 ≤ T , its “future” evolution (at times t > tn−1) depends only on the
“latest” observation (at time tn−1).

For any three times t <τ <s and any points x, y, z, we can write the identities

p (y, t, z, τ | x, s) = p (y, t | z, τ, x, s) p (z, τ | x, s)
= p (y, t | z, τ) p (z, τ | x, s), (2.58)

the last equation being a consequence of the Markov property. Now, using the
identities (2.58) and writing p (y, t |x, s) as a marginal density of p (y, t, z, τ | x, s),
we obtain

p (y, t | x, s) =
∫
p (y, t, z, τ | x, s) dz =

∫
p (y, t | z, τ, x, s)p (z, τ | x, s) dz

=
∫
p (y, t | z, τ)p (z, τ | x, s) dz. (2.59)

Equation (2.59) is called the Chapman–Kolmogorov equation (CKE). More general
properties of Markov processes are described in Chapter 9.

Theorem 2.4.5. The MBM is a Markov process.

Proof. To determine the Markov property of the Brownian motion, consider any
sequences 0 = t0 < t1 < · · · < tn and x0 = 0, x1, . . . , xn. The joint pdf of the
vector

w = (w(t1), w(t2), . . . , w(tn))T (2.60)
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is given by (see eq. (2.20))

p (x1, t1;x2, t2; . . . ;xn, tn) = Pr{w(t1) = x1, w(t2) = x2, . . . , w(tn) = xn}

=
n∏
k=1

[
{2π(tk − tk−1)}−1/2 exp

{
− (xk − xk−1)2

2(tk − tk−1)

}]
, (2.61)

so that for 0 = t0 < t1 < · · · < tn < t = tn+1 and 0= x0, x1, . . . , xn, x = xn+1,

Pr{w(t) = x |w(tn) = xn, . . . , w(t1) = x1}

=
Pr{w(tn+1) = xn+1, w(tn) = xn, . . . , w(t1) = x1}

Pr{w(tn) = xn, . . . , w(t1) = x1}

=

n+1∏
k=1

[
{2π(tk − tk−1)}−1/2exp

{
− (xk − xk−1)2

2(tk − tk−1)

}]
∏
k=1

[
{2π(tk − tk−1)}−1/2exp

{
− (xk − xk−1)2

2(tk − tk−1)

}]
=

1√
2π(t− tn)

exp
{
− (xn+1 − xn)2

2(tn+1 − tn)

}
= Pr{w(t) = x |w(tn) = xn};

that is, the Brownian motion is a Markov process.

It follows that it suffices to know the two-point transition pdf of the Brow-
nian motion, p (y, t |x, s) = Pr{w(t) = y |w(s) = x} for t > s, to calcu-
late the joint and conditional probability densities of the vector (2.60); that is,
p (x1, t1;x2, t2; . . . ;xn, tn) =

∏n
k=1 p (xk, tk |xk−1, tk−1).

Theorem 2.4.6 (The strong Markov property of the MBM). If τ is a Markov time
for the Brownian motion, then the process w̃(t) = w(t + τ) − w(τ) is a Brownian
motion.

Exercise 2.15. (Strong Markov property of MBM)

(i) Verify the Chapman–Kolmogorov equation for the MBM.

(ii) Prove Theorem 2.4.6 [106], [101]. 2

Exercise 2.16 (The velocity process). Consider the velocity process y(t) in Defi-
nition 1.4.1, y(t) = w(t)−

∫ t
0
e−(t−s) w(s) ds, and define the displacement process

x(t) =
∫ t
0
y(s) ds.

(i) Prove that y(t) is a Markov process.

(ii) Prove that x(t) is not a Markov process.

(iii) Prove that the two-dimensional process z(t) = (x(t), y(t)) is Markovian. 2

2.4.2 Reflecting and absorbing walls

The variants of the Brownian motion defined below appear in many applications of
diffusion theory. The calculation of the transition probability density functions of

n
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the variants can be done directly from the definition (see, e.g., [199]) and also by
solving boundary value problems for partial differential equations that the transi-
tion probability density functions satisfy. The partial differential equations and the
boundary conditions that these transition probability density functions satisfy are
derived in Section 3.4. With these equations the calculations become straightfor-
ward. In this chapter the calculations based on the definition of the variants of the
Brownian motion are presented as exercises.

Definition 2.4.2 (Reflected MBM). The process w+(t) = |w(t)| is called the re-
flected Brownian motion.

The reflected Brownian motion is obtained from the Brownian motion by ob-
serving its trajectories in the negative x-axis in a mirror placed at the origin. The
reflected Brownian motion is used to describe the motion of freely diffusing parti-
cles in the presence of an impermeable wall.

Exercise 2.17. (The transition pdf of the reflected MBM).

(i) Find the transition probability density function of the reflected Brownian motion.

(ii) Prove that the transition pdf of the reflected Brownian motion, f|w|(x, t), satis-
fies the diffusion equation and the initial condition (2.26) on the positive ray, and
the boundary condition f ′|w|(0, t) = 0 for t > 0.

(iii) Prove that (i) and (ii) imply that if x0 > 0, then
∫∞
0
f|w|(x, t) dx = 1 for all

t ≥ 0. 2

Exercise 2.18 (The reflected MBM is Markovian). Show that the reflected MBM
is a Markov process. 2

Exercise 2.19 (The reflection principle). Prove the following reflection principle.
Let τa be the first passage time to a; then for every Brownian pathw(t, ω1), t ≥ τa,
there is another path, w(t, ω2), t ≥ τa, which is the mirror image of w(t, ω1) about
the line La : w = a [199]. 2

Exercise 2.20 (The joint PDF of the FPT and the maximum of the MBM mo-
tion). Setting M(t) = max0≤s≤t w(s), we find, by definition,

Pr{M(t) ≤ a} = Pr{τa ≥ t}. (2.62)

Thus the PDFs of M(t) and τa are related through eq. (2.62). Prove that if x ≤ a,
then

Pr{w(t) ≤ x, M(t) ≥ a} =
1√
2πt

∞∫
2a−x

e−y
2/2t dy

Pr{w(t) ≤ x, M(t) ≤ a} =
1√
2πt

x∫
−∞

e−y
2/2t dy − 1√

2πt

∞∫
2a−x

e−y
2/2t dy.

2
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Exercise 2.21. (The PDF of the FPT).

(i) Prove that Pr{τa ≤ t} = 2(2πt)−1/2
∫∞
a
e−y

2/2t dy. Conclude that the first
passage time to a given point is finite with probability 1 but its mean is infinite. This
is the continuous time version of the Gambler’s Ruin “Paradox”: gambling with
even odds against an infinitely rich adversary leads to sure ruin in a finite number of
games, but on the average, the gambler can play forever (see [72, Ch. XIV.3]).

(ii) Use the above result to conclude that the one-dimensional MBM is recurrent in
the sense that Pr{w(t, ω) = x for some t > T} = 1 for every x and every T . This
means that the MBM returns to every point infinitely many times for arbitrary large
times.

(iii) Consider two independent Brownian motions, w1(t) and w2(t) that start at x1

and x2 on the positive axis and denote by τ1 and τ2 their first passage times to the
origin, respectively. Define τ = τ1 ∧ τ2, the first passage time of the first Brownian
motion to reach the origin. Find the PDF and mean value of τ . 2

Exercise 2.22 (Absorbed MBM). If the Brownian motion is stopped at the moment
it reaches a for the first time, the process y(t) = w(t) for t ≤ τa and y(t) = a for
t ≥ τa is called the absorbed Brownian motion.

(i) Prove

Pr{y(t) ≤ y} =


1√
2πt

y∫
−∞

e−z
2/2t dz − 1√

2πt

∞∫
2a−y

e−z
2/2t dz for y < a

1 for y ≥ a.

Prove that the pdf of y(t), denoted fy(·)(x, t), satisfies for x < a the diffusion
equation and the initial condition (2.26) and the boundary condition fy(·)(x, t) = 0
for x ≥ a.

(ii) Assume that the trajectories of the MBM begin at time t0 at a point x0 < a.
Find the pdf of the absorbed MBM for this case.

(iii) Prove that the pdf of the absorbed MBM in (ii), denoted fy(·)(x, t |x0, t0), is
the solution of the initial and boundary value problem for the diffusion equation

∂fy(·)

∂t
=

1
2
∂2fy(·)

∂x2
for x < a (2.63)

lim
t↓t0

fy(·) = δ(x− x0), fy(·) = 0 for x ≥ a, t > t0.

(iv) Find the partial differential equation and the terminal and boundary conditions
that the function fy(·)(x, t |x0, t0) satisfies with respect to the initial point and time
(x0, t0) .

(v) Verify that eq. (2.62) holds.

(vi) It is known from the theory of parabolic partial differential equations [78] that
the partial differential equations and boundary conditions in (iii) and (iv) have a
unique solutions. Use this information to derive and solve partial differential equa-
tions and boundary conditions for the PDF of the FPT from a point x to a point y.
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(vii) Prove that Pr{τa > t |x0, t0) =
∫ a
−∞ fy(·)(x, t |x0, t0) dx.

(viii) Prove in the presence of an absorbing boundary at a the population of Brown-
ian trajectories in (−∞, a) decays in time; that is,

lim
t→∞

a∫
−∞

fy(·)(x, t |x0, t0) dx = 0,

which is equivalent to the decay of Pr{τa > t |x0, t0} as t → ∞. Reconcile this
with (i).

(ix) Prove that the function u(t |x0, t0) = Pr{τa ≤ t |x0, t0} is the solution of the
terminal and boundary value problem

∂u

∂t0
+

1
2
∂2u

∂x2
0

= − 1 for x0 < a, t0 < t

lim
t0↑t

u =0 for x0 < a, u(t | a, t0) = 1.

(x∗) Consider the d-dimensional MBM that starts at a distance r from the origin and
assume that an absorbing sphere of radius a is centered at the origin. The FPT to
the sphere |w| = a is defined by τa = inf{t | |w| = a}. 2

Exercise 2.23 (Absorbed MBM in Rd
). The d-dimensional Brownian motion with

absorption at the sphere is defined by

y(t) =
{
w(t) for t ≤ τa
w(τa) for t ≥ τa.

Denote y(t) = |y(t)|.
(i) Formulate and prove a reflection principle for the process y(t) (use reflection of
the d-dimensional MBM in a sphere of radius a, as defined in eq. (2.64) below).

(ii) Formulate and solve initial and boundary value problems for the pdf and the FPT
of y(t), analogous to (i)–(ix) above. 2

Exercise 2.24 (The absorbed MBM is Markovian). Show that the absorbed MBM
is a Markov process. 2

Exercise 2.25 (Reflecting wall). If upon hitting the line La : w = a for the first
time, the Brownian path is reflected in La, the resulting process is defined by

x(t) =
{

w(t) for w(t) ≤ a
2a− w(t) for w(t) > a.

Thus x(t) ≤ a for all t.

(i) Prove that for x ≤ a,

Pr{x(t) ≤ x} = 1− 1√
2πt

2a−x∫
x

e−y
2/2t dy

(see [199]).
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(ii) For the d-dimensional MBM w(t), define a reflected d-dimensional MBM in a
sphere of radius a centered at the origin by

w∗(t) =

 w(t) for |w(t)| ≤ a

a2 w(t)
|w(t)|2

for |w(t)| ≥ a.
(2.64)

Obviously, |w∗(t)| ≤ a. Find the pdf ofw∗(t), the partial differential equation, the
initial conditions, and boundary conditions it satisfies on the sphere. 2

Exercise 2.26 (The Brownian bridge). Start the Brownian motion at the point x;
that is, set x(t) = w(t) + x, and consider only the trajectories that pass through the
point y at time t0. That is, condition x(t) on w(t0) + x = y. Thus the paths of the
Brownian bridge x(t) are those paths of the Brownian motion that satisfy the given
condition.

(i) Show that x(t) = w(t)− (t/t0) [w(t0)− y + x] + x for 0 ≤ t ≤ t0.

(ii) Show that x(t) is a Gaussian process.

(iii) Calculate the mean and the autocorrelation function of the Brownian bridge.

(iv) Show that x(t) and x(t0 − t) have the same PDF for 0 ≤ t ≤ t0.

(v) Show that x(t) is a Markov process [117]. 2

Exercise 2.27 (Maximum of the Brownian bridge). Find the distribution of the
maximum of the Brownian bridge in the interval [0, t] for 0 < t < t0 (see also
Exercise 6.11 below). 2

2.4.3 MBM and martingales

Definition 2.4.3 (Martingales). A martingale is a stochastic process x(t) such that
E|x(t)| <∞ for all t and for every t1 < t2 < · · · < tn < t and x1, x2, . . . , xn,

E [x(t) |x(t1) = x1, x(t2) = x2, . . . , x(tn) = xn] = xn (2.65)

(see [208], [115], [178]). In gambling theory x(t) often represents the capital of a
player at time t. The martingale property (2.65) means that the game is fair; that is,
not biased.

Theorem 2.4.7. The MBM is a martingale.

Proof. Indeed,

E|w(t)| = 1√
2πt

∞∫
−∞

|x|e−x
2/2t dx =

√
2t
π
<∞
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and due to the Markov property of the MBM (see Section 2.4.1)

E [w(t) |w(t1) = x1, w(t2) = x2, . . . , w(tn) = xn]

=

∞∫
−∞

xp (x, t |x1, t1, x2, t2, . . . , xn, tn) dx

=

∞∫
−∞

xp (x, t |xn, tn) dx =
1√

2π (t− tn)

∞∫
−∞

xe−(x−xn)2/2(t−tn) dx = xn.

Theorem 2.4.8. For every α, the process x(t) = exp
{
αw(t)− α2t/2

}
is a mar-

tingale.

Proof. The property E|x(t)| <∞ is obtained from

E|x(t)| = Ex(t) =
1√
2πt

∞∫
−∞

exp
{
αx− α2

2
t

}
exp
{
−x

2

2t

}
dx

=
1√
2πt

∞∫
−∞

exp
{
− (x− αt)2

2t

}
dx = 1. (2.66)

To verify the martingale property (2.65), we use the identity

x(t) = exp
{
α [w(t)− w(s)]− α2

2
(t− s)

}
x(s). (2.67)

Setting w̃(t − s) = w(t) − w(s), we rewrite (2.67) as x(t) = x̃(t − s)x(s) and
recall that the increment w̃(t− s) is a MBM independent of x(s). It follows that the
process

x̃(t− s) = exp
{
αw̃(t− s)− α2

2
(t− s)

}
has the same probability law as x(t − s), but is independent of x(τ) for all τ ≤ s.
Hence, using (2.66), we obtain

E [x(t) |x(t1) = x1, x(t2) = x2, . . . , x(tn) = xn]
=E [x̃(t− tn)x(tn) |x(t1) = x1, x(t2) = x2, . . . , x(tn) = xn]
=xnEx̃(t− tn) = xn. (2.68)

Definition 2.4.4 (Submartingales). If instead of (2.65) x(t) satisfies the inequality

E [x(t) |x(t1) = x1, x(t2) = x2, . . . , x(tn) = xn] ≥ xn (2.69)

(in addition to E|x(t)| <∞), then x(t) is said to be a submartingale.
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For example, if x(t) is a martingale, then y(t) = |x(t)| is a submartingale,
because y(t) ≥ ±x(t) and

E [y(t) | y(t1) = y1, y(t2) = y2, . . . , y(tn) = yn]
≥E [±x(t) |x(t1) = ±y1, x(t2) = ±y2, . . . , x(tn) = ±yn] = ±y1 (2.70)

for all possible combinations of + and –, which is the submartingale condition
(2.69). Thus the reflected Brownian motion |w(t)| is a submartingale.

Exercise 2.28 (Martingales). Show that the following are martingales.

(i) w2(t)− t

(ii) exp
{
−α2t cosh

[√
2αw(t)

]}
. 2

Exercise 2.29 (Martingales: continued). Assume that α in Theorem 2.4.8 is a ran-
dom variable in Ω such that α(ω) is Ft-measurable for a ≤ t ≤ b (it is independent
of the Brownian increments w(s+ ∆s, ω)− w(s, ω) for all s ≥ b and ∆s > 0).

(i) Show that if α(ω) is bounded, then x(t, ω) in Theorem 2.4.8 is a martingale in
the interval [a, b].
(ii) Can the boundedness condition be relaxed? How?

(iii) Consider the following generalization: Let C1(ω) and C2(ω) be random vari-
ables in Ω and let 0 < t1 < T . Assume that C1(ω) is independent of w(t, ω) for all
t and C2(ω) is Ft1-measurable (independent of w(t, ω) − w(t1, ω) for all t > t1).
Consider the following process in the interval [0, T ],

x(t, ω) =


exp
{
C1(ω)w(t, ω))− C2

1 (ω)
2

t

}
if 0 ≤ t ≤ t1

exp{C1(ω)w(t1, ω)) + C2(ω) [w(t, ω)− w(t1, ω)]}

× exp
{
−1

2
[
C2

1 (ω)t1 + C2
2 (ω)(t− t1)

]}
if t1 < t ≤ T .

Show that if C1(ω) and C2(ω) are bounded, then x(t, ω) is a martingale in [0, T ].
(iv) Find a more general condition than boundedness that ensures the same result
[115]. 2



Chapter 3

Itô Integration and Calculus

3.1 Integration of white noise

The Brownian motion is nowhere differentiable with probability 1 (see the Paley–
Wiener–Zygmund theorem in Chapter 2); it therefore makes not much sense to cal-
culate integrals of the type that appear in the solution of Langevin’s equation (1.27).
For example, in Langevin’s equation for a free Brownian particle,

v̇ + γv =

√
2γkT
m

ẇ, (3.1)

the symbol ẇ is not well-defined. The equation makes more sense if written in the
integral form

v(t) = v(0)− γ

t∫
0

v(s) ds+

√
2γkT
m

w(t), (3.2)

because w(t) is a well-defined continuous function for almost all trajectories of the
Brownian motion. For the same reason the solution of the Langevin equation (3.1),
written as

v(t) = v(0)e−γt +

√
2γkT
m

t∫
0

e−γ(t−s) dw(s),

makes no mathematical sense. However, the form obtained by formally integrating
by parts,

v(t) = v(0)e−γt +

√
2γkT
m

w(t)− γ

t∫
0

w(s)e−γ(t−s) ds

 ,
makes sense and actually solves the integral equation (3.2). It can be defined as
the solution of the Langevin equation (3.1) in some weak sense. This procedure,
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however, fails when we try to make sense of integrals of the form

I =

b∫
a

w(s) dw(s), (3.3)

which appear in stochastic equations.

Exercise 3.1 (The integral (3.3)). Convert the differential equation dx = 2
√
x dw

to an integral equation and integrate by parts. 2

If all functions involved in the integration (3.3) obeyed the rules of the differen-
tial and integral calculus, we would expect that I = 1

2 [w2(b)−w2(a)] and that this
result would be independent of the sequence of partitions of the interval [a, b] and
the choice of points in the partition intervals for the evaluation of the integral sums
that define I . To gain some insight into the difficulties integrals of the type (3.3)
pose, we compare three ways to calculate the integral by evaluating the limits of the
integral sums that define I with different choices for the points inside the partition
intervals.

We consider three methods for the calculation of the integral (3.3). First, for
every partition a = t0 < t1 < · · · < tn = b, and choose the left endpoint of the
partition interval for the evaluation of the integrand w(t) in the integral sum

σ(1)
n =

n∑
i=1

w(ti−1) [w(ti)− w(ti−1)]

=
1
2

n∑
i=1

{
w2(ti)− w2(ti−1)− [w(ti)− w(ti−1)]

2
}

=
1
2
[
w2(tn)− w2(t0)

]
− 1

2

n∑
i=1

[w(ti)− w(ti−1)]
2

=
1
2
[w2(b)− w2(a)]− ηn. (3.4)

The expectation is

Eηn =
1
2

n∑
i=1

E (∆iw)2 =
1
2

n∑
i=1

∆ti =
1
2

(b− a) .

Next, we show that

lim
n→∞

ηn
Pr= =

1
2

(b− a) (3.5)

in the sense that for every ε > 0

lim
n→∞

Pr{|ηn − | > ε} = 0. (3.6)

This type of convergence is called convergence in probability. We recall the follow-
ing

Eηn

Eηn
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Theorem 3.1.1 (Chebyshev’s inequality). If X is a random variable with finite
mean and variance, EX = m1, VarX = E

(
X −EX

)2 = σ2, then

Pr{|X −m1| > ε} ≤ σ2

ε2

for every ε > 0.

Exercise 3.2 (Chebyshev’s inequality). Prove Chebyshev’s inequality. 2

To prove (3.6), we calculate Var ηn and use it in Chebyshev’s inequality. For
simplicity, we choose a partition of the interval [a, b] into equal segments ∆ti =
(b− a)/n. We have

Var ηn =
1
4

n∑
i=1

Var (∆iw)2 =
1
4

n∑
i=1

[
E (∆iw)4 −

(
E (∆iw)2

)2
]

≤ 1
4

n∑
i=1

E (∆iw)4 =
n

4
√

2π∆t

∞∫
−∞

x4e−x
2/2∆t dx =

3n
4

(∆t)2

=
3(b− a)2

4n
→ 0 as n→∞,

because (∆iw)2 are independent random variables. Chebyshev’s inequality gives
Pr{
∣∣ηn −Eηn

∣∣ > ε} ≤ Var ηn/ε2 → 0 as n → ∞. It follows that (3.5) holds.

Now, it follows from (3.4) that the integral sum σ
(1)
n in eq. (3.4) gives I the value

I =

b∫
a

w(s) dw(s) =
1
2
[w2(b)− w2(a)]− 1

2
(b− a). (3.7)

In particular, for a = 0, b = t, we have I = 1
2

[
w2(t)− t

]
.

Second, with the same notation as above, we choose the middle point of the
partition interval, denoted ti/2 = 1

2 (ti + ti−1), for the evaluation of the integrand.
The corresponding integral sum is now

σ(2)
n =

n∑
i=1

w
(
ti/2
)
[w(ti)− w(ti−1)] (3.8)

=
n∑
i=1

w
(
ti/2
) [
w(ti)− w

(
ti/2
)]

+
n∑
i=1

w (ti−1)
[
w
(
ti/2
)
− w(ti−1)

]
+

n∑
i=1

[
w
(
ti/2
)
− w(ti−1)

]2
.

The first two sums combine to a sum that corresponds to the calculation by Method
1 with a partition refined by the midpoints, so they converge to the same limit as
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σ
(1)
n in (3.4) above. The last sum converges to one half of the sum in (3.5), so that

lim
n→∞

σ(2)
n

Pr=
1
2
[w2(b)− w2(a)]. (3.9)

Third, we use the same partition as above, however, we choose the right end-
point of the partition interval for the evaluation of the integrand. The corresponding
integral sum is now

σ(3)
n =

n∑
i=1

w(ti) [w(ti)− w(ti−1)] = σ(1)
n +

n∑
i=1

[w(ti)− w(ti−1)]
2
. (3.10)

It was shown above that

lim
n→∞

σ(1)
n

Pr=
1
2
[w2(b)−w2(a)]− 1

2
(b−a), lim

n→∞

n∑
i=1

[w(ti)− w(ti−1)]
2 Pr= b−a,

so that

lim
n→∞

σ(3)
n

Pr=
1
2
[w2(b)− w2(a)] +

1
2
(b− a), (3.11)

which is not the same as (3.7).
Obviously, different choices of the points in the partition intervals for the evalu-

ation of the integrand lead to different results. It is apparent from these calculations
that the traditional differential and integral calculus is unsuitable to handle stochas-
tic integrals in a straightforward manner.

3.2 The Itô, Stratonovich, and other integrals

According to Definition 2.2.9, a stochastic process f(t, ω) that is adapted to the
Brownian filtration Ft, is independent of the increments of the Brownian motion
w(t, ω) “in the future;” that is, f(t, ω) is independent of w(t + s, ω) − w(t, ω) for
all s > 0. For example, if f(x) is an integrable deterministic function, then the
functions f(w(t, ω)) and

∫ t
0
f(w(s, ω)) ds are Ft-adapted.

Definition 3.2.1 (The class H2[0, T ]). We denote by H2[0, T ] the class of Ft-
adapted stochastic processes f(t, ω) on an interval [0, T ] such that

T∫
0

Ef2(s, ω) ds <∞.

3.2.1 The Itô integral

Integration with respect to white noise is defined in this class of stochastic processes.
Itô’s construction of the integral of a function f(t) of the class H2[0, T ] is similar to
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Method 1 above. For any partition 0 ≤ t0 < t1 < · · · < tn = t ≤ T , form the sum

σn(t, ω) =
n∑
i=1

f(ti−1, ω) [w(ti, ω)− w(ti−1, ω)] . (3.12)

Note that the increment ∆iw = w(ti, ω)−w(ti−1, ω) is independent of f(ti−1, ω),
because f(t, ω) is Ft-adapted. It can be shown (see Section 3.3) that for any se-
quence of partitions of the interval, such that maxi (ti − ti−1) → 0, the sequence
{σn(t, ω)} converges (in some sense, as explained in Section 3.3) to the same limit,
denoted

(I)

t∫
0

f(s, ω) dw(s, ω) Pr= lim
maxi(ti−ti−1)→0

σn(t, ω), (3.13)

and called the Itô integral of f(t, ω). It can also be shown (see Section 3.3) that
the convergence in (3.13) is uniform in t with probability one; that is, on almost
every trajectory of the Brownian motion w(t, ω). The Itô integral is a Ft-adapted
stochastic process in Ω. It takes different values on different realizations ω of the
Brownian trajectories.

Next, we investigate some properties of the Itô integral. We use the abbreviated

notation (I)
∫ t

0

f(s) dw(s) =
∫ t

0

f(s) dw(s). The following properties are analo-

gous to those of the classical Riemann integral [171], [101], [115], [204], [57].

1. The Itô integral is a linear functional in the sense that if f(t), g(t) ∈ H2[0, T ]
and α, β are real numbers, then αf(t) + βg(t) ∈ H2[0, T ] and

t∫
0

[αf(s) + βg(s)] dw(s) = α

t∫
0

f(s) dw(s) + β

t∫
0

g(s) dw(s).

2. The Itô integral is an additive function of the interval in the sense that if f(t) ∈
H2[0, T ] and 0 < T1 < T , then f(t) ∈ H2[0, T1] and f(t) ∈ H2[T1, T ] and

T∫
0

f(s) dw(s) =

T1∫
0

f(s) dw(s) +

T∫
T1

f(s) dw(s).

3. If f(t) is an integrable deterministic function, then

t∫
0

f(s) dw(s) ∼ N

0,

t∫
0

f2(s) ds

 .
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4. For f(t) ∈ H2[0, T ], and any 0 ≤ τ ≤ t ≤ T ,

E
t∫

0

f(s) dw(s) = 0

E

 t∫
0

f(s) dw(s) |
τ∫

0

f(s) dw(s) = x

 =x (3.14)

E
 T∫

0

f(s) dw(s)

2

=

T∫
0

Ef2(s) ds. (3.15)

5. For f(t), g(t) ∈ H2[0, T ],

E

 T∫
0

f(s) dw(s)

T∫
0

g(s) dw(s)

 =

T∫
0

E [f(s)g(s)] ds. (3.16)

Property (3.14) follows from the construction of the Itô integral and the indepen-
dence of f(t) from the increments w(t′′) − w(t′) for all t ≤ t′ ≤ t′′. It is easy to
see that properties (3.15) and (3.16) are equivalent.

Exercise 3.3. (Method 1).

(i) Show that eq. (3.7) represents the Itô integral

(I)

b∫
a

w(s) dw(s) =
1
2
[w2(b)− w2(a)]− 1

2
(b− a). (3.17)

(ii) Derive an equation analogous to (3.14) for the conditional expectation

E


 t∫

0

f(s) dw(s)

2
∣∣∣∣∣∣∣

τ∫
0

f(s) dw(s) = x

 .
(iii) Derive an equation analogous to (3.16) for conditional expectations and for
conditional expectations of the product

∫ T1

0
f(s) dw(s)

∫ T2

0
g(s) dw(s), when T1 6=

T2. 2

Exercise 3.4 (The Itô integral is a martingale). Show that the Itô integral is a
martingale (see Section 2.4.3). 2

3.2.2 The Stratonovich integral

A different construction of a stochastic integral is based on Method 2 with a choice
of a “midpoint” in the integral sum. Specifically, keeping the notation of the previ-
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ous section, for functions f(w(t), t) of class H2[0, T ] define the sum

σn =
n∑
i=1

f
(
w
(
ti/2
)
, ti−1

)
∆iw, (3.18)

where, as above, ti/2 = 1
2 (ti + ti−1), and define the Stratonovich integral as the

limit
b∫
a

f(w(t), t) dSw(t) Pr= lim
maxi(ti−ti−1)→0

σn. (3.19)

Exercise 3.5 (Another Stratonovich sum). Use instead of (3.18) the sums

σn =
n∑
i=1

f

(
w(ti) + w(ti−1)

2
, ti−1

)
∆iw (3.20)

to define the Stratonovich integral. Show that the definitions (3.20) and (3.18) are
equivalent in H2[0, T ]. 2

It is obvious from the definition of the Stratonovich integral that eq. (3.9) repre-
sents the Stratonovich integral

b∫
a

w(s) dSw(s) =
1
2
[w2(b)− w2(a)]. (3.21)

The Stratonovich integral is related to the Itô integral by the following correction
term.

Theorem 3.2.1 (The Wong–Zakai correction). If f(x, t) has a continuous deriva-
tive of second order such that |fxx(x, t)| < A(t)e (t)|x| for some positive continu-
ous functions α(t) and A(t) for all a ≤ t ≤ b, then

b∫
a

f(w(t), t) dSw(t) =

b∫
a

f(w(t), t) dw(t) +
1
2

b∫
a

∂

∂x
f(w(t), t) dt (3.22)

in the sense that the left-hand side of (3.22) exists if and only if the right-hand side
exists and they are equal.

Proof. First, we assume that the second-order partial derivative fx,x (x, t) is a con-
tinuous function of both variables. We expand the function in eq. (3.20) in powers of
∆iw = w(ti, ω)−w(ti−1, ω) about the point (w(ti−1), ti−1) according to Taylor’s
formula with a remainder,

f

(
1
2
[w(ti) + w(ti−1)], ti−1

)
= f (w(ti−1), ti−1) +

1
2
fx (w(ti−1), ti−1) ∆iw

+
1
8
fx,x (ξi, ti−1) (∆iw)2 , (3.23)

 

 

α
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where ξi is some point between 1
2 [w(ti) + w(ti−1)] and w(ti−1). Using eq. (3.23)

in eq. (3.20), we obtain

σn =
n∑
i=1

[
f (w(ti−1), ti−1) ∆iw +

1
2
∂f (w(ti−1), ti−1)

∂x
(∆iw)2

+
1
8
∂2f (ξi, ti−1)

∂x2
(∆iw)3

]
.

We denote the three sums

n∑
i=1

f∆iw = I1,
1
2

n∑
i=1

fx (∆iw)2 = I2,
1
8

n∑
i=1

fx,x (ξi, ti−1) (∆iw)3 = I3.

Obviously, I1
Pr→
∫ b
a
f(w(t), t) dw(t) as maxi(ti − ti−1) → 0 (see eq. (3.13)). To

show that I2 converges to the second integral in eq. (3.22), we recall its definition
as the limit of the Riemann sums, ηn = 1

2

∑n
i=1 fx (w(ti−1), ti−1) ∆it; that is,

1
2

b∫
a

fx(w(t), t) dt Pr= lim
maxi(ti−ti−1)→0

ηn.

Now, I2 − ηn = 1
2

∑n
i=1 fx (w(ti−1), ti−1)

[
(∆iw)2 −∆it

]
. It follows that

E [I2 − ηn] =
1
2

n∑
i=1

E [fx (w(ti−1), ti−1)]E
[
(∆iw)2 −∆it

]
= 0,

because fx (w(ti−1), ti−1) is independent of (∆iw)2 and E (∆iw)2 = ∆it. We
show below that

lim
maxi(ti−ti−1)→0

E [I2 − ηn]
2 = 0, (3.24)

hence I2
Pr→ 1

2

∫ b
a
fx(w(t), t) dt as maxi(ti − ti−1) → 0.

First, note that from the Gaussian distribution of ∆iw, we have

E
[
(∆iw)2 −∆it

]2
= 3 (∆it)

2 − 2 (∆it)
2 + (∆it)

2 = 2 (∆it)
2
. (3.25)

Again, due to independence, we have from eq. (3.25)

E
[
(∆iw)2 −∆it

]2
=

1
4

n∑
i=1

E [fx (w(ti−1), ti−1)]
2 E
[
(∆iw)2 −∆it

]2
=

1
2

n∑
i=1

E [fx (w(ti−1), ti−1)]
2 (∆it)

2
. (3.26)
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The continuous function E [fx(w(t), t)]2 is (Riemann) integrable, so that

lim
maxi(ti−ti−1)→0

1
2

n∑
i=1

E [fx (w(ti−1), ti−1)]
2 ∆it =

1
2

b∫
a

E [fx(w(t), t) ]2 dt.

It follows that the extra factor of ∆it in eq. (3.26), which converges to zero, implies
that eq. (3.24) holds. Finally, using the inequalities |ξi| ≤ |w(ti1)| + |w(ti)| and
E (∆iw)6 = 3 · 5 (∆it)

3, we obtain, as above,

E|I3|2 =
1
64

E
∣∣∣∣∣
n∑
i=1

fx,x (ξi, ti−1) (∆iw)3
∣∣∣∣∣ ≤ 1

64

n∑
i=1

E |fx,x (ξi, ti−1)|2 E (∆iw)6

≤ 3 · 5
64

n∑
i=1

A2(ti−1)Ee2α(ti−1)[w(ti−1)|+|w(ti)|] (∆it)
3 → 0.

Exercise 3.6 (Convergence). Prove the last convergence above. 2

As an example of the Wong–Zakai correction, we calculate the integral I =∫ b
a
w(s) dwS(s). The function f(x, t) in this case is f(x, t) = x, so that fx(x, t) =

1. Converting from the Stratonovich to the Itô integral according to the Wong–Zakai
formula eq. (3.22) and using the previously derived result (eq. (3.17)), we obtain

I =

b∫
a

w(s) dwS(s) =

b∫
a

w(s) dw(s) +
1
2

b∫
a

1 ds

=
1
2
[w2(b)− w2(a)]− 1

2
(b− a) +

1
2
(b− a) =

1
2
[w2(b)− w2(a)],

as in the ordinary integral calculus! This is not a fluke, actually, we have

Theorem 3.2.2 (Stratonovich calculus). The Stratonovich integral satisfies the
rules of the integral calculus:
(1) The fundamental theorem of the integral calculus: if F ′(x) = f(x) is a contin-
uous function and |f ′′(x)| < eα|x| for some α > 0, then

b∫
a

f (w(s)) dwS(s) = F (w(b))− F (w(a)) . (3.27)

(2) The integration by parts formula: if F ′(x) = f(x) and G′(x) = g(x) are
continuous functions, then

b∫
a

[F (w(t))G′(w(t)) + F ′(w(t))G(w(t))] dSw(t)

=F (w(b))G(w(b))− F (w(a))G(w(a)).
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(3) The change of variables rule: if f ′(x) and ϕ′(x) are continuous functions on the
real line, then

b∫
a

f ′ (ϕ(w(t))ϕ′(w(t)) dSw(t) = f (ϕ(w(b)))− f (ϕ(w(a))) .

Proof. We prove (1) and leave (2) and (3) as an exercise. Setting wi = w(ti) and
assuming differentiability, as above, we have the Taylor expansions

F (wi) =F

(
wi−1 + wi

2

)
+ f

(
wi−1 + wi

2

)
∆iw

2
+ f ′

(
wi−1 + wi

2

)
(∆iw)2

8

+ f ′′ (ξi)
(∆iw)3

24
and

F (wi−1) =F

(
wi−1 + wi

2

)
− f

(
wi−1 + wi

2

)
∆iw

2

+ f ′
(
wi−1 + wi

2

)
(∆iw)2

8
− f ′′ (ξ′i)

(∆iw)3

24
.

It follows that

F (wi)− F (wi−1) = f

(
wi−1 + wi

2

)
∆iw + [f ′′ (ξi) + f ′′ (ξ′i)]

(∆iw)3

24
.

Summing the above equations from i = 1 to i = n, we obtain a telescopic sum that
gives

F (w(b))− F (w(a)) =
n∑
i=1

f

(
w(ti) + w(ti−1)

2

)
∆iw +

1
24

n∑
i=1

[f ′′ (ξi)

+ f ′′ (ξ′i)] (∆iw)3 .

The first sum converges to the Stratonovich integral and the second sum converges
to zero, as in Exercise 3.6. Hence eq. (3.27).

As an important consequence of the Wong–Zakai formula and the properties
(3.15) of the Itô integral is that the mean value of the Stratonovich integral is not
zero. Rather, eq. (3.22) gives

E
 b∫
a

f(w(t), t) dSw(t)

 =E
 b∫
a

f(w(t), t) dw(t)

+
1
2
E
 b∫
a

∂f(w(t), t)
∂x

dt


=

1
2

b∫
a

E
[
∂f(w(t), t)

∂x
dt

]
. (3.28)

It follows that the Stratonovich integral is not a martingale.
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3.2.3 The backward integral

The backward integral is defined, as in Method 3, by integral sums, in which the
function f(t) is evaluated at the right endpoint of the partition interval as

b∫
a

f(t) dBw(t) Pr= lim
maxi(ti−ti−1)→0

n∑
i=1

f(ti) [w(ti)− w(ti−1)] . (3.29)

The Wong–Zakai formula is now

b∫
a

f(w(t), t) dBw(t) =

b∫
a

f(w(t), t) dw(t) +

b∫
a

∂

∂x
f(w(t), t) dt. (3.30)

It is obvious from the definition of the backward integral that eq. (3.11) represents
the backward integral

b∫
a

w(s) dBw(s) =
1
2
[w2(b)− w2(a)] +

1
2
(b− a). (3.31)

It is evident that the above-mentioned Methods 1, 2, and 3 for the calculation of the
integral (3.3) correspond to its Itô, Stratonovich, and the backward integral defini-
tions, respectively.

Exercise 3.7. (The Stratonovich and backward integrals)

(i) Use the Wong–Zakai corrections (3.22) and (3.30) to derive the relationship be-
tween the Stratonovich and the backward integrals.

(ii) Verify your calculation by applying it to the integrals
∫ b
a
wj(t) dw(t) (j =

I, S,B). 2

Exercise 3.8 (Second-order integral). The integral sums

σn(t) =
n∑
i=1

f(t̃i) [w(ti)− w(ti−1)]
2
,

where ti−1 ≤ t̃i ≤ ti and set m = maxi(ti − ti−1). Define a second-order integral
in H2[a, b] by

b∫
a

f(t) [ dw(t)]2 Pr= lim
m→0

σn(t). (3.32)

Use the Cauchy–Schwarz inequality and the method used in the proof of the Wong–
Zakai correction to show that

(i)
∫ b
a
f(t) [ dw(t)]2 =

∫ b
a
f(t) dt,
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(ii) an analogous construction of an nth order integral for n > 2 gives∫ b

a

f(t) [ dw(t)]n = 0.

2

Exercise 3.9 (The λ-integral). For any 0 ≤ λ ≤ 1 define a λ-integral by the sums

σn(t) =
n∑
i=1

f(λw(ti−1) + (1− λ)w(ti), ti−1) ∆iw.

Show that for λ = 0 it leads to the backward integral, for λ = 1
2 to the Stratonovich

integral, and for λ = 1 to the Itô integral. Find the relationship between the λ-
integral and the Itô integral. 2

The different stochastic integrals lead to different definitions of stochastic dif-
ferential equations. The question of which integral is the “correct” one to use in
modeling physical phenomena is of fundamental significance. This question is dis-
cussed later in the text.

3.3 The construction of the Itô integral

In this section we show that for every f ∈ H2[0, T ] and on almost every trajectory
ω ∈ Ω (i.e., except for a set of trajectories of probability 0) there is a sequence of
Itô sums (3.12) that converges uniformly to a limit and that the limit is independent
of the sequence of partitions. To this end, we make use of the martingale property
of certain functions of the MBM [171].

We begin with the observation that according to Itô’s definition (3.12), the inte-
gral of a (random) constant function f(ω) ∈ H2[0, T ] is

T∫
0

f(ω) dw(t, ω) = f(ω) [w(T, ω)− w(0, ω)] . (3.33)

It follows from Section 2.4.3 that for a bounded function f(ω) ∈ H2[0, T ] and every
constant α the process

x(t, ω) = exp

α
t∫

0

f(ω) dw(s, ω)− α2

2

t∫
0

f2(ω) ds

 (3.34)

is a martingale and that for all t ∈ [0, T ]

Ex(t, ω) = 1. (3.35)

The next step is to construct and investigate the properties of Itô integrals of step
functions f(t, ω) in H2[a, b]. A step function takes (random constant) values Cj(ω)
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in the (non random, i.e., independent of ω) intervals (tj−1, tj), (j = 1, . . . , N),
where the points a = t0 < t1 < · · · < tn = b form a partition of the interval [a, b].
For a ≤ t ≤ b, if a < t ≤ t1, the function is constant in the interval (a, t) so its Itô
integral is given by (3.33) as

I(t, ω) =

t∫
a

f(s, ω) dw(s, ω) = C1(ω) [w(t, ω)− w(a, ω)] .

If tj−1 < t ≤ tj for j > 1, the Itô integral of such a step function is given by

I(t, ω) =

t∫
a

f(s, ω) dw(s, ω) (3.36)

=
j−1∑
k=1

Ck(ω) [w(tk, ω)− w(tk−1, ω)] + Cj(ω) [w(t, ω)− w(tj−1, ω)] .

Obviously, I(t, ω) is anFt-adapted continuous martingale in [a, b]. Note that I(t, ω)
in eq. (3.36) does not change if the partition of the interval is refined. Furthermore,
the condition f(t, ω) inH2[a, b] means that the constant Cj(ω) is Ftj−1 -measurable
and has a finite second moment.

Lemma 3.3.1. For a bounded step function f(t, ω) in H2[a, b] the process

x(t, ω) = exp


t∫

0

αf(s, ω) dw(s, ω)− α2

2

t∫
0

f2(s, ω) ds

 (3.37)

is a martingale.

Proof. We proceed by induction on the number n of intervals in the partition of the
interval. In Section 2.4.3 and in Exercise 2.28 it was shown that x(t, ω) is a martin-
gale and that (3.35) holds for the case of one and two partition intervals. Consider
now a ≤ s < t ≤ b and n > 2. If the number of partition intervals between s and
t is less than n, then the conclusion of the lemma holds by assumption. If it is n,
choose t1 in a partition interval between s and t and write

E [x(t, ω) |x(s, ω) = x] = E
{
E [x(t, ω) |x(t1, ω)] |x(s, ω) = x

}
. (3.38)

By the inductive assumption, x(·, ω) is a martingale in both intervals [s, t1] and
[t1, t]. Thus

E [x(t, ω) |x(t1, ω)] =x(t1, ω) (3.39)

E [x(t1, ω) |x(s, ω) = x] =x. (3.40)

Using (3.39) and (3.40) in (3.38), we obtain

E [x(t, ω) |x(s, ω) = x] = E [x(t1, ω) |x(s, ω) = x] = x.

We have Ex(t, ω) = E [x(t, ω) |x(a, ω) = 1] = 1, because x(a, ω) = 1 with
probability 1. This proves (3.35).
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The boundedness condition in Lemma 3.3.1 can be relaxed by imposing bound-
edness conditions on exponential moments (see, e.g., [80], [115]), for example, by
the following

Definition 3.3.1 (Novikov’s condition). A function f(t, ω) ∈ H2[0, T ] is said to
satisfy Novikov’s condition, if

E exp

1
2

T∫
0

f2(t, ω) dt

 <∞. (3.41)

We consider henceforward to the end of this section only functions that satisfy
the condition (3.41). The key to the proof of convergence is the following sub-
martingale inequality [106, 115, 57], adapted to the needs of this chapter.

Theorem 3.3.1 (Submartingale inequality). Let x(t, ω) be a continuous nonneg-
ative Ft-adapted submartingale in [0, T ], then for any α > 0

Pr
{
ω ∈ Ω

∣∣∣∣ max
0≤t≤T

x(t, ω) > α

}
≤ Ex (T, ω)

α
. (3.42)

Proof. For any points 0 ≤ t1 < t2 < · · · < tn ≤ T define

B =
{
ω ∈ Ω

∣∣∣∣ max
1≤i≤n

x(ti, ω) > α

}
.

If

Pr{B} ≤ Ex (T, ω)
α

, (3.43)

then (3.42) follows by continuity of x(t, ω). To prove (3.43), we define the sets

Bi = {ω ∈ Ω |x(tj , ω) ≤ α for all j < i, x(ti, ω) > α}.

For each ω ∈ Bi the sequence x(tj , ω) crosses the level α at time ti and not sooner.
The sets Bi are mutually disjoint and B =

⋃n
i=1Bi, and furthermore, Bi ∈ Fti .

Recall that from the definition (2.14)

Ex(T, ω) =
∫
xPr{ω ∈ Ω |x ≤ x(T, ω) ≤ x+ dx}

≥
∫
xPr{ω ∈ B |x ≤ x(T, ω) ≤ x+ dx}

=
n∑
i=1

∫
xPr{ω ∈ Bi |x ≤ x(T, ω) ≤ x+ dx}

=
n∑
i=1

E {x(T, ω), Bi} =
n∑
i=1

E{E [x(T, ω) |x(ti, ω)] , Bi}, (3.44)
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because Bi ∈ Fti . The submartingale property (2.69) implies that

E [x(T, ω) |x(ti, ω)] ≥ x(ti, ω),

so that (3.44) gives

Ex(T, ω) =
n∑
i=1

E{x(ti, ω), Bi} =
n∑
i=1

∫
xPr{ω ∈ Bi |x ≤ x(ti, ω) ≤ x+ dx}

>
n∑
i=1

∫
αPr{ω ∈ Bi |x ≤ x(ti, ω) ≤ x+ dx}

=
n∑
i=1

αPr{Bi} = αPr{B},

which is (3.43). It follows that (3.42) holds.

Lemma 3.3.1 and Theorem 3.3.1 imply the following

Lemma 3.3.2. For any step function f(t, ω) ∈ H2[0, T ] and any α > 0 and β,

Pr

ω ∈ Ω

∣∣∣∣∣∣ max
0≤t≤T

 t∫
0

f(s, ω) dw(s, ω)− α

2

t∫
0

f2(s, ω) ds

 > β


≤ e−αβ . (3.45)

Proof. By changing f to αf and exponentiating the inequality inside the braces in
(3.45), we find that (3.45) is equivalent to the inequality

Pr

ω ∈ Ω

∣∣∣∣∣∣ max
0≤t≤T

 t∫
0

[αf(s, ω)] dw(s, ω)− 1
2

t∫
0

[αf(s, ω)]2 ds

 > αβ


=Pr

ω ∈ Ω

∣∣∣∣∣∣ max
0≤t≤T

exp

 t∫
0

αf(s, ω) dw(s, ω)− 1
2

t∫
0

[αf(s, ω)]2 ds

>eαβ


≤ e−αβ . (3.46)

To prove (3.46), we note that the maximized function in (3.46),

x(t, ω) = exp

 t∫
0

αf(s, ω) dw(s, ω)− 1
2

t∫
0

[αf(s, ω)]2 ds

 ,
is a martingale, as shown in Lemma 3.3.1. It follows from the martingale inequality
(3.42) that

Pr
{
ω ∈ Ω

∣∣∣∣ max
0≤t≤T

x(t, ω) > eαβ
}
≤ e−αβEx(T, ω) = e−αβ , (3.47)

because Ex(T, ω) = 1, as shown in (3.35). Combining the inequalities (3.46) and
(3.47), we obtain (3.45).
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The next lemma asserts that if a sequence of step functions inH2[0, T ] converges
to zero sufficiently fast in L2{[0, T ]}, so does the sequence of their Itô integrals.
Specifically,

Lemma 3.3.3. If fn(t, ω) ∈ H2[0, T ] are step functions such that

Pr

ω ∈ Ω

∣∣∣∣∣∣
T∫

0

f2
n(s, ω) ds > 2−n i.o.

 = 0, (3.48)

then, for any ν > 1,

Pr

ω ∈ Ω

∣∣∣∣∣∣ max
0≤t≤T

|
t∫

0

fn(s, ω) dw| ≥ ν
(
2−n+1 logn

)1/2
i.o.

 = 0. (3.49)

The condition (3.48) means that on every trajectory ω ∈ Ω, except for a set
of probability zero, there is an index n(ω) such that

∫ T
0
f2
n(s, ω) ds ≤ 2−n for all

n > n(ω). The result (3.49) means that on every trajectory ω ∈ Ω, except for a set
of probability zero, there is an index n(ν, ω) such that

max
0≤t≤T

|
∫ t

0

fn(s, ω) dw(s, ω)| < ν
(
2−n+1 logn

)1/2
for all n > n(ν, ω).

Proof. We choose α =
(
2n+1logn

)1/2
and β = ν

(
2−n−1 logn

)1/2
and observe

that condition (3.48) implies that for almost every ω ∈ Ω the inequality

α

2

T∫
0

f2
n(s, ω) ds ≤ 2−n−1α

holds for all but a finite number of indices n and that 2β − 2−n−1α = (2ν −
1)
(
2−n−1logn

)1/2
. It follows that for almost every ω ∈ Ω,

2β − α

2

t∫
0

f2
n(s, ω) ds ≥ (2ν − 1)

(
2−n−1logn

)1/2
, (3.50)

for all but a finite number of indices n. We also use the obvious inequality

max
0≤t≤T

a(t)− b(t) ≤ max
0≤t≤T

[a(t)− b(t)]

for any continuous functions a(t) and b(t) in the interval [0, T ]. Keeping the above
inequalities in mind, we use (3.45) to obtain that for all but a finite number of indices
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n,

Pr

 max
0≤t≤T

t∫
0

fn(s, ω) dw(s, ω) ≥
(
2−n+1 logn

)1/2
= Pr

 max
0≤t≤T

t∫
0

fn(s, ω) dw(s, ω)− α

2

t∫
0

f2
n(s, ω) ds ≥ 2β (3.51)

− α

2

t∫
0

f2
n(s, ω) ds


≤ Pr

 max
0≤t≤T

 t∫
0

fn(s, ω) dw(s, ω)− α

2

t∫
0

f2
n(s, ω) ds

 ≥ (2ν − 1) (3.52)

×
(
2−n−1 logn

)1/2}
≤ e−(2ν−1) logn = n−(2ν−1). (3.53)

The same argument is valid if the functions fn(t) are replaced with the functions
−fn(t). It follows that

Pr

ω ∈ Ω

∣∣∣∣∣∣ max
0≤t≤T

|
t∫

0

fn(s, ω) dw| ≥ ν
(
2−n+1 logn

)1/2 ≤ n−(2ν−1)

for all but a finite number of indices n. Now, because 2ν − 1 > ν > 1, the series∑∞
n=1 n

−(2ν−1) converges and it follows from the Borel–Cantelli lemma that (3.49)
holds.

Next, we prove the uniform convergence of the Itô sums (3.12) in [0, T ] on
almost every trajectory ω ∈ Ω.

Theorem 3.3.2. For every f ∈ H2[0, T ] there is a sequence of step functions
fn(t) ∈ H2[0, T ] such that

lim
n→∞

T∫
0

|f(t, ω)− fn(t, ω)|2 dt = 0 (3.54)

for almost all ω ∈ Ω, the limit

I(t, ω) = lim
n→∞

t∫
0

fn(s, ω) dw(s) (3.55)

is uniform in [0, T ] for almost all ω ∈ Ω and is independent of the sequence
fn(t, ω) ∈ H2[0, T ] that satisfies (3.54).
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Proof. First, we show that for every f(t, ω) ∈ H2[0, T ], there exists a sequence
of step functions fn(t, ω) ∈ H2[0, T ] that converges to f(t, ω) in the sense of
(3.54) such that (3.55) holds uniformly in [0, T ] for almost all ω ∈ Ω. Then, we
show that the same conclusion is valid for every sequence of functions fn(t, ω) ∈
H2[0, T ] that converges to f(t, ω) in the sense of (3.54). In particular, for any
sequence of partitions 0 = t0,n < t1,n < t2,n < · · · < tn,n = T , such that
limn→∞ max0≤i≤n(ti,n − ti−1,n) = 0 as n → ∞, and for any function f(t, ω) ∈
H2[0, T ], the step functions in the Itô sums (3.12), defined by

fn(t, ω) = f(ti−1,n, ω) for ti−1,n ≤ t < ti,n, (3.56)

satisfy the condition (3.54). It follows, therefore, that the Itô sums converge to
I(t, ω) uniformly in [0, T ] on almost every ω ∈ Ω.

To carry out this plan, we note that because for almost every ω ∈ Ω the func-
tion f(t, ω) is integrable with respect to t, it is equal to the derivative of its integral
for almost all t ∈ [0, T ]. Hence, defining f(s, ω) = 0 for s < 0 and setting
f̃k(t, ω) = 2k

∫ t
t−2−k f(s, ω) ds, we obtain limk→∞ f̃k(t, ω) = f(t, ω) for almost

all t ∈ [0, T ]. The function f̃k(t, ω) is absolutely continuous so that the approxi-
mating step functions f̃m,k(t, ω) = f̃k (2−m [2mt]) ,where [x] is the greatest integer

k̃

limm,k→∞
∫ T
0
|f(t, ω) − f̃m,k(t, ω)| dt = 0 for almost every ω ∈ Ω. Thus, for

every n there is a pair of indices mn, kn such that

Pr

ω ∈ Ω

∣∣∣∣∣∣
T∫

0

∣∣∣f(t, ω)− f̃mn,kn
(t, ω)

∣∣∣2 dt > 2−n+1

 < 2−n.

Defining fn(t, ω) = f̃mn,kn
(t, ω), we get from the Borel–Cantelli lemma that

Pr


T∫

0

|f(t, ω)− fn(t, ω)|2 dt > 2−n+1 i.o

 = 0;

hence

Pr


T∫

0

|fn(t, ω)− fn−1(t, ω)|2 dt > 2−n i.o

 = 0. (3.57)

Now, it follows from Lemma 3.3.3 that for any ν > 1,

Pr

 max
0≤t≤T

|
t∫

0

[fn(s, ω)− fn−1(s, ω)] dw(s, ω)| ≥ ν
(
2−n+1 logn

)1/2
i.o.


=0. (3.58)

that does not exceed x, converge to f (t, ω) uniformly as m → ∞. It follows that



3. Itô Integration and Calculus 81

This, in turn, means that the series of functions

∞∑
n=1

|
∫ t

0

[fn(s, ω)− fn−1(s, ω)] dw(s, ω)|

is dominated by the convergent series of constants
∑∞
n=1 ν

(
2−n+1logn

)1/2
, for

almost all ω ∈ Ω. It follows from the Weierstrass M-test that the telescopic series

∞∑
n=1

t∫
0

[fn(s, ω)− fn−1(s, ω)] dw(s, ω)

= lim
n→∞

t∫
0

fn(s, ω) dw(s, ω)−
t∫

0

f0(s, ω) dw(s)

converges uniformly in [0, T ] for almost every ω ∈ Ω. We denote

t∫
0

f(s, ω) dw(s, ω) = lim
n→∞

t∫
0

fn(s, ω) dw(s, ω).

It remains to show that the same conclusion is true for every sequence of step
functions that satisfies (3.49). The argument used above to construct the series fn
that satisfies (3.57) and (3.58) shows that every sequence that satisfies (3.49) has a
subsequence that satisfies (3.57) and (3.58). It follows in a straightforward manner
that (3.49) implies the uniform convergence (3.55).

Corollary 3.3.1. The Itô integral I(t, ω) is continuous in [0, T ] for almost all ω ∈
Ω.

Indeed, because σn(t, ω) are continuous functions of t, the uniform limit of such
sums is also a continuous function in [0, T ].

Remark 3.3.1. In general, if f ∈ H2[0, T ], the process x(t, ω) defined in eq. (3.37)
is not a martingale, but rather a supermartingale; that is,

E[x(t, ω) |x(s, ω)] ≤ x(s, ω).

If, however, f satisfies the Novikov condition (3.41), x(t, ω) is a martingale [115].

3.4 The Itô calculus

The deviation of Itô’s stochastic integration from the usual rules of the differential
and integral calculus, as demonstrated, for example, in the integral (3.3), can be
expected to give rise to a different calculus. We begin with the usual definition
of a differential of an integral and immediately face the deviations from the usual
rules of the differential calculus. These are exhibited in the simplest rules, such
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as differentiation of a product of two functions, the differentiation of a composite
function, and so on.

Consider two processes, a(t), b(t), of class H2[0, T ] and define the stochastic
process

x(t) = x0 +

t∫
0

a(s) ds+

t∫
0

b(s) dw(s), (3.59)

where x0 is a random variable independent of w(t) for all t > 0. Then, for 0 ≤
t1 < t2 ≤ T ,

x(t2)− x(t1) =

t2∫
t1

a(s) ds+

t2∫
t1

b(s) dw(s). (3.60)

We abbreviate this notation as

dx(t) = a(t) dt+ b(t) dw(t). (3.61)

If instead of the Itô integral the Stratonovich integral is used in the definition of
the stochastic differential (3.60), we use the abbreviation

dSx(t) = a(t) dt+ b(t) dSw(t), (3.62)

and if the backward integral is used, we abbreviate

dBx(t) = a(t) dt+ b(t) dBw(t). (3.63)

Example 3.1 (The differential ofw2(t)). Equation (3.17) givesw2(t2)−w2(t1) =
2
∫ t2
t1
w(t) dw(t) +

∫ t2
t1

1 dt for the process x(t) = w2(t). According to eqs. (3.60)
and (3.61), this can be written as dw2(t) = 1 dt + 2w(t) dw(t); that is, a(t) = 1
and b(t) = 2w(t). If, however, the Itô integral in the definition (3.60) is replaced
with the Stratonovich integral, then (3.21) gives dSw2(t) = 2w(t) dSw(t). Thus
the Itô differential (3.61) does not satisfy the usual rule dx2 = 2x dx, however the
Stratonovich differential (3.62) does. 2

Example 3.2 (The differential of f(t)w(t)). If f(t) is a smooth deterministic func-
tion, then integration by parts is possible so that

t2∫
t1

f(t) dw(t) = f(t2)w(t2)− f(t1)w(t1)−
t2∫
t1

f ′(t)w(t) dt.

Thus, setting x(t) = f(t)w(t), we obtain

dx(t) = f ′(t)w(t) dt+ f(t)dw(t) = w(t) df(t) + f(t) dw(t),

as in the classical calculus. In this case, a(t) = f ′(t)w(t) and b(t) = f(t). 2
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Exercise 3.10 (Backward differentials). Find the backward differential dBw2(t).
2

Before establishing the general rules of the stochastic calculus, we further illus-
trate the discrepancy between the rules of the classical calculus and the stochastic Itô
calculus with the rule for differentiating a product of two processes. The classical
rule for differentiation of a product of two differentiable functions is dx1(t)x2(t) =
x1(t) dx2(t) + x2(t) dx1(t). This is not the case, however, for the Itô differentials
(3.61), as shown below.

Example 3.3 (Differential of a product). If x1(t) and x2(t) have the Itô differen-
tials

dx1(t) = a1(t) dt+ b1(t) dw(t), dx2(t) = a2(t) dt+ b2(t) dw(t),

where a1, a2, b1, b2 ∈ H2[0, T ], then

d [x1(t)x2(t)] = x1(t) dx2(t) + x2(t) dx1(t) + b1(t)b2(t) dt. (3.64)

Indeed, assume first that ai, bi are constants; then xi(t) = xi(0) + ait+ biw(t) for
i = 1, 2, so that

x1(t)x2(t) =x1(0)x2(0) + [x1(0)a2 + x2(0)a1] t+ [x1(0)b2 + x2(0)b1]w(t)

+ a1a2t
2 + [a1b2 + a2b1] tw(t) + b1b2w

2(t).

It follows that

d [x1(t)x2(t)]) = [x1(0)a2 + x2(0)a1] dt+ [x1(0)b2 + x2(0)b1] dw(t)
+ 2a1a2t dt+ [a1b2 + a2b1] [ t dw(t) + w(t) dt] + 2b1b2w(t) dw(t) + b1b2 dt

= [x1(0) + a1t+ b1w(t)] [a2 dt+ b2 dw(t)] + [x2(0) + a2t+ b2w(t)]
× [a1 dt+ b1 dw(t)] + b1b2 dt

=x1(t) dx2(t) + x2(t) dx1(t) + b1(t)b2(t) dt.

If ai, bi are step functions in H2[0, T ], (i = 1, 2), then eq. (3.64) holds as well.
From the construction of the Itô integral (see Section 3.3) it is clear that it is enough
to prove (3.64) for coefficients that are step functions in H2[0, T ]. Note that (3.64)
differs from the classical differential of a product by the additional term b1(t)b2(t) dt,
which is often called Itô’s correction. 2

Exercise 3.11. (Stratonovich differentials).

(i) Use Wong–Zakai corrections (3.89) to show that the Stratonovich differential
(3.62) satisfies that classical rule

dSx1(t)x2(t) = x1(t) dSx2(t) + x2(t) dSx1(t).

(ii) Determine the rule for backward differentiation of a product. 2
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Exercise 3.12. (Differentials of polynomials).

(i) Use the product rule (3.64) and mathematical induction to show that for positive
integers n,

dwn = nwn−1 dw +
n(n− 1)

2
wn−2 dt. (3.65)

(ii) What are the corresponding expressions for the Stratonovich and backward dif-
ferentials? 2

Exercise 3.13. (Differentials of twice differentiable functions).

(i) Setting P (x) = xn, show that eq. (3.65) can be written as

dP (w) = P ′(w) dw +
1
2
P ′′(w) dt.

(ii) Obtain the latter for every polynomial P (x) =
∑n
m=0 amx

m.

(iii) Use polynomial approximations to prove the same for any twice continuously
differentiable function P (x).
(iv) Derive the analogous expressions for Stratonovich and backward differentiation.
2

The essence of the differentiation rules is captured in the chain rule for differ-
entiating composite functions. For example, given a chain rule for expressing the
differential of a composite function in terms of the differentials of its components,
the rule (3.64) is simply an application of the chain rule to the composite function
f(x1, x2) = x1x2.

Consider n Itô-differentiable processes

dxi = ai dt+
m∑
j=1

bij dwj , i = 1, 2, . . ., n,

where ai, bij ∈ H2[0, T ] for i = 1, 2, . . ., n, j = 1, 2, . . .,m and wj are inde-
pendent Brownian motions and a function f(x1, x2, . . ., xn, t) that has continuous
partial derivatives of second order in x1, x2, . . ., xn and a continuous partial deriva-
tive with respect to t. For a d-dimensional process x(t) that is differentiable in the
ordinary sense, the classical chain rule is

df(x(t), t) =
∂f (x(t), t)

∂t
dt+∇xf (x(t), t) · dx(t) (3.66)

=

(
∂f(x(t), t)

∂t
+

n∑
i=1

ai(t)
∂f (x(t), t)

∂xi

)
dt

+
n∑
i=1

m∑
j=1

bij (t)
∂f (x(t), t)

∂xi
dwj .

For processes differentiable in the Itô sense, but not in the ordinary sense, eq. (3.66)
does not hold. Rather, we have the following
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Theorem 3.4.1 (Itô’s formula). Assume ai(t) and bij(t) are continuous functions
and that f(x, t) is a twice continuously differentiable function such that |fxx(x, t)| ≤
A(t)eα(t)|x| for some positive continuous functions A(t) and α(t). Then

df(x(t), t)

=
[
∂f(x(t), t)

∂t
+L∗xf(x, t)

]
dt+

n∑
i=1

m∑
j=1

bij (t)
∂f(x(t), t)

∂xi
dwj , (3.67)

where

L∗xf (x, t) =
n∑
i=1

n∑
j=1

σij (t)
∂2f (x, t)
∂xi∂xj

+
n∑
i=1

ai (t)
∂f (x, t)
∂xi

(3.68)

and

σij (t) =
1
2

m∑
k=1

bik (t) bjk (t) . (3.69)

The n× n matrix
{
σij (t)

}
is called the diffusion matrix. In matrix notation,

B (t) =
{
bij (t)

}
n×m (3.70)

is the noise matrix and the diffusion matrix σ (t) is given by

σ (t) =
1
2
B (t)BT (t) .

The operator L∗x in (3.68) is called the backward Kolmogorov operator.

Proof. For eachN , we partition the interval by points 0 = t0 < t1 < · · · < tN = T
such that max1≤i≤N (ti − ti−1) → 0 as N → ∞. Using Taylor’s formula, we can
write the identity

f(x(t), t)− f(x(0), 0)

=
N∑
k=1

[f(x(tk), tk)− f(x(tk−1), tk−1)]

=
N∑
k=1

ft(x(tk−1), tk−1)∆tk (3.71)

+
N∑
k=1

n∑
i=1

fxi(x(tk−1), tk−1)∆xik (3.72)

+
1
2

N∑
k=1

n∑
i=1

n∑
j=1

fxi,xj (x̃(tk−1), t̃k−1)∆xik∆x
j
k, (3.73)
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where (x̃(t̃k−1), t̃k−1) is a point on the line connecting the points (x(tk−1), tk−1)
and (x(tk), tk) and fxi(·, ·) = ∂f(·, ·)/∂xi and so on. For i = 1, 2, . . . , n,

∆xik =

tk∫
tk−1

ai(s) ds+
m∑
j=1

tk∫
tk−1

bij(s) dwj(s)

= ai(t′i,k)∆tk +
m∑
j=1

bij(t′′i,k)∆w
j
k, (3.74)

where t′i,k, t
′′
i,k ∈ (tk−1, tk). We consider each sum separately. Obviously, the sum

(3.71) gives

lim
N→∞

N∑
k=1

ft(x(tk−1), tk−1)∆tk =

t∫
0

ft(x(s), s) ds. (3.75)

To evaluate the sum (3.72), we substitute (3.74) for ∆xik and write

N∑
k=1

fxi(x(tk−1), tk−1)∆xik (3.76)

=
N∑
k=1

fxi(x(tk−1), tk−1)ai(t′i,k)∆tk +
N∑
k=1

fxi(x(tk−1), tk−1)
m∑
j=1

bij(t′′i,k)∆w
j
k.

As above, for each i, the first sum on the right-hand side of (3.76) gives

lim
N→∞

N∑
k=1

fxi(x(tk−1), tk−1)ai(t′i,k)∆tk =

t∫
0

fxi(x(s), s)ai(s) ds. (3.77)

For each i, j the second sum on the right-hand side of (3.76) gives

N∑
k=1

fxibij(t′′i,k)∆w
j
k =

N∑
k=1

fxi

[
bij(ti,k−1) + ∆kb

ij
]
∆wjk, (3.78)

where ∆kb
ij = bij(t′′i,k)− bij(ti,k−1). By definition,

lim
N→∞

N∑
k=1

fxi(x(tk−1), tk−1)bij(ti,k−1)∆w
j
k

Pr=

t∫
0

fxi(x(s), s)bij(s) dwj(s). (3.79)
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To estimate the variance of the sum IN =
∑N
k=1 fxi(x(tk−1), tk−1)∆kb

ij∆wjk, we
use the Cauchy–Schwarz inequality,

EI2
N ≤

N∑
k=1

E |fxi(x(tk−1), tk−1)|2 ∆tk
N∑
k=1

E
∣∣∆kb

ij
∣∣2 ∆tk,

because E
∣∣∣∆wjk∣∣∣2 = ∆tk. We get

lim
N→∞

N∑
k=1

E
∣∣∆kb

ij
∣∣2 ∆tk =

T∫
0

E
∣∣bij(s)− bij(s)

∣∣2 ds = 0,

because the integrals
∫ T
0

E |fxi(x(s), s)|2 ds and
∫ T
0

E
∣∣bij(s)∣∣2 ds ar assumed to

exist. It follows that (3.78) gives in the limit

lim
N→∞

N∑
k=1

fxi(x(tk−1), tk−1)bij(t′′i,k)∆w
j
k =

t∫
0

fxi(x(s), s)bij(s) dwj(s).

Finally, using (3.74) for each i, j in the triple sum (3.73), we get

1
2

N∑
k=1

fxi,xj (x̃(tk−1), t̃k−1)∆xik∆x
j
k =

1
2

N∑
k=1

fxi,xj (x̃(tk−1), t̃k−1) (3.80)

×

[
ai(t′i,k)∆tk +

m∑
l=1

bil(t′′i,k)∆w
l
k

][
aj(t′j,k)∆tk +

m∑
l=1

bjl(t′′j,k)∆w
l
k

]
.

Expanding the terms in brackets on the right-hand side of eq. (3.80), we obtain sums
with factors (∆tk)2, ∆tk∆wlk, and ∆wl

′

k∆wl
′′

k . It can be shown in a straightforward
manner that all sums containing the factors ∆tk∆wlk, and ∆wl

′

k∆wl
′′

k converge to
zero as N → ∞. Similarly, for l′ 6= l′′ sums containing ∆wl

′

k∆wl
′′

k converge to
zero as N → ∞. For l′ = l′′, we use the result of Exercise 3.16 to show that for
each i, j the sums containing the factors [∆wlk]

2 converge to the integrals

t∫
0

1
2
fxi,xj (x(s), s)

m∑
k=1

bik(s)bjk(s) ds. (3.81)

It follows that in the limit N →∞ the triple sum (3.73) gives

lim
N→∞

1
2

N∑
k=1

n∑
i=1

n∑
j=1

fxi,xj (x̃(tk−1), t̃k−1)∆xik∆x
j
k (3.82)

=
1
2

t∫
0

n∑
i=1

n∑
j=1

fxi,xj (x(s), s)
m∑
k=1

bik(s)bjk(s) ds.
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Using (3.75), (3.79), and (3.82) in (3.71)–(3.73), we obtain

f(x(t), t) = f(x(0), 0) +

t∫
0

[
∂f (x(s), s)

∂t
+

n∑
i=1

ai (s)
∂f (x(s), s)

∂xi

+
1
2

n∑
i=1

n∑
j=1

σij (s)
∂2f (x(s), s)
∂xi∂xj

 ds
+

t∫
0

n∑
i=1

m∑
j=1

bij (s)
∂f (x(s), s)

∂xi
dwj(s),

hence (3.67).

Remark 3.4.1. Rewriting Itô’s formula (3.67) in the form

df (x(t), t) =

[
∂f (x(t), t)

∂t
+

n∑
i=1

ai (t)
∂f (x(t), t)

∂xi

]
dt (3.83)

+
n∑
i=1

m∑
j=1

bij (x(t), t)
∂f (x(t), t)

∂xi
dwj

+
1
2

n∑
i=1

n∑
j=1

σij (x(t), t)
∂2f (x(t), t)
∂xi∂xj

,

we see that without the last sum the formula is the ordinary differential (3.66), so
that the correction due to Itô’s integration is the last term in eq. (3.83).

Exercise 3.14 (Itô’s formula in 1-D). Specialize Itô’s formula (3.67) to the one-
dimensional case: for a process x(t) with differential dx = a(t) dt+b(t) dw, where
a(t), b(t) ∈ H2[0, T ] and a twice continuously differentiable function f(x, t),

df(x(t), t) =
[
∂f(x(t), t)

∂t
+ a(t)

∂f(x(t), t)
∂x

+
1
2
b2(t)

∂2f(x(t), t)
∂x2

]
dt

+ b(t)
∂f(x(t), t)

∂x
dw(t). (3.84)

2

Exercise 3.15. (Itô’s formula as the chain rule).

(i) Apply Itô’s formula (3.67) to the function f(x1, x2) = x1x2 and obtain the rule
(3.64) for differentiating a product.

(ii) Apply Itô’s one-dimensional formula of Exercise 3.14 to the function f(x) = ex.
Obtain a differential equation for the function y(t) = eαw(t).

(iii) Use the transformation y = log x to solve the linear stochastic differential
equation
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dx(t) = ax(t) dt+ bx(t) dw(t), x(0) = x0. (3.85)

Show that the solution cannot change sign. 2

Exercise 3.16. (Applications to moments).

(i) Use the one-dimensional Itô formula to prove

Eew(t) = 1 +
1
2

∫ t

0

Eew(s) ds = et/2.

(ii) Calculate the first and the second moments of eaw(t), eiw(t), sin aw(t), and
cos aw(t), where a is a real constant. 2

Exercise 3.17 (Rotation of white noise). Given two independent Brownian mo-
tions w1(t), w2(t) and a process x(t) ∈ H2[0, T ], define the processes u1(t), u2(t)
by their differentials

du1(t) = − sinx(t) dw1(t) + cosx(t) dw2(t)
du2(t) = cosx(t) dw1(t) + sinx(t) dw2(t).

Show that u1(t) and u2(t) are independent Brownian motions. 2

Exercise 3.18 (A stochastic equation for a martingale). Consider an adapted pro-
cess x(t) that satisfies the Novikov condition (3.41). Define the processes

y(t) =

t∫
0

x(s) dw(s)− 1
2

t∫
0

x2(s) ds, z(t) = ey(t). (3.86)

(i) Apply Itô’s formula to the function f(y) = ey to show that

dz(t) = z(t)x(t) dw(t).

(ii) Show that Ez(t) = 1.

(iii) Show that z(t) is a martingale. 2

For processes defined by the Stratonovich integral,

x(t) = x0 +

t∫
0

a(s) ds+

t∫
0

b(s) dwS(s),

where a, b ∈ H2[0, T ], we write

dSx(t) = a(t) dt+ b(t) dSw(t). (3.87)
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Theorem 3.4.2 (The Stratonovich chain rule). The chain rule for Stratonovich
differentials is the usual rule (3.66); that is,

dSf(x, t) =
∂f

∂x
dSx+

∂f

∂t
dt =

[
∂f

∂t
+ a

∂f

∂x

]
dt+ b

∂f

∂x
dSw. (3.88)

Proof. First, we convert (3.87) to Itô’s form by introducing the Wong–Zakai correc-
tions,

dx(t) =
(
a(t) +

1
2
∂b

∂w

)
dt+ b(t) dw(t). (3.89)

If the dependence of b(t) on w(t) is expressed as

b(t) = B (x(t), t) ,

where B(x, t) is a differentiable function in both variables, then the Wong–Zakai
correction is found as follows.

∆b(t)
∆w(t)

=
∆B (x(t), t)

∆x(t)
∆x(t)
∆w(t)

=
∆B (x(t), t)

∆x(t)
a(t) ∆t+ b(t)∆w(t) + o(∆t)

∆w(t)

=
∂B (x(t), t)

∂x

[
b(t) + a(t)O

(
∆t

∆w(t)

)]
.

Note that

Pr
{∣∣∣∣ ∆t

∆w

∣∣∣∣ > ε

}
=Pr

{
|∆w| < ∆t

ε

}
=

1√
2π∆t

∆t/ε∫
−∆t/ε

e−x
2/2∆t dx

=
1√
2π

√
∆t/ε∫

−
√

∆t/ε

e−z
2/2 dz → 0 as ∆t→ 0,

so that lim∆t→0 ∆t/∆w(t) Pr= 0. It follows that in this case the Wong–Zakai cor-
rection is

1
2
∂b

∂w
=

1
2
B (x, t)

∂B (x, t)
∂x

. (3.90)

Next, from Itô’s formula and eq. (3.89), we have

f(x(t), t)− f(x(t0), t0)

=

t∫
t0

{
∂f(x(s), s)

∂t
+
[
a(s) +

1
2
∂b(s)
∂w(s)

]
∂f(x(s), s)

∂x
+

1
2
b2(s)

∂2f(x(s), s)
∂x2

}
ds

+

t∫
t0

b(s)
∂f(x(s), s)

∂x
dw(s).
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Now, we convert the Itô integral into a Stratonovich integral using the Wong–Zakai
correction,

t∫
t0

b(s)
∂f(x(s), s)

∂x
dw(s) =

t∫
t0

b(s)
∂f(x(s), s)

∂x
dwS(s)

− 1
2

t∫
t0

∂

∂w(s)

[
b(s)

∂f(x(s), s)
∂x

]
ds. (3.91)

Using the differentiation rule (3.90), we find that

∂

∂w(t)

[
b(t)

∂f(x(t), t)
∂x

]
=

∂b(t)
∂w(t)

∂f(x(t), t)
∂x

+
∂2f(x(t), t)

∂x2
b2(t), (3.92)

so (3.91) gives

f(x(t), t)− f(x(t0), t0)

=

t∫
t0

{
∂f

∂t
+
[
a(s) +

1
2
∂b(s)
∂w(s)

]
∂f

∂x
+

1
2
b2(s)

∂2f

∂x2

}
ds

+

t∫
t0

b(s)
∂f

∂x
dwS(s)− 1

2

t∫
t0

[
∂b(s)
∂w(s)

∂f

∂x
+
∂2f

∂x2
b2(s)

]
ds

=

t∫
t0

[ft + a(s)fx] ds+

t∫
t0

b(s)fx dwS(s),

where f = f(x(s), s), as asserted. In differential form this is identical to (3.87).

Exercise 3.19 (The differential of exp{w(t)}). Set x(t) = ew(t). Show that
dSx(t) = x(t) dSw(t) and dx(t) = x(t) dIw(t) + 1

2x(t) dt. This can be done by
power series expansion or by using Itô’s formula. 2

Exercise 3.20 (The stability of Itô and Stratonovich linear equations). Investi-
gate the stability of the origin for solutions of the stochastic linear differential equa-
tion (3.85) if the differentials are interpreted in the Itô sense or in the Stratonovich
sense, show that different stability criteria are obtained depending on the interpreta-
tion of the differentials in the equation. 2



Chapter 4

Stochastic Differential
Equations

Dynamics driven by white noise, often written as

dx = a(x, t) dt+B(x, t) dw, x(0) = x0, (4.1)

or

ẋ = a(x, t) +B(x, t) ẇ, x(0) = x0,

is usually understood as the integral equation

x(t) = x(0) +

t∫
0

a(x(s), s) ds+

t∫
0

B(x(s), s) dw(s), (4.2)

where a(x, t) and B(x, t) are random coefficients, which can be interpreted in
several different ways, depending on the interpretation of the stochastic integral in
(4.2) as Itô, Stratonovich, backward, or otherwise. Different interpretations lead to
very different solutions and to qualitative differences in the behavior of the solution.
For example, a noisy dynamical system of the form (4.1) may be stable if the Itô
integral is used in (4.2), but unstable if the Stratonovich or the backward integral is
used instead. Different interpretations lead to different numerical schemes for the
computer simulation of the equation. A different approach, based on path integrals,
is given in Chapter 5.

In modeling stochastic dynamics with equations of the form (4.2), a key ques-
tion arises of which of the possible interpretations is the right one to use. This ques-
tion is particularly relevant if the noise is state-dependent; that is, if the coefficients
B(x, t) depend on x. This situation is encountered in many different applications,
for example, when the friction coefficient or the temperature in Langevin’s equation
are not constant. The answer to this question depends on the origin of the noise.
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The correlation-free white noise (or the nondifferentiable MBM), is an idealization
of a physical process that may have finite though short correlation time (or differen-
tiable trajectories). This is illustrated in Section 1.2, where the correlated velocity
process of a free Brownian particle becomes white noise in the limit of large friction
(or Section 1.3, where the displacement process becomes Brownian motion in that
limit). The white noise approximation may originate in a model with discontinuous
paths in the limit of small or large frequent jumps, and so on.

Thus, the choice of the integral in (4.2) is not arbitrary, but rather derives from
the underlying more microscopic model and from the passage to the white noise
limit. In certain situations this procedure leads to an Itô interpretation and in others
to Stratonovich or other interpretations. The limiting procedures are described in
Section 7.3. In this chapter, we consider the Itô and Stratonovich interpretations
and their interrelationship. The backward interpretation is left as an exercise.

4.1 Itô and Stratonovich SDEs

First, we consider the one-dimensional version of eq. (4.1) and interpret it in the Itô
sense as the output of an Euler numerical scheme of the form

xE(t+ ∆t, ω) = xE(t, ω) + a(xE(t, ω), ω)∆t+ b(xE(t, ω), ω)∆w(t, ω) (4.3)

in the limit ∆t → 0. To each realization of the MBM, w(t, ω), constructed nu-
merically, for example, by any of the methods of Section 2.3, eq. (4.3) assigns a
realization xE(t, ω) of the solution at grid points. The right-hand side of eq. (4.3)
can assume any value in R, so that xE(t, ω) can assume any value at every time t,
because ∆w(t, ω) = w(t + ∆t, ω) − w(t, ω) is a Gaussian random variable. This
implies that a(x, t, ω) and b(x, t, ω) have to be defined for all x ∈ R. If for each
x ∈ R the random coefficients a(x, t, ω) and b(x, t, ω) are adapted processes, say of
class H2[0, T ] for all T > 0, the output process xE(t, ω) is also an adapted process.

The output process at grid times tj = j∆t, given by

xE(tj , ω) = x0 +
j−1∑
k=0

[a(xE(tk), tk, ω)∆t+ b(xE(tk), tk, ω)∆w(tk, ω)] , (4.4)

has the form of two integral sums, one for the integral
∫ t
0
a(x(s, ω), s, ω) ds and the

other of the Itô integral
∫ t
0
b(x(s, ω), s, ω) dw(s, ω), where x(t, ω) = lim∆t→0 x(tj , ω)

for tj → t, if the limit exists in some sense.
If the coefficients a(x, t, ω) and b(x, t, ω) are adapted processes, (of classH2[0, T ]

for all T > 0), equation (4.1) is written in the Itô form

dx = a(x, t, ω) dt+ b(x, t, ω) dw(t, ω), x(0, ω) = x0, (4.5)

or as an equivalent Itô integral equation
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x(t, ω) = x0 +

t∫
0

a(x(s, ω), s, ω) ds+

t∫
0

b(x(s, ω), s, ω) dw(s, ω). (4.6)

The initial condition x0 is assumed independent of w(t).
There are several different definitions of a solution to the stochastic differential

equation (SDE) (4.5), including strong, weak, a solution to the martingale problem,
path integral interpretation (see Chapter 5), and so on. Similarly, there are several
different notions of uniqueness, including uniqueness in the strong sense, pathwise
uniqueness, and uniqueness in probability law. For the definitions and relationship
among the different definitions see [153], [115]. We consider here only strong solu-
tions (abbreviated as solutions) of (4.5).

Definition 4.1.1 (Solution of a SDE). A stochastic process x(t, ω) is a solution of
the initial value problem (4.5) in the Itô sense if
I. x(t, ω) ∈ H2[0, T ] for all T > 0.
II. Equation (4.6) holds for almost all ω ∈ Ω.

We assume that the coefficients a(x, t, ω) and b(x, t, ω) satisfy the uniform Lip-
schitz condition; that is, there exists a constant K such that

|a(x, t, ω)− a(y, t, ω)|+ |b(x, t, ω)− b(y, t, ω)| ≤ K|x− y| (4.7)

for all x, y ∈ R, t ≥ 0, and ω ∈ Ω.

Theorem 4.1.1 (Existence and uniqueness). If a(x, t, ω) and b(x, t, ω) satisfy the
Lipschitz condition (4.7), uniformly for all x, t, and for almost all ω ∈ Ω, then
there exists a unique solution to the initial value problem (4.5). Its trajectories are
continuous with probability 1.

The proof of existence and uniqueness, as well as analytical properties of solu-
tions, are discussed in Section 4.7 (see also the proof of Skorokhod’s theorem 5.1.1).
For any domain D ⊂ Rn

such that x0 ∈ D, we denote the first exit time from D by

τD(ω) = inf{t > 0 |x(t, ω) 6∈ D}. (4.8)

It can be shown from the proof of the existence theorem that τD(ω) is a Markov
time.

If the coefficients a(x, t, ω) and b(x, t, ω) are not defined for all x, but only in
some domain D, the definition of the solution has to be modified. First, we need the
following. [84]

Theorem 4.1.2 (Localization principle). Assume that for i = 1, 2 the coefficients
ai(x, t, ω) and bi(x, t, ω) satisfy the Lipschitz condition uniformly for all x, t,

a1(x, t, ω) = a2(x, t, ω), b1(x, t, ω) = b2(x, t, ω)
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for all x ∈ D, ω ∈ D, and x0 ∈ D. Let x1(t, ω) and x2(t, ω) be the solutions of

dx(t, ω) = ai(x, t, ω) dt+ bi(x, t, ω) dw(t, ω), xi(0, ω) = x0, i = 1, 2,

respectively, and τ1(ω), τ2(ω) be their first exit times from D. Then τ1(ω) = τ2(ω)
with probability 1, and x1(t, ω) = x2(t, ω) for all t < τ1(ω) and almost all ω ∈ D.

The localization theorem can be used to define solutions to Itô equations in fi-
nite domains. Assume that a(x, t, ω) and b(x, t, ω) are defined only for x ∈ D
and satisfy there the Lipschitz condition and can be extended to all x as uniformly
Lipschitz functions. Then solutions are defined for the extended equations. The lo-
calization principle ensures that all solutions, corresponding to different extensions,
are the same for all t < τD(ω).

Exercise 4.1 (Proof of localization). Prove the localization principle (see the proof
of uniqueness in Section 4.7). 2

Exercise 4.2 (Growth estimate). Show that if Ex2m
0 < ∞, then the solution of

(4.6) satisfies the inequality

Ex2m(t, ω) ≤ E
(
1 + x2m

0

)
eCt,

where C is a constant. (HINT: Use Itô’s formula). 2

Exercise 4.3 (Modulus of continuity). Show that

E|x(t, ω)− x(0)|2m ≤ C1E
(
1 + |x0|2m

)
eC2ttm. (4.9)

where C1 is another constant. 2

Exercise 4.4 (Test of uniqueness). For which values of α has the equation dx =
|x|α dw a unique solution satisfying the initial condition x(0) = 0? 2

Exercise 4.5 (Example of nonuniqueness). For any T ≥ 0, denote by τT (ω) the
first passage time of the MBM to the origin after time T ; that is, τT (ω) = inf{s ≥
T |w(s, ω) = 0}. Show that the stochastic equation dx = 3x1/3 dt + 3x2/3 dw,
with the initial condition x(0) = 0, has infinitely (uncountably) many solutions of
the form

xT (t, ω) =
{

0 for 0 ≤ t < τT (ω)
w3(t, ω) for t ≥ τT (ω).

This example is due to Itô and Watanabe. 2

Next, we consider a system of Itô equations of the form

dxi = ai(x, t) dt+
m∑
j=1

bij(x, t) dwj , xi(0) = xi0, i = 1, 2, . . ., n, (4.10)

where wj(t) are independent MBMs and x = (x1, x2, . . ., xn). If the coefficients
satisfy a uniform Lipschitz condition, the proofs of the existence and uniqueness
theorem and of the localization principle are generalized in a straightforward man-
ner to include the case of systems of the form (4.10).
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Exercise 4.6 (Existence and uniqueness for (4.10)). Generalize the existence and
uniqueness theorem and the localization principle, given in Section 4.7, for the sys-
tem (4.10). 2

The stochastic differential equation (4.1) can be interpreted in the Stratonovich
sense by making the integral in (4.2) a Stratonovich integral; that is, by writing it in
the form

x(t, ω) = x0 +

t∫
0

a(x(s, ω), s, ω) ds+

t∫
0

b(x(s, ω), s, ω) dSw(s, ω). (4.11)

The corresponding differential notation is

dSx = a(x, t) dt+ b(x, t) dSw, x(0) = x0. (4.12)

Existence and uniqueness theorems for (4.12) are proved in much the same way as
for the Itô version. To make the proofs go through the Stratonovich integrals are
converted into the equivalent Itô form by means of the Wong–Zakai corrections, as
described in Chapter 3. More specifically, the Itô equation equivalent to (4.12) is
obtained by applying eq. (3.90) to b(x(t), t). The resulting Itô equation is given by

dx =
[
a(x, t) +

1
2
b(x, t)

∂

∂x
b(x, t)

]
dt+ b(x, t) dw. (4.13)

To convert in the other direction; that is, from Itô form to Stratonovich form, the
Wong–Zakai correction is subtracted. Thus, the Itô equation dx = a(x, t) dt +
b(x, t) dw is converted to the equivalent Stratonovich form

dSx =
[
a(x, t)− 1

2
b(x, t)bx(x, t)

]
dt+ b(x, t) dSw.

In d dimensions the Stratonovich system

x(t) = x(0) +

t∫
0

a(x(s), s) ds+

t∫
0

S(s) (4.14)

is converted to Itô form by the Wong–Zakai corrections

dxi(t) =

ai(x(t), t) +
1
2

n∑
k=1

m∑
j=1

bi,j(x(t), t)
∂

∂xk
bij(x(t), t)

 dt
+

m∑
j=1

bkj(x(t), t) dwj . (4.15)

Exercise 4.7 (Backward stochastic differential equations). Develop a theory of
backward stochastic differential equations. 2

b(x(s), s) dw
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4.2 Transformations of Itô equations

Differential equations are often transformed by changing the independent variable
or the dependent variable, or both. Transformations of differential equations are
used for many different purposes, for example, to change the scales of time and
space so comparisons of different orders of magnitude can be done, to simplify the
equations, to change coordinates, and so on. In transforming stochastic differential
equations Itô’s formula plays a central role, as shown below.

In changing the independent variable in Itô equations the Brownian scaling laws
of Exercise 2.4 have to be borne in mind. Thus, changing the time scale t = αs,
where α is a constant, transforms the Brownian motion and its differential as fol-
lows.

w(t) = w(αs) =
√
α

[
1√
α
w(αs)

]
=
√
αwα(s), (4.16)

where wα(s) is Brownian motion. The differential dw(t) is expressed in terms of
the differential dwα(s) as

dtw(t) = dtw(αs) =
√
αdswα(s). (4.17)

Setting x(t) = xα(s) the integral equation (4.6) becomes

xα(s) = x0 + α

s∫
0

a(xα(u), αu) du+
√
α

s∫
0

b(xα(u), αu) dwα(u). (4.18)

The Itô differential equation (4.5) is therefore transformed into

dxα(s) = αa(xα(s), αs) ds+
√
α b(xα(s), αs) dwα(s). (4.19)

Exercise 4.8 (Change of Wiener measures). The space Ω of Brownian trajectories
remains unchanged under the change of scale, however, the same sets of trajectories
acquire different probabilities under the Wiener measure corresponding to wα(s).
What is the relationship between the two Wiener measures? 2

If the dependent variable in an Itô equation, x(t), is transformed to y(t) =
f(x(t), t), the differential equation for y(t) is found from Itô’s formula. We con-
sider here two applications of this principle, first, to reducing equations to explicitly
solvable form and second, to change coordinates.

Equations of the form

dx(t) = a(t) dt+ b(t) dw(t), (4.20)

where a, b,∈ H2[0, T ] can be solved explicitly as

x(t) = x(s) +

t∫
s

a(u) du+

t∫
s

b(u) dw(u). (4.21)
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If x(s) = x, we denote the solution xx,s(t). When the coefficients a(t) and b(t) are
deterministic functions, the solution is a Gaussian process with conditional mean

x̄x,s(t) = E[x(t) |x(s) = x] = x+

t∫
s

a(u) du (4.22)

and conditional variance

Varxx,s(t) =E
{
[x(t)− x̄x,s(t)]2 |x(s) = x

}
=E


 t∫
s

b(u) dw(u)

2

|x(s) = x

 =

t∫
s

b2(u) du. (4.23)

The transition pdf is therefore given by

p (y, t |x, s) (4.24)

=

2π

t∫
s

b2(u) du

−1/2

exp

−
y − x−

t∫
s

a(u) du

2/
2

t∫
s

b2(u) du

 .

It follows that equations that can be transformed into the form (4.20) can be solved
explicitly. It should be borne in mind, however, that the usefulness of explicit solu-
tions is quite limited. For example, what can be learned from the explicit solution
(4.21) and its explicit conditional transition probability density function (4.24) about
the first passage time of the solution (4.21) to a given point?

Next, we consider equations that can be reduced to the form (4.20). We begin
with general a linear equation of the form

dx(t) = [α(t) + β(t)x] dt+ [γ(t) + δ(t)x] dw(t), (4.25)

where the coefficients α(t), β(t), γ(t), and δ(t) are in H2[0, T ]. First, we consider
the homogeneous case α(t) = γ(t) = 0; that is,

dx(t) = β(t)x dt+ δ(t)x dw(t). (4.26)

The transformation y = log x and Itô’s formula give

dy(t) =
[
β(t)− 1

2
δ2(t)

]
dt+ δ(t) dw(t), (4.27)

which is of the form (4.20) and can be solved explicitly. If the coefficients are
deterministic and δ(t) 6= 0, then x(t) is log-normal. We denote the solution of the
homogeneous equation (4.26) by xh(t). The inhomogeneous case reduced to the
homogeneous case by the substitution x(t) = xh(t)ξ(t).
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The method of changing variables can be applied to reduce equation (4.5) to the
form (4.20). A sufficient condition for reducibility can be found as follows. The
change of variables y(t) = f(x(t), t) and Itô’s formula transforms the equation into

dy(t) =
[
ft(x(t), t) + a(x(t), t)fx(x(t), t) +

1
2
b2(x(t), t)fxx(x(t), t)

]
dt

+ b(x(t), t)fx(x(t), t) dw(t), (4.28)

where subscripts denote partial derivatives. Equation (4.28) is of the form (4.20) if

ft(x, t) + a(x, t)fx(x, t) +
1
2
b2(x, t)fxx(x, t) =A(t) (4.29)

b(x, t)fx(x, t) =B(t), (4.30)

where A(t), B(t) are independent of x. Equation (4.30) gives

fx(x, t) =
B(t)
b(x, t)

(4.31)

fxx(x, t) = − B(t)
bx(x, t)
b2(x, t)

(4.32)

ftx(x, t) =
Ḃ(t)b(x, t)−B(t)bt(x, t)

b2(x, t)
. (4.33)

Differentiating eq. (4.29) with respect to x gives

ftx(x, t) = −
[
a(x, t)fx(x, t) +

1
2
b2(x, t)fxx(x, t)

]
x

,

which together with (4.31)–(4.33) gives

Ḃ(t)b(x, t)−B(t)bt(x, t)
b2(x, t)

= −
[
a(x, t)

B(t)
b(x, t)

− 1
2
B(t)bx(x, t)

]
x

.

Dividing out B(t) and multiplying through by b(x, t) gives

Ḃ(t)
B(t)

= b(x, t)
{
bt(x, t)
b2(x, t)

−
[
a(x, t)
b(x, t)

]
x

+
1
2
bxx(x, t)

}
. (4.34)

Thus the reducibility condition is{
b(x, t)

[
bt(x, t)
b2(x, t)

−
(
a(x, t)
b(x, t)

)
x

+
1
2
bxx(x, t)

]}
x

= 0. (4.35)

If (4.35) is satisfied, the right-hand side of (4.34) is independent of x and B(t) can
be recovered by integration. The function f(x, t) is then recovered from (4.31).
Now, because eq. (4.34) is equivalent to[

ft(x, t) + a(x, t)fx(x, t) +
1
2
b2(x, t)fxx(x, t)

]
x

= 0,

the expression in brackets is independent of x and eq. (4.29) defines A(t).
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For example, if the coefficients are independent of t, then the reducibility con-
dition (4.35) is {

b(x, t)

[
−
(
a(x)
b(x)

)′
+

1
2
bxx(x)

]}
x

= 0

and eq. (4.34) becomes Ḃ(t)/B(t) = C, where C is a constant, so that B(t) = eCt

and eq. (4.31) gives f(x, t) = eCt
∫ x

[b(x)]−1 dx. Finally, eq. (4.29) gives

A(t) = eCt
[
C

∫ x dx

b(x)
+
a(x)
b(x)

− 1
2
b′(x)

]
.

Exercise 4.9. (Linear SDEs)

(i) Reduce the inhomogeneous linear equation (4.25) to a homogeneous equation by
the indicated substitution and write down the explicit solution.

(ii) Calculate the transition pdf for the case that α(t), β(t), γ(t), and δ(t) are deter-
ministic functions.

(iii) Consider the case δ(t) = 0 separately (this is the case of the Ornstein–Uhlenbeck
process). 2

Exercise 4.10 (Continuations). Find and solve all Itô equations with coefficients
that are independent of t and b(x) = x, which can be transformed into a linear
equation. 2

The change of coordinates by a transformation of the form y = f(x) has to be
done by applying Itô’s formula to each component of f(x). This is illustrated by
the conversion of a system of equations in the plane from Cartesian to polar coor-
dinates. We consider the example of the Rayleigh process, which is often used as a
model of a random electric field. The two components of the field are assumed in-
dependent identically distributed Ornstein–Uhlenbeck processes (see Section 2.4).
Specifically, consider a two-dimensional field E(t) = E1(t) + iE2(t) and as-
sume that each component satisfies the stochastic differential equation dEj(t) =
−γEj (t)dt + ε dwj(t), where j = 1, 2 and wj(t) are independent Brownian
motions. Converting to polar coordinates, E1(t) = r(t)cos θ(t) and E2(t) =
r(t)sin θ(t), or r(t) =

√
E2

1(t) + E2
2(t) and θ(t) = arctan(E2(t)/E1(t)), we

obtain from Itô’s formula that

dr(t) =
(
−γr(t) +

ε2

2r(t)

)
dt+ ε [cos θ(t) dw1(t) + sin θ(t) dw2(t)] . (4.36)

Recalling from Exercise 3.17 that the solutions of the equations

dwr(t) = cos θ(t) dw1(t) + sin θ(t) dw2(t)
dwθ(t) = − sin θ(t) dw1(t) + cos θ(t) dw2(t)

are independent Brownian motions, we write eq. (4.36) in the form

dr(t) =
[
−γr(t) +

ε2

2r(t)

]
dt+ ε dwr(t).
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The equation for the phase θ(t) is found from Itô’s formula for the differential of the
transformation dθ(t) = arctan(E2(t)/E1(t)). The resulting equation is dθ(t) =
[ε/r(t)] dwθ(t). Note that the radial equation is independent of θ(t) so that it can
be solved first and then used in the phase equation.

Exercise 4.11 (Conversion to an integral equation). Assume that b(x, t, ω) is a
nonnegative continuously differentiable function of x and t and that 1/b(x, t, ω) is
an integrable function of x on every finite interval.

(i) Use Itô’s formula for the function f(x, t, ω) =
∫ x
0

[b(s, t, ω)]−1 ds to show that
the integral equation (4.6) can be converted to an equation of the form y(t, ω) =
y(0, ω) +

∫ t
0
A(y, s, ω) dt+ w(t, ω).

(ii) solve explicitly the equation dx =
(√

1 + x2 + 1
2x
)
dt+

√
1 + x2 dw. 2

Exercise 4.12 (Rayleigh process). Derive the three-dimensional version of the
Rayleigh process in spherical coordinates. 2

4.3 Solutions of SDEs are Markovian

The Markov property of the Brownian motion was discussed in Section 2.4.1. It
was shown that the transition probability density function of a Markov process,
p (y, t |x, s), can be expressed in terms of the transition probabilities at intermediate
times by the Chapman–Kolmogorov equation (2.59); that is,

p (y, t |x, s) =
∫
p (y, t, z, τ |x, s) dz =

∫
p (y, t | z, τ |x, s)p (z, τ |x, s) dz

=
∫
p (y, t | z, τ)p (z, τ |x, s) dz. (4.37)

To show that the solution of the Itô SDE (4.5) is a Markov process, we note that
for t > s,

x(t) = x(s) +

t∫
s

a(x(u), u) du+

t∫
s

b(x(u), u) dw(u), (4.38)

the existence and uniqueness theorem asserts that the initial condition x(s) deter-
mines the solution of the Itô integral equation (4.38) uniquely. The solution in the
interval [s, t] depends only on x(s) and on a, b, and the increments ofw in this inter-
val, because a, b ∈ H[0, T ] and dw is a forward difference of the Brownian motion.
It follows from eq. (4.38) that for t > s > s1 > · · · > sn,

Pr {x(t) < x | x(s) = x0, . . ., x(sn) = xn} = Pr {x(t) < x | x(s) = x0} ,

which means that x(t) is a Markov process.
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Definition 4.3.1 (Diffusion process in R). A one-dimensional Markov process
x(t)is called a diffusion process with (deterministic) drift a(x, t) and (determin-
istic) diffusion coefficient b2(x, t) if it has continuous trajectories,

lim
∆t→0

1
∆t

E {x(t+ ∆t)− x(t) | x(t) = x} = a(x, t) (4.39)

lim
∆t→0

1
∆t

E
{
[x(t+ ∆t)− x(t)] 2 | x(t) = x

}
= b2(x, t), (4.40)

and for some δ > 0

lim
∆t→0

1
∆t

E
{
[x(t+ ∆t)− x(t)] 2+δ | x(t) = x

}
= 0. (4.41)

Theorem 4.3.1 (SDEs and diffusions). Solutions of the Itô SDE (4.5) are diffusion
processes.

Proof. We show that solutions of the Itô SDE (4.5) satisfy the conditions of Defini-
tions 4.3.1 and 4.3.2, respectively. Indeed, according to eq. (4.38),

x(t+ ∆t) = x(t) +

t+∆t∫
t

a(x(u), u) du+

t+∆t∫
t

b(x(u), u) dw(u)

hence, using the fact that the mean value of an Itô integral vanishes, we obtain

lim
∆t→0

1
∆t

E {x(t+ ∆t)− x(t) | x(t) = x}

= lim
∆t→0

1
∆t

E


t+∆t∫
t

a(x(u), u) du+

t+∆t∫
t

b(x(u), u) dw(u) | x(t) = x


= lim

∆t→0

1
∆t

E


t+∆t∫
t

a(x(u), u) du | x(t) = x

 = a(x, t),

due to the continuity of the trajectory and of a(x, t). Thus eq. (4.39) is satisfied.
Next, we have the identity

E
{
[x(t+ ∆t)− x(t)] 2 | x(t) = x

}
=E

[
x2(t+ ∆t) |x(t) = x

]
(4.42)

− 2xE [x(t+ ∆t) |x(t) = x] + x2.

We have obtained so far that E [x(t+ ∆t) |x(t) = x] = x+ a(x, t)∆t+ o(∆t), so
that

− 2xE [x(t+ ∆t) |x(t) = x] + x2 = x2 − 2x2 − 2xa(x, t)∆t+ o(∆t). (4.43)

Using Itô’s formula with the function f(x) = x2, we write

dx2(t) =
[
2xa(x, t) +

1
2
(2b2(x, t))

]
dt+ 2xb(x, t) dw,
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or

x2(t+ ∆t) =x2(t) +

t+∆t∫
t

[
2x(u)a(x(u), u) + b2(x(u), u)

]
du

+

t+∆t∫
t

2x(u)b(x(u), u) dw(u).

Thus, using again the fact that the mean value of an Itô integral vanishes, we obtain

E
[
x2(t+ ∆t) |x(t) = x

]
(4.44)

=x2 + E


t+∆t∫
t

[
2x(u)a(x(u), u) + b2(x(u), u)

]
du |x(t) = x


+ E


t+∆t∫
t

2x(u)b(x(u), u) dw(u)|x(t) = x


=x2 + 2xa(x, t)∆t+ b2(x, t)∆t+ o(∆t).

Now, using eqs. (4.42) and (4.43) in eq. (4.44), we obtain

E
{

[x(t+ ∆t)− x(t)]2 | x(t) = x
}

= b2(x, t)∆t+ o(∆t),

hence eq. (4.40) is satisfied. Finally, using Itô’s equation for the function f(x) =
x4, we find that eq. (4.41) is satisfied with δ = 2.

Exercise 4.13 (Detail of the proof). Use inequality (4.9) in Exercise 4.3 to prove
the last statement. 2

Definition 4.3.2 (Diffusion process in Rd
). A d-dimensional Markov process x(t)

is called a diffusion process with (deterministic) drift vector a(x, t) and (determin-
istic) diffusion matrix σ(x, t) if it has continuous trajectories,

lim
∆t→0

1
∆t

E {x(t+ ∆t)− x(t) |x(t) = x} = a(x, t)

lim
∆t→0

1
∆t

E
{[
xi(t+ ∆t)− xi(t)

] [
xj(t+ ∆t)− xj(t)

]
|x(t) = x

}
=σij(x, t) (4.45)

for i, j = 1, 2, . . . , d, and for some δ > 0

lim
∆t→0

1
∆t

E
{
|x(t+ ∆t)− x(t)| 2+δ | x(t) = x

}
= 0.
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Now, consider a system of Itô SDEs

dx(t) = a(x, t) dt+B(x, t) dw, x(0) = x0, (4.46)

where

x(t) =
(
x1(t), . . ., xd(t)

)T
a(x, t) =

[
a1
(
x1(t), . . ., xd(t)

)
, . . ., ad

(
x1(t), . . ., xd(t)

)]T
B(x, t) =

{
bij
(
x1(t), . . ., xd(t)

)}
i≤d,j≤m

w(t) =
(
w1(t), . . ., wm(t)

)T
,

wi(t) are independent Brownian motions, ai, bij ∈ H[0, T ], and x0 is independent
of w(t) and ai, bij . Also in this case the existence and uniqueness theorem implies
that the solution is a d-dimensional Markov process with continuous trajectories and
that it is a diffusion process with drift vector a(x, t) and diffusion matrix σ(x, t) =
1
2B(x, t)BT (x, t).

Exercise 4.14 (Detail of the proof). Prove the last statement. 2

Also a partial converse is true: assume that x(t) is a diffusion process with
(deterministic) drift vector a(x, t) and (deterministic) diffusion matrix σ(x, t). If
a(x, t) is a uniformly Lipschitz continuous vector and σ(x, t) is a uniformly Lips-
chitz continuous strictly positive definite matrix, then there exists a matrix uniformly
Lipschitz continuousB(x, t) and a Brownian motionw(t) such that x(t) is a solu-
tion of eq. (4.46) (see, e.g., [115]).

4.4 Stochastic and partial differential equations

Many useful functionals of solutions of stochastic differential equations, such as
the transition probability density function, conditional and weighted expectations,
functionals of the first passage times, escape probabilities from a given domain, and
others, can be found by solving deterministic partial differential equations. These in-
clude Kolmogorov’s representation formulas, the Andronov–Vitt–Pontryagin equa-
tion for the expected first passage time, the Feynman–Kac formula for the transition
pdf when trajectories can be terminated at random times, and so on. These partial
differential equations reflect the continuum macroscopic properties of the underly-
ing stochastic dynamics of the individual trajectories.

Throughout this section xx, s(t) with t > s denotes the solution of the Itô sys-
tem

dx(t) = a(x(t), t) dt+B(x(t), t) dw(t), x(s) = x, (4.47)

where a(x, t) : Rd × [0, T ] 7→ Rd
, B(x, t) : Rd × [0, T ] 7→ Mn,m, and w(t) is

m-dimensional Brownian motion. We assume that a(x, t) and B(x, t) satisfy the
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conditions of the existence and uniqueness theorem. The notation (1.56) and (3.70)
is used.

Consider the Itô system (4.47) and the corresponding backward Kolmogorov
operator (3.68)

L∗xu(x, s) = a(x, s) · ∇u(x, s) +
d∑
i=1

d∑
j=1

σij(x, s)
∂2u(x, s)
∂xixj

. (4.48)

Assume the function u(x, s, t) satisfies the backward parabolic equation

∂u(x, s, t)
∂s

+ L∗xu(x, s, t) = 0 for t > s (4.49)

with the terminal value
lim
s↑t

u(x, s, t) = f(x) (4.50)

for a sufficiently regular function f(x) (e.g., a test function). We denote by x(t) any
solution of eq. (4.47) and by xx,s(t) the solution of eq. (4.47) for t > s, satisfying
the initial condition

xx,s(s) = x (4.51)

Theorem 4.4.1 (Kolmogorov’s representation formula). The solution of the ter-
minal value problem (4.49), (4.50) has the representation

u(x, s, t) = E [f(x(t)) |x(s) = x] , (4.52)

where x(t) = xx,s(t).

Proof. Substituting xx,s(t) into u(x, s, t), we obtain from Itô’s formula that for
t > τ > s

u(xx, s(τ), τ, t) =u(xx, s(s), s, t) (4.53)

+

τ∫
s

[
∂u(xx, s(t′), t′, t)

∂s
+ L∗xu(xx, s(t′), t′, t)

]
dt′

+

τ∫
s

d∑
i=1

m∑
j=1

bij(xx, s(t′), t′)
∂u(xx, s(t′), t′, t)

∂xi
dwj(t′),

where L∗
x is the backward Kolmogorov operator (3.68). The first integral in eq.

(4.53) vanishes due to eq. (4.49). Now, we set τ = t and take the expectation
of both sides of eq. (4.53), conditioned on the initial value (4.51). We obtain that
for t > s eq. (4.52) is satisfied, because the expectation of the stochastic integral
vanishes.

Equation (4.52) represents the solution of the terminal value problem eqs. (4.49),
(4.50) as an expectation of the terminal value at the terminal point of the solution
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of the stochastic differential equation (4.47) with the initial condition (4.51). Kol-
mogorov’s representation formula can be used for the calculation of any moment of
the solution to the stochastic dynamics (4.47), given any initial point or distribution
of points. A moment of the solution at time t, given the initial point x(s) = x, is
the conditional expectation

E [f(x(t)) |x(s) = x] . (4.54)

For example, choosing f(x) = x in eq. (4.54) gives the conditional mean value
of the solution, and choosing f(x) = xixj gives the second moments, and so on.
According to Kolmogorov’s representation formula, the conditional moment (4.54)
of the solution is the solution of the terminal value problem (4.49), (4.50).

One simple consequence of the representation formula is the maximum prin-
ciple, which asserts that the solution of the terminal value problem (4.49), (4.50)
satisfies the inequality u(x, s, t) ≤ supx f(x). This is due to the fact that the
average of a function does not exceed its upper bound. Another consequence of
the formula is a numerical method for evaluating the solution of the terminal value
problem eqs. (4.49), (4.50). Simply, run trajectories of the stochastic differential
equation (4.47) with the initial condition (4.51) on the time interval [s, t] with some
ODE integrator.1

Note that if the coefficients a and B are independent of t, then the solution is
a function of t − s so that ∂u/∂s = −∂u/∂t and the backward parabolic equation
(4.49) with the terminal value (4.50) becomes the forward parabolic equation

∂u(x, τ)
∂τ

= L∗xu(x, τ) (4.55)

with the initial condition limτ→0 u(x, τ) = f(x), where τ = t− s. Kolmogorov’s
representation formula for this case takes the form

u(x, τ) = E [f(x(τ)) |x(0) = x] .

The Feynman–Kac formula provides a representation of the solution to a back-
ward parabolic terminal value problem of the form

∂v(x, t)
∂t

+ L∗xv(x, t) + g(x, t)v(x, t) = 0, t < T (4.56)

lim
t↑T

v(x, t) = f(x), (4.57)

where L∗x is the backward Kolmogorov operator (3.68), and g(x, t) and f(x) are
given sufficiently smooth functions, as a conditional expectation of a certain func-
tional of the solution to the Itô system (4.47).

1Make sure the integrator is “forward" with respect to dw. Thus Euler and Runge–Kutta type schemes
preserve the class H2[s, t], whereas predictor–correctors do not. In the Runge–Kutta schemes the noise
has to be added at the end of the time step, not in intermediate steps, and average the initial function
f(x) , at the terminal points of the trajectories [131], [132].
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Theorem 4.4.2 (The Feynman–Kac formula). If the initial value problem (4.47)
and the terminal value problem (4.56), (4.57) have unique solutions, then

v(x, t) = E
f(x(T )) exp


T∫
t

g(x(s), s) ds

 |x(t) = x

 , (4.58)

where x(s) is the solution of the Itô system (4.47) for s > t with the initial condition
x(t) = x.

Proof. We apply Itô’s formula to the function

F (s) = v(x(s), s)exp


s∫
t

g(x(τ), τ) dτ


to get

d

v(x(s), s)exp


s∫
t

g(x(τ), τ) dτ


 = exp


s∫
t

g(x(τ), τ) dτ

 dv(x(s), s)

+ g(x(s), s)v(x(s), s) exp


s∫
t

g(x(τ), τ) dτ

 ds. (4.59)

Itô’s formula and eq. (4.56) give

dv(x(s), s) =
[
∂v(x(s), s)

∂s
+ L∗xv(x(s), s)

]
ds

+
d∑
i=1

m∑
j=1

bij(x(s), s)
∂v(x(s), s)

∂xi
dwj(s)

= − g(x(s), s)v(x(s), s) ds

+
d∑
i=1

m∑
j=1

bij(x(s), s)
∂v(x(s), s)

∂xi
dwj(s), (4.60)

so using (4.60) in (4.59) and taking the expectation of both sides, conditioned on
the initial value x(t) = x, we obtain

dE
v(x(s), s) exp


s∫
t

g(x(τ), τ) dτ

 |x(t) = x

 = 0.

This means that the conditional expectation is independent of s in the interval [t, T ].
Therefore choosing s = t, we obtain that

E

v(x(s), s) exp


s∫
t

g(x(τ), τ) dτ

 |x(t) = x

 =E [v(x(t), t) |x(t) = x]

= v(x, t),
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and choosing s = T , we obtain from the above

v(x, t) =E
v(x(s), s) exp


s∫
t

g(x(τ), τ) dτ

 |x(t) = x


=E

v(x(T ), T ) exp


T∫
t

g(x(τ), τ) dτ

 |x(t) = x

 .
Hence, using (4.57), we obtain (4.58).

The Feynman–Kac formula can be interpreted as the expectation of the func-
tion f(x(T )), where x(t) is a solution of the stochastic dynamics (4.47), whose
trajectories can terminate at any point and at any time with a certain probability.
Such dynamics are referred to as stochastic dynamics with killing. The killing rate
−g(x, t) is defined as follows. Assume that at each point x and time t there is a
probability −g(x, t) ≥ 0 per unit time that the trajectory of the solution x(t) ter-
minates there and then, independently of the past; that is, of Ft. Partition the time
interval [t, T ] into N small intervals of length ∆t, t = t0 < t1 < · · · < T. Then the
probability at time t that the solution x(t) survives by time T is the product of the
probabilities that it survives each one of preceding N time intervals,

PrN {killing time > T} =
N∏
i=1

[1 + g(x(ti), ti) ∆t] + o(∆t). (4.61)

In the limit N →∞ the product (4.61) converges to the integral

Pr {killing time > T} = lim
N→∞

PrN {killing time > T}

=exp


T∫
t

g(x(t′), t′) dt′

 . (4.62)

Hence,

E [f(x(T )), killing time > T |x(t) = x]

=E

f(x(T )) exp


T∫
t

g(x(s), s) ds

 |x(t) = x

 ,
which is (4.58).

Exercise 4.15 (Representation for a nonhomogeneous terminal value problem).
Use Itô’s formula to derive the representation

v(x, t) = E

 T∫
t

f(x(s), s) ds |x(t) = x


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for the solution of the terminal value problem

∂v(x, t)
∂t

+ L∗xv(x, t) + f(x, t) = 0 for t < T, x ∈ Rd
, lim

t↑T
v(x, t) = 0.

2

Exercise 4.16 (Representation for a complex field). Derive a representation for-
mula for the solution of the terminal value problem

∂v(x, t)
∂t

+ L∗xv(x, t) + ih(x, t) · ∇v(x, t) + g(x, t)v(x, t) = 0, t < T, x ∈ Rd

lim
t↑T

v(x, t) = f(x),

where h(x, t) is a given field [84]. 2

4.4.1 The Andronov–Vitt–Pontryagin equation

domain D ⊂ Rd
, with sufficiently regular boundary ∂D,

∂p (y, t |x, s)
∂s

+ L∗xp (y, t |x, s) = 0 for x,y ∈ D, s < t, (4.63)

with the boundary condition

p (y, t |x, s) = 0 for x ∈ ∂D,y ∈ D, s < t

and the terminal condition

p (y, t |x, t) = δ(y − x) for x,y ∈ D, t ∈ R,
is the transition probability density function p (y, s |x, t) dy = Pr{x(s) ∈ y +
dy |x(t) = x} of the process (4.47) in D, whose trajectories are terminated (ab-
sorbed) when they hit ∂D for the first time. It is shown in Chapter 5 below that this
terminal and boundary value problem has a unique solution. Under mild regularity
conditions the solution decays exponentially fast as t→∞ (see [78]).

Lemma 4.4.1 (Backward parabolic equations). For every integrable function
f(x, s) in D × [s,∞] and all s ∈ R the boundary value problem

∂u(x, s)
∂s

+ L∗xu(x, s) = − f(x, s) for (x, s) ∈ D ×R (4.64)

u(x, s) = 0 for x ∈ ∂D, (4.65)

has a unique solution, given by

u(x, s) =

∞∫
s

∫
D

f(y, t)p (y, t |x, s) dy dt. (4.66)

The lemma is a straightforward consequence of the above assumptions.

It is shown below that the backward Kolmogorov equation (BKE) in a bounded 
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Theorem 4.4.3 (The Andronov–Vitt–Pontryagin formula). Assume the boundary
value problem

∂u(x, s)
∂s

+ L∗xu(x, s) =− 1 for x ∈ D, for all s ∈ R (4.67)

u(x, s) = 0 for x ∈ ∂D, (4.68)

where L∗x is the backward Kolmogorov operator (3.68), has a unique bounded so-
lution. Then the mean first passage time E [τD |x(s) = x] of the solution x(t) of
(4.47) from every point x in a bounded domain D to the boundary ∂D is finite and

E [τD |x(s) = x] = s+ u(x, s). (4.69)

The assumption of the theorem is satisfied if the coefficients are continuously
differentiable functions and σ(x, t) is a uniformly positive definite matrix in the
domain.

Proof. We can apply Itô’s formula to u(x(t), t) for all s < t < τD, because the
formula is valid for Markov times. Substituting t = τD in Itô’s formula and taking
the conditional expectation, as above, we obtain Dynkin’s equation

E [u(x(τD), τD) |x(s) = x]

=u(x, s) + E
 τD∫
s

(
∂u(x(t), t)

∂s
+ L∗xu(x(t), t)

)
dt|x(s) = x

 .
The boundary condition (4.68) implies that u(x(τD), τD) = 0, because x(τD) is
on the boundary ∂D, so that the left-hand side of Dynkin’s equation vanishes. Fur-
thermore, x(t) ∈ D for all s < t < τD, so that eq. (4.67) implies that the in-
tegrand equals − − 1. It follow that the integral equals −(τD − s) and therefore
the expectation of the integral on the right-hand side of Dynkin’s equation is sim-
ply −E [τD − s |x(s) = x]. Thus Dynkin’s equation reduces to 0 = u(x, s) −
E [τD − s |x(s) = x], hence the representation formula (4.69) follows.

Corollary 4.4.1 (The Andronov–Vitt-Pontryagin boundary value problem for
the autonomous case). Under the assumptions of Theorem 4.4.3, if the coefficients
a and B are independent of t, the solution of eq. (4.67) is independent of s so that
the backward parabolic boundary value problem eqs. (4.67), (4.68) reduces to the
elliptic boundary value problem of Andronov, Vitt, and Pontryagin

L∗xu(x) = −1 for x ∈ D, u(x) = 0 for x ∈ ∂D. (4.70)

The representation formula (4.69) simplifies to E [τD |x(0) = x] = u(x).

Another proof is given in Section 6.2 below. It can be shown that if the boundary
value problem (4.70) has a finite solution, the MFPT is finite [84].
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Example 4.1 (The mean exit time of the MBM ). To find the mean exit time
of Brownian motion from an interval [a, b], given that it starts at a point x in the
interval, we have to solve the equation (4.70) 1

2u
′′(x) = −1 for a < x < b and the

boundary conditions u(a) = u(b) = 0. The solution is given by

E
[
τ[a,b] |w(0) = x

]
= u(x) = (b− x)(x− a).

In particular, limb→∞ u(x) = ∞; that is, the mean time to exit the half-line [0,∞) is
infinite. This is the well-known "Gambler’s Paradox," mentioned in Exercise 2.21,
of the random walker that starts at x and is sure to fall off a cliff in finite time, but
on the average it will take an infinite number of steps to do so. This means that in
a simulation of random walks almost every trajectory will reach the endpoint of the
half-line in a finite number of steps. However, if the number of steps to get there
is averaged over a sample of N trajectories, the average will grow indefinitely as
N →∞. 2

Example 4.2 (The mean exit time of the Ornstein–Uhlenbeck process). To solve
the same problem for the Ornstein–Uhlenbeck process, recall that it is defined by
the SDE dx = −αxdt+β dw. Equation (4.70) is now 1

2β
2u′′(x)−αxu′(x) = −1

for a < x < b and the boundary conditions are u(a) = u(b) = 0. The solution is
given by

u(x) = C

x∫
a

e−αy
2/β2

dy − 2
β2

x∫
a

y∫
a

e−α(y
2−z2)/β2

dz dy,

where

C = 2

b∫
a

y∫
a

e−α(y
2−z2)/β2

dz dy
/
β2

b∫
a

e−αy
2/β2

dy.

Does limb→∞ u(x) = ∞ hold in this case as well? 2

Exercise 4.17 (Higher moments of the FPT). Derive boundary value problems
similar to eqs. (4.67) and (4.70) for higher moments of the FPT. (HINT: Replace
−1 on the right-hand side of the equation with an appropriate power of t). 2

4.4.2 The exit distribution

Consider again the system (4.47) in a domain D and assume that if x(s) ∈ D, then
the first exit time τD of the solution from D after time s is finite with probability 1.

Theorem 4.4.4 (Kolmogorov’s representation of the exit distribution). The con-
ditional probability density function of the exit points x(τD), for τD > s, of trajec-
tories of (4.47) with x(s) = x is Green’s function for the boundary value problem

∂u(x, t)
∂t

+ L∗xu(x, t) = 0 for x ∈ D, −∞ < t <∞ (4.71)

u(x, t) = f(x) for x ∈ ∂D, −∞ < t <∞, (4.72)
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where L∗x is the backward Kolmogorov operator (3.68), and

u(x, s) = E [f(x(τD)) |x(s) = x] . (4.73)

First, we prove the following

Lemma 4.4.2 (Backward boundary value problems). Assume that the backward
Kolmogorov operator L∗

x defined in (3.68) is uniformly elliptic in a bounded domain
D ⊂ Rd

, whose boundary ∂D is smooth and for all t ∈ R and has continuously
differentiable and bounded coefficients inD×R. Then the boundary value problem
(4.71), (4.72) has a unique solution for every smooth function f(x) on ∂D.

Proof. For each t ∈ R the elliptic boundary value problem

L∗xv(x, t) = 0 for x ∈ D, −∞ < t <∞ (4.74)

v(x, t) = f(x) for x ∈ ∂D, −∞ < t <∞, (4.75)

has a unique solution v(x, t), whose derivative ∂v(x, t)/∂t is a continuous and
bounded function in D × R. Setting w(x, t) = u(x, t) − v(x, t), we obtain for
w(x, t) the boundary value problem

∂w(x, t)
∂t

+ L∗xu(x, t) = − ∂v(x, t)
∂t

for x ∈ D, −∞ < t <∞ (4.76)

w(x, t) = 0 for x ∈ ∂D, −∞ < t <∞, (4.77)

whose solution is given by

w(x, t) =

∞∫
t

∫
D

p (y, s |x, t)∂v(y, s)
∂t

dy ds, (4.78)

according to Lemma 4.4.1.

We can now prove Theorem 4.4.4.

Proof. Applying Itô’s formula to the process u(x(t), t), we obtain

u(x(t), t) = u(x, s)+

t∫
s

[
∂u(x(t′), t′)

∂t′
+ L∗xu(x(t′), t′)

]
dt′

+

t∫
s

∑
i,j

bij(x(t′), t′)
∂u(x(t′), t′)

∂xi
dwj .

Denoting by τD the first passage time of x(t) to ∂D after s, we set t = τD and
take expectation, conditioned on the initial point. As long as t < τD the expression
in brackets vanishes, because x(t′) ∈ D for t′ < t < τD and in D eq. (4.71)
is satisfied. Furthermore, due to the boundary condition (4.72), u(x(τD), τD) =
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f(x(τD)). It follows that E [u(x(τD), τD) |x(s) = x] = u(x, s), hence (4.73).
Finally, the solution to the boundary value problem is expressed in terms of the
Green’s function G(x,y, t) as

u(x, s) =
∮
∂D

G(x,y, s)f(y) dSy (4.79)

and the expectation in (4.73) is, by definition,

E [f(x(τD)) |x(s) = x] =
∮
∂D

f(y) Pr
{
x(τD) ∈ y + dSy |x(s) = x

}
. (4.80)

Equation (4.73) means that (4.79) and (4.80) represent the same function u(x, s) for
all sufficiently regular boundary functions f(x). It follows that

Pr
{
x(τD) ∈ y + dSy |x(s) = x

}
= G(x,y, s) dSy (4.81)

for almost all x ∈ ∂D. Thus G(x,y, s) is the surface probability density of exit
points y ∈ ∂D of trajectories that start at x ∈ D at time s.

Exercise 4.18 (Green’s function). Express Green’s functions for the inhomoge-
neous problem (4.76) with the homogeneous boundary conditions (4.77) and for the
homogeneous problem (4.71) with inhomogeneous boundary conditions (4.72) in
terms of p (y, t |x, s) (see Section 6.3). 2

If a(x, t) and B(x, t) are independent of t, the boundary value problem (4.71)
becomes the elliptic boundary value problem

L∗xu(x) = 0 for x ∈ D, u(x) = f(x) for x ∈ ∂D (4.82)

and Kolmogorov’s formula becomes

u(x) = E [f(x(τD)) |x(0) = x] . (4.83)

Kolmogorov’s formula (4.83) indicates that the solution of the boundary value prob-
lem can be constructed by running trajectories of the SDE that start at x until they
hit ∂D and averaging the boundary function at the points where the trajectories hit
∂D.

Equation (4.83) leads to an important interpretation of Green’s function for the
elliptic boundary value problem (4.82). By definition, Green’s function, G(x,y), is
characterized by the relation

u(x) =
∮
∂D

f(y)G(x,y) dSy , (4.84)

where dSy is a surface area element on ∂D. On the other hand, eq. (4.83) can be
written as

u(x) =
∮
∂D

f(y)p (x(τD) = y |x(0) = x) dSy . (4.85)
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We must have
G(x,y) = Pr {x(τD) = y |x(0) = x} ,

because eqs. (4.84) and (4.85) hold for all smooth functions f(y) on ∂D. This
means that Green’s function is the pdf of the exit points on ∂D of trajectories of
(4.47) that start atx. In a simulation it counts the fraction of trajectories that, starting
at x, hit the boundary at y.

Exercise 4.19. Exit distribution of MBM from a half-space and the Cauchy
process

(i) The MBMw(t) = (w1(t), w2(t), . . . , wd(t)) in Rd
starts in the upper half space,

at w(0) = (0, 0, . . . , 0, z) with z > 0. Find the distribution of its exit points in the
plane z = 0.

(ii) Let τz be the FPT to the line z = 0 in R2
. Show that x(z) = w1(τz) is the

Cauchy process, defined by the transition probability density function

p (y, z |x, 0) =
z

π

1
(x− y)2 + z2

. (4.86)

See Exercise 7.2 and [231] for more details. 2

4.4.3 The PDF of the FPT

The results of this section are derived from Itô’s formula. In Section 6.1 they are
derived again directly from the solution of the Fokker–Planck equation. The deriva-
tion here is based on Itô’s formula. We consider again the solution x(t) of the
Itô system (4.47) that starts at time s in a domain D and we denote by τD the
first passage time of the solution to the boundary ∂D of D. That is, we assume
that x(s) ∈ D at some time s and τD = inf {t > s |x(t) ∈ ∂D}. In particular,
x(τD) ∈ ∂D. The PDF of τD, conditioned on x(s) = x ∈ D is the conditional
probability P (T |x, s) = Pr {τD < T |x(s) = x} for every T > s. Obviously, if
x ∈ ∂D, then P (T |x, s) = 1, because in this case the trajectories of x(t) start
out on the boundary so that surely τD = s < T . Similarly, P (T |x, T ) = 0 for all
x ∈ D, because the trajectories of the solution x(t) cannot be at the same time T
both inside D and on its boundary ∂D.

Theorem 4.4.5 (A boundary value problem for the PDF of the FPT).

Pr {τD < T |x(s) = x} = u(x, s, T ), (4.87)

where u(x, t, T ) is the solution of the backward parabolic terminal boundary value
problem

∂u(x, t, T )
∂t

+ L∗xu(x, t, T ) = 0 for x ∈ D, t < T (4.88)

u(x, t, T ) = 1 for x ∈ ∂D, t < T (4.89)

u(x, T, T ) = 0 for x ∈ D. (4.90)
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Proof. Assuming, as we may, that (4.88)–(4.90) has a unique solution, we get from
Itô’s formula

u(x(t), t, T ) =u(x(s), s, T ) +

t∫
s

[
∂u(x(t′), t′, T )

∂t
+ L∗xu(x(t′), t′, T )

]
dt′

+

t∫
s

∑
i,j

bij(x(t′), t′)
∂u(x(t′), t′, T )

∂xi
dwj . (4.91)

We have from eq. (4.88) that ut(x(t′), t′, T ) + L∗xu(x(t′), t′, T ) = 0, because
x(t′) ∈ D at times t′ < τD ∧ T = min{τD, T}, which are prior to exit. Now,
setting t = τD ∧ T in eq. (4.91), we get

u(x(τD ∧ T ), τD ∧ T, T ) =u(x(s), s, T ) (4.92)

+

τD∧T∫
s

∑
i,j

bij(x(t), t)
∂u(x(t), t, T )

∂xi
dwj(t).

The expectation of both sides of eq. (4.92), conditioned on x(s) = x, gives

E [u(x(τD ∧ T ), τD ∧ T, T ) |x(s) = x] = u(x, s, T ). (4.93)

On the other hand,

E [u(x(τD ∧ T ), τD ∧ T, T ) |x(s) = x]
=E [u(x(τD ∧ T ), τD ∧ T, T ) |x(s) = x, τD ∧ T = T ]
× Pr {τD ∧ T = T |x(s) = x}
+ E [u(x(τD ∧ T ), τD ∧ T, T ) |x(s) = x, τD ∧ T = τD]
× Pr {τD ∧ T = τD |x(s) = x} . (4.94)

When τD ∧ T = T the trajectory has not reached ∂D by time T and therefore
x(τD∧T ) = x(T ) ∈ D. It follows from the terminal condition (4.90) that u(x(τD∧
T ), τD ∧ T, T ) = u(x(T ), T, T ) = 0. When τD ∧ T = τD, we have x(τD ∧ T ) =
x(τD) ∈ ∂D so that the boundary condition (4.89) gives u(x(τD∧T ), τD∧T, T ) =
u(x(τD), τD, T ) = 1. It follows that the first term on the right-hand side of eq.
(4.94) vanishes and that the conditional expectation in the second term equals 1. In
addition,

Pr {(τD ∧ T ) = τD |x(s) = x} = Pr {τD < T |x(s) = x} .

Now, equations (4.93) and (4.94) reduce to

u(x, s, T ) = E [u(x(τD ∧ T ), τD ∧ T, T ) |x(s) = x] = Pr {τD < T |x(s) = x} ,

which means that u(x, s, T ) is the conditional PDF of the FPT,

Pr {τD < T |x(s) = x} = u(x, s, T ). (4.95)
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In the autonomous case, where the coefficients in the stochastic system (4.47)
are independent of t, the solution of eq. (4.88) is a function of the difference T−t, so
the change of the time variable τ = T −t and the substitution v(x, τ) = 1−u(x, τ)
transform the terminal boundary value problem eqs. (4.88)–(4.90) into the forward
homogeneous initial boundary value problem

∂v(x, τ)
∂τ

=L∗xv(x, τ) for x ∈ D, τ > 0 (4.96)

v(x, τ) = 0 for x ∈ ∂D, τ > 0, v(x, 0) = 1 for x ∈ D.

We may assume that s = 0, because the above problem is invariant to time shifts,
and then

v(x, τ) = Pr {τD > τ |x(0) = x} . (4.97)

Example 4.3 (Recurrence). The solution x(t) of the autonomous stochastic dy-

namics (4.47) in Rd
is said to be recurrent if it returns into any sphere at a sequence

of times that increases to infinity. To show that given dynamics are recurrent, it is
sufficient to show that the FPT from any point x to any sphere is finite with proba-
bility one. This means that the process is recurrent if limt→∞ v(x, t) = 0 for all x
outside the sphere, where D denotes the domain |x| > a, outside the sphere of ra-
dius a centered at the origin. In the autonomous case, the operator L∗

x in eq. (4.96)
is independent of τ so that the Laplace transform with respect to τ results in the
elliptic boundary value problem

λv̂(x, λ)− 1 = L∗xv̂(x, λ) for x ∈ D, v̂(x, λ) = 0 for x ∈ ∂D,

where v̂(x, λ) =
∫∞
0
e−λtv(x, t) dt. The recurrence condition in the time domain,

limt→∞ v(x, t) = 0, can be written as limλ→0 λv̂(x, λ) = 0 for all x outside the
sphere in the Laplace domain. 2

Example 4.4 (Solution to Exercise 2.21). Exercise 2.21 is to find the pdf of the
FPT of a Brownian motion to a level a. The Brownian motion w(t) is the solution
of the stochastic dynamics dx(t) = dw(t) with x(0) = 0. For a > 0 the domain
D in the boundary value problem (4.96) is the ray (−∞, a] and the initial point is
x = 0. Thus the problem (4.96) is

∂v(x, t)
∂t

=
1
2
∂2v(x, t)
∂x2

for x < a, t > 0 (4.98)

v(a, t) = 0, for t > 0, v(x, 0) = 1 for x < a. (4.99)

The initial boundary value problem (4.98)–(4.99) is solved by first shifting the origin
to a by the change of variables y = x − a and by the method of images. Setting
v(x, t) = R(y, t), we find that (4.98)–(4.99) is transformed into

∂R(y, t)
∂t

=
1
2
∂2R(y, t)
∂y2

for y < 0, t > 0 (4.100)

R(0, t) = 0 for t > 0, R(y, 0) = 1 for y < 0. (4.101)
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We extend the system (4.100)–(4.101) to the entire line by reflecting the initial con-
dition (4.101) anti-symmetrically to

R(y, 0) = 1 for y < 0, R(y, 0) = −1 for y > 0. (4.102)

The solution of the diffusion equation (4.100) with the initial condition (4.102) is
given by

R(y, t) =
1√
2πt

0∫
−∞

e−(x−y)2/2t dx− 1√
2πt

∞∫
0

e−(x−y)2/2t dx

=
1√
2πt

−y∫
y

e−x
2/2t dx =

2√
2πt

−y∫
0

e−x
2/2t dx.

For y = −a, we obtain R(−a, t) = 2(2πt)−1/2
∫ a
0
e−x

2/2t dx and

Pr {τa < t} = u(0, t) = 1−R(−a, t) =
2√
2πt

∞∫
a

e−x
2/2t dx, (4.103)

as in Exercise 2.21(i). To see that the Brownian motion is recurrent, we have to
show that the FPT is finite with probability 1. To this end, we rewrite eq. (4.103) in
the form Pr {τa < t} = 2(2π)−1/2

∫∞
a/
√
t
e−x

2/2 dx and obtain that

Pr {τa <∞} = lim
t→∞

Pr {τa < t} = lim
t→∞

2√
2π

∞∫
a/
√
t

e−x
2/2 dx

=
2√
2π

∞∫
0

e−x
2/2 dx = 1.

2

Example 4.5 (Recurrence in Rd
). To examine the recurrence of Brownian mo-

tion in higher dimensions, we have to determine if its FPT from any point to any
sphere is finite. Due to the homogeneity properties of the relevant partial differen-
tial equations, it suffices to consider the FPT τ from any point x to the unit sphere.
Due to the spherical symmetry of the problem, the probability for all points x that
are equidistant from the sphere is the same. We therefore determine the recurrence
probability from a sphere |x| = r > 1 to the unit sphere. The initial boundary value
problem for v(x, t) = Pr{τD > t |x(0) = x}, (4.96), is

∂v(x, t)
∂t

=
1
2
∆v(x, t) for |x| > 1, t > 0 (4.104)

v(x, t) = 0 for |x| = 1, t > 0 (4.105)

v(x, 0) =1 for |x| > 1. (4.106)



118 4. Stochastic Differential Equations

The initial boundary value problem (4.71)–(4.106) has a radial solution, v(r, t) that
satisfies

∂v(r, t)
∂t

=
1
2

[
∂2v(r, t)
∂r2

+
d− 1
r

∂v(r, t)
∂r

]
for r > 1, t > 0 (4.107)

v(1, t) = 0, for t > 0, v(r, 0) = 1 for r > 1. (4.108)

Obviously, the limit

v (r) = lim
t→∞

v(r, t) = Pr {τ = ∞ | |x (0)| = r} (4.109)

is a nonnegative, nondecreasing bounded function of r that satisfies the stationary
equation

∂2v(r)
∂r2

+
d− 1
r

∂v(r)
∂r

=0 for r > 1 (4.110)

v(1) = 0. (4.111)

Because in one dimension (d = 1) the only solution of eqs. (4.110), (4.111) that
satisfies these conditions is a linear function, it must vanish identically, so that

Pr {τ = ∞| |x(0)| = r} = 0,

or
Pr {τ <∞| |x(0)| = r} = 1− Pr {τ = ∞| |x (0)| = r} = 1,

as shown in the calculation above. We conclude, as above, that the one-dimensional
Brownian motion is recurrent.

In two dimensions (d = 2), the general solution of eq. (4.110) is v (r) =
a log r + b, where a and b are constants. The function log r is unbounded for large
r, therefore the only solution of eqs. (4.110), (4.111) that satisfies these conditions
must vanish identically as well. Thus the Brownian motion in the plane is also
recurrent.

In higher dimensions (d > 2) there are two solutions that satisfy all the required
conditions. They are v0 (r) = 0 and the nontrivial solution v1 (r) = 1− r−d+2. To
find out which one is the limit (4.109), consider the difference u(r, t) = v(r, t) −
v1(r). Obviously, u(r, t) is the solution of the equation (4.71) with the boundary
condition (4.105) and the initial condition u(r, 0) = r−d+2 > 0. Because eq. (4.71)
is the diffusion equation in the domain r > 1 with absorption at the boundary r = 1,
its Green’s function is positive [78]. It follows that the solution of (4.71), with the
boundary condition (4.105) is positive for every positive initial condition, u(r, 0) =
r−d+2 being no exception. Thus u(r, t) = v(r, t) − v1(r) > 0 for all t > 0. It
follows that limt→∞ v(r, t) = v1 (r), so that Pr {τ = ∞ | |x (0)| = r} = 1 −
r−d+2. This means that the Brownian motion in dimension d > 2 is nonrecurrent.
Thus, there is a set of Brownian trajectories that never reach the unit sphere and
whose probability is positive. 2
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Exercise 4.20 (BM on a sphere). Find the probability of the Brownian motion to
reach a sphere of radius a from a concentric sphere of radius b > a in any dimension
d ≥ 2. 2

Exercise 4.21. (Recurrence of the Ornstein–Uhlenbeck process)

(i) Determine the recurrence of the d-dimensional Ornstein–Uhlenbeck process, de-
fined by the stochastic dynamics dx = −αx dt + dw(t), where α is a positive
constant.

(ii) Is the Ornstein–Uhlenbeck process recurrent for α positive and negative?

(iii) Consider the case that α is a matrix. 2

Exercise 4.22 (Lévy’s arcsine law[117]). Define the occupation time T (t) = the
time a BM spent on the positive axis up to time t.

(i) Show that

Pr {T (t) < τ |w(0) = 0} =
2
π

arcsin
√
τ

t
for 0 ≤ τ ≤ t. (4.112)

(HINT: Obviously, T (t) =
∫ t
0
1[0,∞)(z) dz. Use the Feynman–Kac formula for the

function u(x, t) = E [exp{−sT (t)} |w(0) = x]. The initial condition for u(x, t) is
u(x, 0+) = 1. Assume u(x, t) and its x derivative are continuous at the origin. Use
the Laplace transform with respect to t to convert the partial differential equation of
u(x, t) to an ordinary differential equation. Show that

u(0, t) =
1
π

t∫
0

e−sz√
z(t− z)

dz for s > 0. (4.113)

Use eq. (4.112) to identify 1/π
√
z(t− z) as the pdf of T (t).)

(ii) Find the Laplace transform of the pdf of Pr {T (t) < τ |w(0) = x} for positive
and negative x. (HINT: Condition on arriving at the origin before and after t.)

(iii) Find the Laplace transform of the pdf of the time spent in a finite interval.

(iv) Find the Laplace transform of the pdf of the time spent in a set that consists of
a periodic arrangement of finite intervals.

(v) Find the Laplace transform of the pdf of the time spent outside a finite interval.

(vi) Use the results of (i)–(v) to determine the decay rate of the survival probability
of a BM with unit killing rate on the line, the positive axis, on an interval, on the
periodic set of (iv), and outside a finite interval. Show that in the first and last cases
the decay rate is exponential, whereas in the other cases it is algebraic with the same
power law for all cases. Can a set be found so that the survival probability decays at
a different algebraic rate? 2

4.5 The Fokker–Planck equation

The transition probability density function of the solution xx, s(t) of the stochastic
differential equation (4.47), denoted p (y, t |x, s), satisfies two different partial dif-
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ferential equations, one with respect to the “forward variables” (y, t) and one with
respect to the “backward variables” (x, s). The former is called the Fokker–Planck
equation (FPE) or the forward Kolmogorov equation, and is the subject of this sec-
tion, and the latter is called the backward Kolmogorov equation (see (4.63)) and is
derived in Section 4.6.

Definition 4.5.1 (The Fokker–Planck operator). The operator

Lyp =
d∑
i=1

∂

∂yi


d∑
j=1

∂

∂yj
σij(y, t)p− ai (y, t) p

 (4.114)

is called the Fokker–Planck operator, or the forward Kolmogorov operator.

Note that the forward operator Ly is the formal adjoint, with respect to the

L2(Rd) inner product 〈·, ·〉L2 , of the operator L∗
x, defined by (3.68), that appears in

Itô’s formula (3.67), in the sense that for all sufficiently smooth functions f(x), g(x)
in Rd

that vanish sufficiently fast at infinity∫
Rd

g(y)Lyf(y) dy= 〈Lyf, g〉L2 = 〈f, L∗yg〉L2 =
∫

Rd

f(y)L∗yg(y) dy. (4.115)

Theorem 4.5.1 (The FPE). The pdf p (y, t |x, s) satisfies the initial value problem

∂p (y, t |x, s)
∂t

=Lyp (y, t |x, s) for x,y ∈ Rd
, t > s (4.116)

lim
t→s

p (y, t |x, s) = δ(x− y). (4.117)

Proof. To derive the forward equation, we take the expectation in Itô’s formula,

f (x(t))− f (x(s))

=

t∫
s

 d∑
i=1

ai (x(τ), τ)
∂f (x(τ))

∂xi
+

d∑
i=1

d∑
j=1

σij(x(τ), τ)
∂2f (x(τ))
∂xi∂xj

 dτ
+

m∑
j=1

t∫
s

[
d∑
i=1

bij(x(τ), τ)
∂f (x(τ))

∂xi

]
dwj(τ),

conditioned on x(s) = x, where f (x) is a smooth function that vanishes outside
some bounded set. We obtain

E [f (x(t)) |x(s) = x] = f (x) + E


t∫
s

[
d∑
i=1

ai (x(τ), τ)
∂f (x(τ))

∂xi

+
d∑
i=1

d∑
j=1

σij(x(τ), τ)
∂2f (x(τ))
∂xi∂xj

 dτ |x(s) = x

 .
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This means that

∫
f (y) p (y, t |x, s) = f (x) +

∫
dy

t∫
s

[
d∑
i=1

ai (y, τ)
∂f (y)
∂yi

dy (4.118)

+
d∑
i=1

d∑
j=1

σij(y, τ)
∂2f (y)
∂yi∂yj

 p (y, τ |x, s) dτ.

Equation (4.118) is a weak form of a partial differential equation that the transition
pdf p (y, t |x, s) satisfies. A weak solution is a function p (y, t |x, s) that satis-
fies eq. (4.118) for all test functions f (y); that is, for all infinitely differentiable
functions f (y) that vanish outside a bounded domain [152], [78].

A partial differential equation for p (y, t |x, s) is obtained by integrating by
parts in eq. (4.118) and changing the order of integration,∫

f (y) p (y, t |x, s) dy =
∫
f (y) δ(x− y) dy +

∫
f (y) (4.119)

×
t∫
s

d∑
i=1

∂

∂yi

 d∑
j=1

∂σij(y, τ)p (y, τ |x, s)
∂yj

− ai (y, τ) p (y, τ |x, s)

 dτdy.
Equation (4.119) means that p (y, t |x, s) satisfies the equation

p (y, t |x, s) = δ(x− y) (4.120)

+

t∫
s

d∑
i=1

∂

∂yi

 d∑
j=1

∂σij(y, τ)p (y, τ |x, s)
∂yj

− ai (y, τ) p (y, τ |x, s)

 dτ
in the sense of distributions. Equation (4.120) can be written in differential form as
(4.116) with the initial condition (4.117).

A classical solution of eq. (4.116) is a function that has all the derivatives that
appear in the equation and the equation is satisfied at all points. It is known from
the theory of parabolic partial differential equations [78] that under a mild regularity
assumption, if σ(y, τ) is a strictly positive definite matrix, the initial value problem
(4.116), (4.117) has a unique classical solution,

The one-dimensional Fokker–Planck equation has the form

∂p (y, t |x, s)
∂t

=
1
2
∂2
[
b2(y, t)p (y, t |x, s)

]
∂y2

− ∂ [a(y, t)p (y, t |x, s)]
∂y

(4.121)

with the initial condition

lim
t↓s

p (y, t |x, s) = δ(y − x). (4.122)
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Exercise 4.23. (The solution of the FPE satisfies the CKE and (4.39)–(4.41))

(i) Use the existence and uniqueness theorem for linear parabolic initial value prob-
lems to show that the solution p (y, t |x, s) of (4.116), (4.117) satisfies the Chapman–
Kolmogorov equation (2.59).

(ii) Prove that if a(x, t) andσ(x, t) are sufficiently regular, then the pdf p (y, t |x, s)
of (4.116), (4.117) satisfies (4.39)–(4.41) in the sense that

lim
∆t→0

1
∆t

∫
Rd

(y − x)p (y, t+ ∆t |x, t) dy =a(x, t) (4.123)

lim
∆t→0

1
∆t

∫
Rd

(y − x)(y − x)T p (y, t+ ∆t |x, t) dy =σ(x, t) (4.124)

lim
∆t→0

1
∆t

∫
Rd

|y − x)|2+δp (y, t+ ∆t |x, t) dy =0 for δ > 0. (4.125)

2

The transition pdf of the solution of the Stratonovich equation (4.12) does not
satisfy the Fokker–Planck equation (4.116), however, the partial differential equa-
tion it satisfies can be found by converting the Stratonovich dynamics (4.12) into
the equivalent Itô dynamics (4.13). The Fokker–Planck equation corresponding to
(4.13) is found by replacing a(y, t) in (4.121) with the corrected drift ã(y, t) =
a(y, t) + 1

2b(y, t)by(y, t). This results in the Fokker–Planck equation

∂p (y, t |x, s)
∂t

=
1
2
∂2
[
b2(y, t)p (y, t |x, s)

]
∂y2

− ∂

∂y

{[
a(y, t) +

1
2
b(y, t)

∂

∂y
b(y, t)

]
p (y, t |x, s)

}
. (4.126)

Now, using the identity

1
2
∂

∂y

{
b(y, t)

∂

∂y
[b(y, t)p (y, t |x, s)]

}
=

∂2

∂y2

[
b2(y, t)p (y, t |x, s)

]
− ∂

∂y

{[
b(y, t)

∂

∂y
b(y, t)

]
p (y, t |x, s)

}
,

we rewrite eq. (4.126) in the form

∂p (y, t |x, s)
∂t

=
1
2
∂

∂y

{
b(y, t)

∂ [b(y, t)p (y, t |x, s)]
∂y

}
− ∂ [a(y, t)p (y, t |x, s)]

∂y
. (4.127)

Equation (4.127) is called the Fokker–Planck–Stratonovich equation.



4. Stochastic Differential Equations 123

Note that neither the Fokker–Planck equation (4.121) nor the Fokker–Planck–
Stratonovich equation (4.127) are Fickian. Although Fick’s laws (1.1) give the
driftless (i.e., a(y, t) = 0) diffusion equation pt(y, t) = [D(y, t)py(y, t)]y , the
Fokker–Planck equation (4.121) gives the driftless diffusion equation in the form
pt(y, t) = [D(y, t)p (y, t)]yy , where D(y, t) = b2(y, t)/2 and the Fokker–Planck–
Stratonovich equation (4.127) gives the driftless diffusion equation in the form
pt(y, t |x, s) = [

√
D(y, t)(

√
D(y, t)p (y, t |x, s))y]y . Obviously, for constant dif-

fusion coefficients all three diffusion equations are the same. However, if the dif-
fusion coefficient is variable, they are all different. State-dependent diffusion coef-
ficients arise, for example, in the diffusion of ions in liquid (e.g., water) when the
ambient temperature is not uniform.

The simplest example of the Fokker–Planck equation corresponds to the case
a(x, t) = 0 and b(x, t) = 1; that is, x(t) is the Brownian motion w(t). In this
case, the Fokker–Planck equation (4.121) and the initial condition (4.122) reduce to
the diffusion equation and the initial condition (2.26), moved from the origin to the
point x.

The Fokker–Planck equation corresponding to the Ornstein–Uhlenbeck process
(or colored noise), defined by the stochastic dynamics (1.60); that is, by

dx(t) = −ax(t) dt+ b dw(t), x(s) = x, (4.128)

is

∂p (y, t |x, s)
∂t

=
b2

2
∂2p (y, t |x, s)

∂y2
+ a

∂yp (y, t |x, s)
∂y

(4.129)

p (y, t |x, s) → δ(y − x) as t ↓ s (converges from above). (4.130)

Exercise 4.24 (Explicit solution of the FPE (4.129), (4.130)). Use the explicit
solution of eq. (4.128) (see Exercise 4.9(iii)) to find the explicit solution of the
Fokker–Planck equation (4.129), (4.130). 2

Exercise 4.25 (Explicit solution of the FPE for exactly solvable SDEs). Write
down the Fokker–Planck equation s and initial conditions corresponding to the ex-
actly solvable stochastic differential equations of Section 4.2 and use the explicit
solutions of the stochastic equations to construct the solutions of the corresponding
Fokker–Planck initial value problems. 2

Exercise 4.26 (Fokker–Planck–Stratonovich equation for (4.14)). Write down
the Fokker–Planck–Stratonovich equation corresponding to the Stratonovich dy-
namics (4.14) in Rd

by using (4.15) in (4.116). 2

Exercise 4.27 (FPE for SDEs defined with the backward integral). Write down
the Fokker–Planck equation corresponding to stochastic differential equations de-
fined with the backward integral. 2
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4.6 The backward Kolmogorov equation

Theorem 4.6.1 (The backward Kolmogorov equation). The transition probability
density function p (y, t |x, s) of the solution xx, s(t) of the stochastic differential
equation (4.47) satisfies with respect to the backward variables (x, s) the backward
Kolmogorov equation

∂p (y, t |x, s)
∂s

= −
d∑
i=1

ai (x, s)
∂p (y, t |x, s)

∂xi
−

d∑
i=1

d∑
j=1

σij (x, s)
∂2p (y, t |x, s)

∂xi∂xj

= − L∗xp (y, t |x, s) (4.131)

with the terminal condition

lim
s→t

p (y, t |x, s) = δ(x− y). (4.132)

Proof. Due to the Chapman–Kolmogorov equation (2.59), if s < s+ ∆s < t, then
we can write

p (y, t |x, s) =
∫
p (y, t |z, s+ ∆s)p (z, s+ ∆s |x, s) dz. (4.133)

Using this, and the fact that∫
p (z, s+ ∆s |x, s) dz = 1, (4.134)

we obtain

=
∫
p (z, s+ ∆s |x, s) [p (y, t |x, s+ ∆s)− p (y, t |z, s+ ∆s)] dz. (4.135)

Next, we expand

p (y, t |z, s+ ∆s) = p (y, t |x, s+ ∆s) +
d∑
i=1

(zi − xi)
∂p (y, t |x, s+ ∆s)

∂xi

+
1
2

d∑
i=1

d∑
j=1

(zi − xi)(zj − xj)
∂2p (y, t |x, s+ ∆s)

∂xi∂xj
+O

(
|x− z|3

)
(4.136)

and substitute in eq. (4.135). From eq. (4.134), we obtain∫
p (z, s+ ∆s |x, s)p (y, t |x, s+ ∆s)dz = p (y, t |x, s+ ∆s),

p (y, t |x, s+ ∆s)− p (y, t |x, s)
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and from the smoothness of p (y, t |x, s) and from eqs. (4.45), we find that∫
p (z, s+ ∆s |x, s)(zi − xi)

∂p (y, t |x, s+ ∆s)
∂xi

dz

= ai(x, t)
∂p (y, t |x, s)

∂xi
∆s+ o(∆s)

and ∫
p (z, s+ ∆s |x, s)(zi − xi)(zj − xj)

∂2p (y, t |x, s+ ∆s)
∂xi∂xj

dz

=2σij(x(τ), τ)
∂2p (y, t |x, s)

∂xi∂xj
∆s+ o(∆s). (4.137)

Finally, from eq. (4.9) and the Cauchy–Schwarz inequality, we find that∫
O
(
|x− z|3

)
p (z, s+ ∆s |x, s) dz = O

(
∆s3/2

)
. (4.138)

Using eqs. (4.137) and (4.138) in eq. (4.136), dividing by ∆s, and taking the limit
∆s→ 0, we obtain (4.131).

Exercise 4.28 (The solution of the FPE solves the BKE). Use Exercise (4.23) and
the Chapman–Kolmogorov equation (2.59), as in the proof of Theorem (4.131), to

of the FPE (4.116), (4.117) satisfies the BKE (4.131), (4.132). 2

4.7 Appendix: Proof of Theorem 4.1.1

We construct the solution to (4.5) by the usual method of successive approximations
which are defined by

x0(t, ω) =x0

xn+1(t, ω) =x0 +

t∫
0

a(xn−1(s, ω), s, ω) ds (4.139)

+

t∫
0

b(xn−1(s, ω), s, ω) dw(s, ω), (n ≥ 1).

Next, we will show that the approximating sequence converges uniformly in [0, T ]
for positive, but sufficiently small T for almost all ω ∈ Ω. First, it can be easily
shown by induction that the Lipschitz condition ensures that xn(t, ω) ∈ H2[0, T ]
for each T > 0 and n > 0. Subtracting two consecutive equations (4.139), we

prove that ifa(x, t) andσ(x, t) are sufficiently regular, then the solution p (y, t |x, s)
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obtain the inequalities

E [xn+1(t, ω)− xn(t, ω)]2

≤ 2E

∣∣∣∣∣∣
t∫

0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

∣∣∣∣∣∣
2

+ 2E

∣∣∣∣∣∣
t∫

0

[b(xn(s, ω), s, ω)− b(xn−1(s, ω), s, ω)] dw(s, ω)

∣∣∣∣∣∣
2

≤ 2t

t∫
0

E |a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)|2 ds

+ 2

t∫
0

E |b(xn(s, ω), s, ω)− b(xn−1(s, ω), s, ω)|2 ds. (4.140)

We used the inequality (A + B)2 ≤ 2(A2 + B2) in the first inequality of (4.140),
the Cauchy–Schwarz inequality in the first integral of the second inequality and the
property (3.15) of the variance of the Itô integral in the second. Applying the uni-
form Lipschitz condition (4.7) to the integrands in (4.140), we obtain the inequality

E [xn+1(t, ω)− xn(t, ω)]2

≤ 4K2(T + 1)

t∫
0

E [xn(s, ω)− xn−1(s, ω)]2 ds. (4.141)

Iteration of (4.141) gives

E [xn+1(t, ω)− xn(t, ω)]2 ≤
M
[
4K2(T + 1)t

]n+1

(n+ 1)!
, (4.142)

where M =
∫ T
0

E
[
a2(x0, s, ω) + b2(x0, s, ω)

]
ds. In particular, (4.142) implies

that

mn(t) =E

∣∣∣∣∣∣
t∫

0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

∣∣∣∣∣∣ (4.143)

≤K

T
T∫

0

E [xn(s, ω)− xn−1(s, ω)]2 ds


1/2

≤ K

√
MT

Cn

n!
,

where

C = 4K2(T + 1)T < 1, (4.144)



4. Stochastic Differential Equations 127

if T is sufficiently small. Denoting

Xn(t, ω) =

∣∣∣∣∣∣
t∫

0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

∣∣∣∣∣∣ ,
we have EXn(t, ω) = mn(t) and

σ2
n(t) = E [Xn(t, ω)−mn(t)]

2 ≤ E[Xn(t, ω)]2 ≤ K2MT 2C
n

n!
. (4.145)

Choosing εn = 1/
√

(n− 2)!, we find that for sufficiently large n

εn −mn(t) ≥
εn
2
.

Now, Chebyshev’s inequality gives

Pr{|Xn(t, ω)| ≥ εn} ≤Pr{|Xn(t, ω)−mn(t)| ≥ εn −mn(t)}

≤Pr
{
|Xn(t, ω)−mn(t)| ≥

εn
2

}
≤ 4σ2

n(t)
ε2n

≤ 4K2MT 2Cn

n(n− 1)
. (4.146)

It follows that

Pr

 max
0≤t≤T

∣∣∣∣∣∣
t∫

0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

∣∣∣∣∣∣ ≥ 1√
(n− 2)!


≤ 4K2MT 2Cn

n(n− 1)
,

because the inequality (4.146) holds for all t ∈ [0, T ]. Given (4.144), we see that
∞∑
n=2

4K2MT 2Cn

n(n− 1)
<∞,

so that by the Borel–Cantelli lemma

Pr

{
max

0≤t≤T

∣∣∣∣∣∣
t∫

0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

∣∣∣∣∣∣
≥ 1√

(n− 2)!
i.o.

}
= 0.

This means that for almost all ω ∈ Ω

∞∑
n=N(ω)

∣∣∣∣∣∣
t∫

0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

∣∣∣∣∣∣ ≤
∞∑

n=N(ω)

1√
(n− 2)!

<∞, (4.147)
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which, in turn, means that for almost all ω ∈ Ω the series

∞∑
n=1

t∫
0

[a(xn(s, ω), s, ω)− a(xn−1(s, ω), s, ω)] ds

converges uniformly in the interval [0, T ].

Now, we derive a similar estimate for the difference

Yn(t, ω) =

t∫
0

[b(xn(s, ω), s, ω)− b(xn−1(s, ω), s, ω)] dw(s, ω).

First, we show that Y 2
n (t, ω) is a submartingale. To see this, we write

dYn(t, ω) = B(t, ω) dw(t, ω),

where

B(t, ω) = b(xn(t, ω), t, ω)− b(xn−1(t, ω), t, ω),

and apply Itô’s formula (3.67) to the function f(y) = y2. We obtain

dY 2
n (t, ω) = B2(t, ω) dt+ 2B(t, ω)Yn(t, ω) dw(t, ω),

or in integral form,

Y 2
n (t, ω) = Y 2

n (s, ω) +

t∫
s

B2(s, ω) ds+

t∫
s

2B(s, ω)Yn(s, ω) dw(t, ω).

Taking conditional expectation and remembering that the conditional expectation of
the Itô integral vanishes, we obtain

E
{
Y 2
n (t, ω) |Y 2

n (s, ω) = z
}

= z +

t∫
s

EB2(s, ω) ds ≥ z,

which means that Y 2
n (t, ω) is a submartingale.

It follows from the submartingale inequality (2.69), the Lipschitz condition, and
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(4.142) that

Pr
{

max
0≤t≤T

|Yn(t, ω)| ≥ εn

}
=Pr

{
max

0≤t≤T
|Yn(t, ω)|2 ≥ ε2n

}
≤ E |Yn(T, ω)|2

ε2n

=
1
ε2n

T∫
0

E [b(xn(s, ω), s, ω)− b(xn−1(s, ω), s, ω)]2 ds

≤
(
K

εn

)2

E

T∫
0

[xn(s, ω)− xn−1(s, ω)]2 ds

≤8MK2 C
n

n!ε2n
≤ 8K2M2Cn

n(n− 1)
. (4.148)

We conclude from the Borel–Cantelli lemma that the series
∑∞
n=1 Yn(t, ω) also

converges uniformly for almost all ω ∈ Ω.

It follows now from eq. (4.140) that the series
∑∞
n=1 [xn+1(t, ω)− xn(t, ω)]

converges uniformly for almost all ω ∈ Ω. Setting x(t, ω) = limn→∞ xn(t, ω),
we see that x(t, ω) is continuous, adapted, and satisfies the Itô integral equation
(4.6), as required by conditions I and II of the definition of a solution. This proves
existence of a solution.

To prove uniqueness of solutions, assume that x1(t, ω) and x2(t, ω) are two
solutions of (4.5), denote by τ1(ω) and τ2(ω) their first exit times from a sphere
of radius N ; that is, τi(ω) = inf{t > 0 | |xi(t, ω)| ≥ N} (i = 1, 2), and denote
the minimum between the two TN (ω) = τ1(ω) ∧ τ2(ω). Note that TN → ∞
as N → ∞ on almost every trajectory ω ∈ Ω. From eq. (4.6), we obtain for
0 ≤ t ≤ T ,

x1 (t ∧ TN (ω), ω)− x2 (t ∧ TN (ω), ω)

=

t∧TN (ω)∫
0

[a(x1(s, ω), s, ω)− a(x2(s, ω), s, ω)] ds

+

t∧TN (ω)∫
0

[b(x1(s, ω), s, ω)− b(x2(s, ω), s, ω)] dw(s, ω)
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Using the previously derived inequalities, we get

E |x1 (t ∧ TN (ω), ω)− x2 (t ∧ TN (ω), ω)|2

≤ 4(T + 1)K2E
t∧TN (ω)∫

0

|x1(s, ω)− x2(s, ω)|2 ds

=4(T + 1)K2

t∫
0

E |x1 (s ∧ TN (ω), ω)− x2 (s ∧ TN (ω), ω)|2 ds.

It follows from Gronwall’s inequality (4.150) that

E |x1(t ∧ TN (ω), ω)− x2(t ∧ TN (ω), ω)|2 = 0

for all 0 ≤ t ≤ T and all T ; that is, for all t ≥ 0. Thus

x1(t ∧ TN (ω), ω) = x2(t ∧ TN (ω), ω)

for almost all ω ∈ Ω and for all N . Taking the limit N →∞ gives that

x1(t, ω) = x2(t, ω)

for all t > 0, which proves uniqueness.

Theorem 4.7.1 (Gronwall’s inequality). If a continuous function f(t) satisfies the
inequality

0 ≤ f(t) ≤ A(t) +

t∫
0

B(s)f(s) ds (4.149)

in some interval [0, T ] for an integrable function A(t) and a nonnegative integrable
function B(t), then

f(t) ≤ A(t) +

t∫
0

A(s)B(s)exp


t∫
s

B(u) du

 ds. (4.150)

Proof. If B(t) is continuous, we denote

y(t) =

t∫
0

B(s)f(s) ds

and note that y(t) is differentiable and y(0) = 0. Multiplying both sides of the
inequality (4.149) by the nonnegative function B(t), we write the inequality in the
form

y′(t) ≤ A(t)B(t) +B(t)y(t),
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which, in turn, can be written as

d

dt
exp

−
t∫

0

B(s) ds

 y(t) ≤ A(t)B(t) exp

−
t∫

0

B(s) ds

 .

Integrating between 0 and t, we obtain

y(t) ≤
t∫

0

A(t′)B(t′)exp


t∫

t′

B(s) ds

 dt′.

Finally, adding A(t) to both sides and using (4.149), we obtain (4.150).

Corollary 4.7.1. If A(t) = 0, then f(t) = 0.

4.7.1 Continuous dependence on parameters

Assume the coefficients ak(x, t, ω), the n×m diffusion matricesBk(x, t, ω), and
the initial conditions xk(0, ω) (k = 1, 2, . . . ) satisfy the condition of the existence
and uniqueness theorem with the same Lipschitz constant for all k. We consider the
stochastic integral equations

xk(t, ω) =xk(0, ω) +

t∫
0

ak(xk(s, ω), s, ω) ds

+

t∫
0

Bk(xk(s, ω), s, ω) dw(s, ω), (4.151)

where w(t, ω) is an m-dimensional Brownian motion. If the coefficients and the
initial conditions converge to limits, in an appropriate sense, then so do the solutions.
Specifically,

Theorem 4.7.2 (Continuous dependence on parameters). If for every N > 0,
t ∈ [0, T ], and ε > 0

lim
k→∞

Pr

{
sup
|x|≤N

[|ak(x, t, ω)− a0(x, t, ω)|+ |Bk(x, t, ω)−B0(x, t, ω)|] > ε

}
=0

and

lim
k→∞

E [xk(0, ω)− x0(0, ω)]2 = 0,

then
lim
k→∞

sup
0≤t≤T

E [xk(t, ω)− x0(t, ω)]2 = 0.



132 4. Stochastic Differential Equations

Corollary 4.7.2. If k is a parameter varying in some set such that the limit k → k0

is defined, then the continuous dependence on parameters theorem holds with the
limit k →∞ replaced by k → k0.

The solution xk(t, ω) is differentiable with respect to k and its derivative satis-
fies a linear stochastic differential equation if the coefficients and the initial condi-
tions satisfy certain differentiability and integrability conditions [84].

Theorem 4.7.3 (Differentiability with respect to parameters). Assume the fol-
lowing conditions.
1. E |xk(0, ω)|2 <∞, the derivative

x′k(0, ω) =
∂xk(0, ω)

∂k

exists, and

lim
∆k→0

E
∣∣∣∣x′k(0, ω)− ∆xk(0, ω)

∆k

∣∣∣∣2 = 0.

2. The derivatives a′k(x, t, ω) andB′
k(x, t, ω) exist and

lim
∆k→0

E
T∫

0

{[
∆ak(x, s, ω)

∆k
− a′k(x, t, ω)

]2

+
[
∆Bk(x, s, ω)

∆k
−B′

k(x, t, ω)
]2}

x=xk(s,ω)

ds = 0.

3. The coefficients are continuously differentiable functions of x and their deriva-
tives are uniformly bounded by the same constant K for almost all ω ∈ Ω. Then
xk(t, ω) is differentiable with respect to k and

x′k(t, ω) (4.152)

=x′k(0, ω) +

t∫
0

[a′k(xk(s, ω), s, ω) + ak(xk(s, ω), s, ω) · x′k(s, ω)] ds

+

t∫
0

[
B′
k(xk(s, ω), s, ω) +∇Bk(xk(s, ω), s, ω) · x′k(s, ω)

]
dw(s, ω).

Note that the integral equation (4.152) is obtained from (4.151) by taking the
formal total derivative with respect to k of both sides of the equation. If higher-order
derivatives of the coefficients with respect to k exist and satisfy similar conditions,
higher-order derivatives of the solution exist and satisfy linear equations. These
equations are found repeatedly differentiating eq. (4.151) with respect to k.



Chapter 5

The Discrete Approach and
Boundary Behavior

The path integral or the Wiener measure interpretation of stochastic differential
equations is useful for both the conceptual understanding of stochastic differen-
tial equations and for deriving differential equations that govern the evolution of the
pdfs of their solutions. A simple illustration of the computational usefulness of the
Wiener measure is the easy derivation of the explicit expression (2.25) for the pdf of
the MBM. Unfortunately, no explicit expressions exist in general for the pdf of the
solution to (5.1). The second best to such an explicit expression is a (deterministic)
differential equation for the pdf, whose solution can be studied both analytically and
numerically directly from the differential equation. A case in point is the diffusion
equation and the initial condition (2.26) that the pdf of the MBM satisfies.

The discrete approach to SDEs provides insight into the behavior of the random
trajectories of the SDE that is not contained in the FPE. Thus, for example, the
flux in the FPE is net flux and cannot be separated into its unidirectional compo-
nents. The need for such a separation arises in connecting discrete simulations to
the continuum. Also the boundary behavior of the random trajectories is not easily
expressed in terms of boundary conditions for the FPE. These problems are handled
in a natural way by the discrete simulation and by its limit.

5.1 The Euler simulation scheme and its convergence

Itô’s definition of the stochastic integral on the lattice tk = t0 + k∆t, with ∆t =
T/N and ∆w(t) = w(t+ ∆t)− w(t), defines the solution of the SDE

dx = a(x, t) dt+ b(x, t) dw, x(0) = x0, (5.1)
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or equivalently, of the Itô integral equation

x(t) = x0 +

t∫
0

a(x(s), s) ds+

t∫
0

b(x(s), s) dw(s), (5.2)

as the limit of the solution of the Euler scheme

xN (t+ ∆t) =xN (t) + a(xN (t), t)∆t+ b(xN (t), t) ∆w(t) (5.3)

xN (0) =x0

as ∆t → 0. The increments ∆w(t) are independent random variables that can be
constructed by Lévy’s method (see Section 2.3.2) as ∆w(t) = n(t)

√
∆t, where the

random variables n(t), for each t on the numerical mesh, are independent standard
Gaussian variables N (0, 1). According to the recursive scheme (5.3), at any time t
(on the numerical mesh) the process xN (t) depends on the sampled trajectory w(s)
for s ≤ t, so it is Ft-adapted. The existence of the limit x(t) = limN→∞ xN (t) is
proved in the following

Theorem 5.1.1 (Skorokhod [224]). If a(x, t) and b(x, t) are uniformly Lipschitz

continuous functions in x ∈ R, t ∈ [t0, T ], then the limit x(t) Pr= limN→∞ xN (t)
(convergence in probability) exists and is the solution of (5.2).

Proof. We consider a refinement t0 = t′0 < t′1 < · · · < t′N ′ = T of the given
partition t0 < t1 < · · · < tN = T into N ′ intervals of length ∆t′l = t′l+1 − t′l, and
the Brownian increments ∆wk = w(tk+1) − w(tk) and ∆w′l = w(t′l+1) − w(t′l),
respectively. The two Euler schemes are

xk =xk−1 + a(xk−1, tk−1)∆t+ b(xk−1, tk−1)∆wk,
x′l =x′l−1 + a(x′l−1, t

′
l−1)∆t

′ + b(x′l−1, t
′
l−1)∆w

′
l.

We define xN (t) = xk for t ∈ [tk, tk+1) and x′N ′(t) = x′l for t ∈ [t′l, t
′
l+1).

To show that xN (t) converges in probability as N → ∞, we have to show that

xN (t)− x′N ′(t)
Pr→ 0 as N,N ′ →∞. To this end, we define

∆+(t) =
{
xN (t)− x′N ′(t) if xN (t) > x′N ′(t)

0 if xN (t) ≤ x′N ′(t)

∆−(t) =
{
x′N ′(t)− xN (t) if x′N ′(t) > xN (t)

0 if x′N ′(t) ≤ xN (t).

First, we estimate ∆+(t) when it is positive. Assuming that ∆+(s) > 0 for all
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s ∈ [t0, t], we have

∆+(t) =x0 − x′0 +
∑
tk≤t

[a(xk−1, tk−1)∆t+ b(xk−1, tk−1)∆wk]

−
∑
t′l≤t

[a(x′l−1, t
′
l−1)∆t

′ + b(x′l−1, t
′
l−1)∆w

′
l]

≤ |x0 − x′0|+ sup
t0≤s≤t

∣∣∣∣∣∣
∑

s<tk−1≤t

[a(xk−1, tk−1)∆t+ b(xk−1, tk−1)∆wk]

−
∑

s<t′l≤t

[a(x′l−1, t
′
l−1)∆t

′ + b(x′l−1, t
′
l−1)∆w

′
l]

∣∣∣∣∣∣ . (5.4)

Now, we assume that ∆+(t) > 0, but ∆+(s) vanishes for some s < t. If τ is the
maximal point in [t0, t], for which ∆+(τ−) = 0 and ∆+(τ+) > 0, then clearly
|xN (τ)−x′N ′(τ)| ≤ maxk |xk−xk−1|+maxl |x′l−x′l−1|. Obviously, ∆+(s) > 0
for τ < s ≤ t, so inequality (5.4) is valid for the interval [τ, t]. Therefore

∆+(t) ≤ |x0 − x′0|+ max
k
|xk − xk−1|+ max

l
|x′l − x′l−1|

+ sup
t0≤s≤t

∣∣∣∣∣∣
∑

s<tk−1≤t

[a(xk−1, tk−1)∆t+ b(xk−1, tk−1)∆wk]

−
∑

s<t′l≤t

[a(x′l−1, t
′
l−1)∆t

′ + b(x′l−1, t
′
l−1)∆w

′
l]

∣∣∣∣∣∣ .
Using analogous estimates for ∆−(t), we obtain

|xN (t)− x′N ′(t)| = max[∆+(t),∆−(t)]
≤|x0 − x′0|+ max

k
|xk − xk−1|+ max

l
|x′l − x′l−1|

+ sup
t0≤s≤t

∣∣∣∣∣∣
∑

s<tk−1≤t

[a(xk−1, tk−1)∆t+b(xk−1, tk−1)∆wk]

−
∑

s<t′l−1≤t

[a(x′l−1, t
′
l−1)∆t

′ + b(x′l−1, t
′
l−1)∆w

′
l]

∣∣∣∣∣∣ . (5.5)

Keeping in mind the fact that one partition is a refinement of the other, we can
transform the sum inside the absolute value as follows. Assume that tr ≤ s < tr+1
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and t′g ≤ s < t′g+1, then∑
tk≤s

b(xk, tk)∆wk −
∑
t′l≤s

b(x′l, t
′
l)∆w

′
l

=
∑
tk≤s

∑
tk−1≤t′l<tk

[b(xk−1, t
′
l)− b(x′l, t

′
l)]∆w

′
l

+
∑

tr≤t′l<g

[b(xr, t′l)− b(x′l, t
′
l)]∆w

′
l

+
∑
tk≤s

∑
tk−1≤t′l<tk

[b(xk−1, tk−1)− b(xk−1, t
′
l)]∆w

′
l

+
∑

tr≤t′l≤s

[b(xr, tr−1)− b(xr, t′l)]∆w
′
l + b(xr, tr)[w(tr+1)− w(t′g+1)].

Transforming the difference
∑
tk≤s a(xk, tk)∆tk −

∑
t′l≤s

a(x′l, t
′
l)∆t

′
l in an anal-

ogous manner and using the inequality

sup
1≤k≤N

∣∣∣∣∣
N∑
i=k

ai

∣∣∣∣∣ ≤ 2 sup
1≤k≤N

∣∣∣∣∣
k∑
i=1

ai

∣∣∣∣∣ ,
we obtain the estimate

|xN (t)− x′N ′(t)| (5.6)

≤ |x0 − x′0|+ max
k
|xk − xk−1|+ max

l
|x′l − x′l−1|

+ 2 sup
1≤j≤N,t∈[t0,T ]

|b(xk, t)| max
|s1+s2|≤max ∆tk

|w(s2)− w(s1)|

+ 2 sup
1≤j≤N,t∈[t0,T ]

|a(xk, t)| max
1≤k≤N

∆tk

+ 2 sup
s≤t

∣∣∣∣∣∣
∑
t′l<s

[b(xN (t′l), t
′
l)− b(x′N ′(t′l), t

′
l)]∆w

′
l

∣∣∣∣∣∣
+ 2 sup

t0≤s≤t

∣∣∣∣∣∣
∑
t′l<s

[a(xN (t′l), t
′
l)− a(x′N ′(t′l), t

′
l)]∆t

′
l

∣∣∣∣∣∣
+ 2 sup

t0≤s≤t

∣∣∣∣∣∣
∑

tk≤t′l<tk+1≤s

[b(xk, tk)− b(xk, t′l)]∆w
′
l

∣∣∣∣∣∣
+ 2 sup

t0≤s≤t

∣∣∣∣∣∣
∑

tk≤t′l<tk+1≤s

[a(xk, tk)− a(xk, t′l)]∆t
′
l

∣∣∣∣∣∣ .
The first three rows of (5.6) converge to zero in probability and in the L2 norm as
N →∞. Setting xN (t)− x′N ′(t) = ∆xN,N ′(t) and using the properties of the Itô
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integral for step functions∑
t′l<s

[b(xN (t′l), t
′
l)− b(x′N ′(t′l), t

′
l)]∆w

′
l

=

s∫
0

[
b(xN (t′), t′)− b(xN ′(t′), t′)

∆xN,N ′(t′)

]
∆xN,N ′(t′) dw(t′),

we obtain

E
sup
s≤t

∣∣∣∣∣∣
∑
t′l<s

[b(xN (t′l), t
′
l)− b(x′N ′(t′l), t

′
l)]∆w

′
l

∣∣∣∣∣∣
2

=E

sup
s≤t

∣∣∣∣∣∣
s∫

0

[
b(xN (t′), t′)− b(xN ′(t′), t′)

∆xN,N ′(t′)

]
∆xN,N ′(t′) dw(t′)

∣∣∣∣∣∣
2

.

The integral is a continuous function of s ∈ [t0, T ], so the maximum is achieved
at some s0 ∈ [t0, T ], for which we have, due to the Lipschitz continuity of the
coefficients, the inequality

E

∣∣∣∣∣∣
s0∫
0

[
b(xN (t′), t′)− b(xN ′(t′), t′)

∆xN,N ′(t′)

]
∆xN,N ′(t′) dw(t′)

∣∣∣∣∣∣
2

=E
s0∫
0

[
b(xN (t′), t′)− b(xN ′(t′), t′)

∆xN,N ′(t′)

]2
|∆xN,N ′(t′)|2 dt′

≤L2

t∫
0

|∆xN,N ′(t′)|2 dt′,

where L is the Lipschitz constant. The remaining sums are estimated in a simi-
lar manner. Gronwall’s inequality (4.150) implies that E |∆xN,N ′(t′)|2 → 0 as
N,N ′ → ∞ and Chebyshev’s inequality (3.1.1) implies convergence in probabil-
ity.

Exercise 5.1 (Itô’s formula). Use the proof of Theorem 5.1.1 to prove Itô’s formula
(3.67). 2

5.2 The pdf of Euler’s scheme in R and the FPE

We assume that the coefficients a(x, t) and b(x, t) are smooth functions in R×R+
,

with b(x, t) > δ > 0 for some constant δ. The coefficients can be allowed to be
random in a way such that for each x ∈ R the stochastic processes a(x, t, ω) and
b(x, t, ω) are adapted to Ft in the sense of Definition 2.2.9. We assume for now that
a(x, t) and b(x, t) are deterministic.
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Theorem 5.2.1. The pdf pN (x, t |x0) of the solution xN (t, ω) of (5.3) converges to
the solution p (x, t |x0) of the initial value problem (4.121), (4.122) as N →∞.

Proof. First, we extend xN (t) off the lattice as follows. If 0 < t ≤ ∆t, we define

x̃N (t) = x0 + a(x0, 0) t+ b(x0, 0)w(t), xN (0) = x0. (5.7)

If k∆t < t ≤ (k + 1)∆t, where k = 1, 2, . . . , we define t̃ = k∆t, ∆t̃ = t − t̃,
∆w̃(t) = w(t)− w(t̃), and

x̃N (t) = x̃N (t̃) + a(x̃N (t̃), t̃)∆t̃+ b(x̃N (t̃), t̃) ∆w̃(t). (5.8)

Obviously, for each realization of w(t), we have x̃N (t) = xN (t) at lattice points
t. The pdf p̃N (x, t |x0) of x̃N (t) is identical with the pdf pN (x, t |x0) of xN (t) on
lattice points t and it satisfies on the lattice the recursion relation

p̃N (x, t+ ∆t |x0) (5.9)

=
∫
R

1√
2π∆t b(y, t)

exp

{
− [x− y − a(y, t)∆t]2

2b2(y, t)∆t

}
p̃N (y, t |x0) dy.

Off the lattice we have the recursion

p̃N (x, t |x0) (5.10)

=
∫
R

1√
2π∆t̃ b(y, t̃)

exp

{
−
[
x− y − a(y, t̃)∆t̃

]2
2b2(y, t̃)∆t̃

}
p̃N (y, t̃ |x0) dy,

where p̃N (x, t̃ |x0) = pN (x, t̃ |x0). Note that p̃N (x, t |x0) is differentiable with re-
spect to t and twice differentiable with respect to x. Therefore the analysis of (5.10)
applies to (5.9) as well. We observe that integrating p̃N (x, t |x0) with respect to x0

against a bounded sufficiently smooth initial function p0(x0) results in a sequence
of bounded and twice continuously differentiable functions

p̃N (x, t) =
∫
R

p̃N (x, t |x0)p0(x0) dx0, (5.11)

that satisfy the recursion (5.10), the initial condition

lim
t→0

p̃N (x, t) = p0(x), (5.12)

uniformly on finite intervals, and whose partial derivatives up to second order are
uniformly bounded (see Exercise 5.2 below).

Differentiation with respect to t at off-lattice points is equivalent to differenti-
ation with respect to ∆t̃. Differentiating and expanding all functions in powers of√

∆t̃, we obtain (see Exercises 5.3–5.6 below)

p̃N (x, t)
∂t

=
1
2
∂2
[
b2(x, t)p̃N (x, t)

]
∂x2

− ∂ [a(x, t)p̃N (x, t)]
∂x

+O (∆t) , (5.13)
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uniformly for x ∈ R and t > 0. At lattice points, we use the change of variables

y = x− a(y, t)∆t+ ηb(y, t)
√

∆t (5.14)

in (5.9), and expanding in powers of ∆t, we obtain (5.13) again. If p (x, t) is
the (unique) solution of the initial value problem (5.12) for the FPE (4.121), then
p (x, t)−pN (x, t) satisfies the inhomogeneous FPE with homogeneous initial value
and right-hand side that is uniformly O(∆t). It follows from the maximum prin-
ciple for parabolic initial value problems [78], [203] that the difference converges
uniformly to zero.

Remark 5.2.1. There are many types of convergence of the Euler scheme [132],
[131]. Theorems 5.1.1 and 5.2.1 concern convergence in probability and of prob-
ability density and therefore cannot be used as measures for the error of the Euler
numerical scheme in a given simulation. Such estimates depend on the sample size
and are the subject of numerical analysis of stochastic differential equations.

Exercise 5.2 (Regularity of pN (x, t)). Use the recursion (5.9) to prove that the
functions pN (x, t) and their partial derivatives with respect to x, up to second order,
are uniformly bounded and the convergence (5.12) is uniform on finite intervals. 2

Exercise 5.3 (The differential). Prove that the differential of the transformation
(5.14) is given by

dy =
√

∆t b(y, t)
1−

√
∆t ηby(y, t) + ay(y, t)∆t

dη (5.15)

=
{

1 + η
√

∆t bx(x, t)− ax(x, t)∆t+ η2∆t
[
(bx(x, t))

2 + bxx(x, t)b(x, t)
]}

×
√

∆t b(x, t)
[
1 +O

(√
∆t
)]

dη,

where subscripts denote partial derivatives. 2

Exercise 5.4. (The exponent).

(i) Prove that the exponent in (5.9) is expanded as[
ηb(y, t)

√
∆t+ a

(
x+ ηb(y, t)

√
∆t, t

)
∆t
]

2b2(y, t)∆t

2

= η2

(
a(x, t)
b(x, t)

)
x

b(x, t) +
a2(x, t)
2b2(x, t)

+O
(
∆t3/2

)
.

(ii) Show that the exponential function in (5.9) can be expanded as

exp

{
− [x− y − a(y, t)∆t]2

2b2(y, t)∆t

}
= exp

{
−η

2

2

}
×
{

1− η
√

∆t
a(x, t)
b(x, t)

−∆t
[
η2

(
a(x, t)
b(x, t)

)
x

b(x, t) +
(
1− η2

) a2(x, t)
2b2(x, t)

]}
+ O

(
∆t3/2

)
. 2
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Exercise 5.5. (The density pN (y, t)).
(i) Expand

pN (y, t) = pN (x+ ηb(y, t)
√

∆t, t)

= pN (x, t) + pN,x(x, t)η
[
b(x, t) + bx(x, t)ηb(x, t)

√
∆t
]√

∆t

+
1
2
pN,xx(x, t)η2b2(x, t)∆t+O

(
∆t3/2

)
.

(ii) Show that the pre-exponential factor in (5.9), up to O
(
∆t3/2

)
, has the form{

pN (x, t) + pN,x(x, t)b(x, t)η
√

∆t

+
1
2
[
pN,xx(x, t)b2(x, t) +

(
b2(x, t)

)
x
pN,x(x, t)

]
η2∆t

}
×
{[

1− a2(x, t)
2b2(x, t)

∆t
]
− η

√
∆t

a(x, t)
b(x, t)

−η2∆t
[(

a(x, t)
b(x, t)

)
x

b(x, t)− a2(x, t)
2b2(x, t)

]}
= pN (x, t)

[
1− a2(x, t)

2b2(x, t)
∆t
]

+ η
√

∆t
{[

1− a2(x, t)
2b2(x, t)

∆t
]
pN,x(x, t)b(x, t)

−a(x, t)
b(x, t)

pN (x, t)
}

+ η2∆t
{

1
2
[
pN,xx(x, t)b2(x, t) +

(
b2(x, t)

)
x
pN,x(x, t)

]
×
[
1− a2(x, t)

2b2(x, t)
∆t
]
− a(x, t)pN,x(x, t)−

[(
a(x, t)
b(x, t)

)
x

b(x, t)

− a2(x, t)
2b2(x, t)

]
p (x)

}
. (5.16)

(iii) Using eqs. (5.15)–(5.16) in eq. (5.9), obtain

pN (x, t+ ∆t) (5.17)

=
1√
2π

∫
R

{{
1− ax(x, t)∆t+ η2∆t

[
(bx)2(x, t) + bxx(x, t)b(x, t)

]}
×
[
1− a2(x, t)

2b2(x, t)
∆t
]
pN (x, t)

+ η2∆tbx(x, t)
[
pN,x(x, t)b(x, t)−

a(x, t)
b(x, t)

pN (x, t)
]

+ η2∆t
{

1
2
[
pN,xx(x, t)b2(x, t) +

(
b2(x, t)

)
x
pN,x(x, t)

]
−
[(

a(x, t)
b(x, t)

)
x

b(x, t)− a2(x, t)
2b2(x, t)

]
pN (x, t)

}}
exp
{
−η

2

2

}
dη.

2
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Exercise 5.6 (The FPE). Evaluate the Gaussian integrals in (5.17) and show that

pN (x, t+ ∆t)− pN (x, t)
∆t

=pN (x, t)
[
(bx)

2 (x, t) + bxx(x, t)b(x, t)
]

+
1
2
pN (x, t)b2(x, t) +

(
b2(x, t)

)
x
pN,x(x, t)− [a(x, t)pN (x, t)]x +O

(
∆t1/2

)
=

1
2
[
b2(x, t)pN (x, t)

]
xx
− [a(x, t)pN (x, t)]x +O

(
∆t1/2

)
,

and hence (5.13). Can the last estimate be improved? 2

Exercise 5.7 (The initial condition). Prove that p (x, t)− pN (x, t) → 0 uniformly
for finite intervals in x and 0 < t < T . 2

Exercise 5.8 (The Feynman–Kac formula). Prove that if the recursion (5.10) is
modified to

p̃N (x, t+ ∆t |x0) (5.18)

=
∫
R

p̃N (y, t |x0)√
2π∆t b(y, t)

exp

{
− [x− y − a(y, t)∆t]2

2b2(y, t)∆t
+ g(y, t)∆t

}
dy,

where g(y, t) is a sufficiently regular function, then limN→∞ pN (x, t |x0, s) =
p (x, t |x0, s), where p (x, t |x0, s) is the solution of the initial value problem

pt =
1
2
(b2p)xx − (ap)x + gp, lim

t↓s
p = δ(x− x0).

2

Exercise 5.9 (Simulation of the Feynman–Kac formula). How should the Euler
scheme (5.3) be modified so that the corresponding pdf satisfies the recursion (5.18),
in the case where g(x, t) is nonpositive? What is the interpretation of pN (x, t |x0, s)
and p (x, t |x0, s) if g(x, t) can be positive? How should the Euler scheme (5.3) be
modified for this case? 2

Exercise 5.10. (The backward Kolmogorov equation)

(i) Prove that

pN (y, t |x, s) =
∫
R

pN (y, t | z, s+ ∆s)√
2π∆sb(x, s)

exp
{
− (z − x− a(x, s)∆s)2

2b2(x, s)∆s

}
dz.

(ii) Prove that the transition pdf p (y, t |x, s) = limN→∞ pN (y, t |x, s) satisfies in
R with respect to the backward variables (x, s) the backward Kolmogorov equation
ps + a(x, s)px + 1

2b
2(x, s)pxx = 0 and the terminal condition limt↑s p = δ(y− x).

(HINT: Change the variable of integration to z = b(x, s)ξ
√

∆s+x+a(x, s)∆s and
expand everything in sight in powers of

√
∆s, as above. Finally, prove convergence

by using the maximum principle.) 2
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We consider now the d-dimensional stochastic dynamics

dx = a(x, t) dt+
√

2B(x, t) dw, x(0) = x0, (5.19)

where a(x, t) : Rd × [0,∞) 7→ Rd
is a vector of smooth functions for all x ∈

R, t ≥ 0, B(x, t) : Rd×[0,∞) 7→ Mn×m is a smooth n ×m matrix of smooth
functions, and w(t) : [0,∞) 7→ Rm

is a vector of m independent MBMs. We
assume that the diffusion tensor σ(x, t) = B(x, t)BT (x, t) is uniformly positive

definite in Rd
. The Euler scheme for (5.19) is

x(t+ ∆t) =x(t) + a(x(t), t)∆t+
√

2B(x(t), t) ∆w(t,∆t) (5.20)

xN (0) =x0.

Exercise 5.11 (Convergence of trajectories). Generalize the proof of Skorokhod’s
theorem 5.1.1 to the d-dimensional case. 2

The proof of convergence of the pdf of the trajectories of (5.20) is similar to that
in one dimension. Setting

B(x,y, t) = [y − x− a(x, t)∆t]Tσ−1(x, t) [y − x− a(x, t)∆t] , (5.21)

we see that the pdf of the trajectories of (5.20) satisfies the d-dimensional version
of the recursion relation (5.9),

pN (y, t+ ∆t) =
∫

Rd

pN (x, t) dx

(2π∆t)d/2
√

detσ(x, t)
exp
{
−B(x,y, t)

2∆t

}
. (5.22)

Theorem 5.2.2. Under the above assumptions, if the initial point x0 is chosen from
a smooth bounded density p0(x0), then the pdf pN (y, t) of the solution xN (t) of
(5.20) converges as N →∞ to the solution p (y, t) of the initial value problem

∂p (y, t)
∂t

=
d∑
i=1

d∑
j=1

∂2σij(y, t)p (y, t)
∂yi∂yj

−
d∑
i=1

∂ai(y, t)p (y, t)
∂yi

(5.23)

lim
t↓0

p (y, t) = p0(y). (5.24)

Proof. As above, we change variables in (5.22) to z = σ−1/2(x, t)(x − y +
a(x, t)∆t)/

√
∆t and expand the integrand in powers of

√
∆t. First, we need to ex-

pand the Jacobian of the transformation. Differentiating the identity σ1/2σ−1/2 =
I , we write

σ1/2∇
(
σ−1/2

)
+∇

(
σ1/2

)
σ−1/2 = 0, (5.25)

or
σ1/2∇

(
σ−1/2

)
σ1/2 = −∇(σ1/2),
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from which it follows that the Jacobian matrix is

∂z

∂x
=
σ−1/2

√
∆t

[
I −

√
∆t∇

(
σ1/2

)
· z +O(∆t)

]
and that the Jacobian of the transformation is

J =
∣∣∣∣det

(
∂z

∂x

)∣∣∣∣ (5.26)

=
1

(∆t)d/2
√

detσ

{
1−

√
∆t tr

[
∇
(
σ1/2

)
· z
]

+O(∆t)
}
.

Expanding the transformed integrand about y in powers of
√

∆t, we note that terms
linear in z vanish, because they give rise to Gaussian integrals with an odd integrand.
We end up with the approximate Fokker–Plank equation for pN (y, t):

∂pN (y, t)
∂t

=
d∑
i=1

d∑
j=1

∂2σij(y, t)pN (y, t)
∂yi∂yj

−
d∑
i=1

∂ai(y, t)pN (y, t)
∂yi

+O(
√

∆t). (5.27)

The uniform convergence of pN (y, t) to the solution p (y, t) of the initial value
problem (5.23), (5.24) is proved as in the one-dimensional case above.

Exercise 5.12. (The FPE for Langevin’s equation).

(i) Write the Langevin equation

ẍ+ γẋ = f(x) +
√

2εγ ẇ. (5.28)

as the phase space system

ẋ = v, v̇ = −γv + f(x) +
√

2εγ ẇ (5.29)

and the Euler scheme

x∆(t+ ∆t) =x∆(t) + v∆(t)∆t+ o(∆t)

v∆(t+ ∆t) = v∆(t) + [−γv∆(t) + f(x∆(t))]∆t+
√

2εγ∆w + o(∆t).

(ii) Derive the equation

p∆(x, v, t+ ∆t) =
1√

2εγπ∆t

∫
R

∫
R

p∆(ξ, η, t)δ(x− ξ − η∆t)

× exp

{
− [v − η − [−γη + f(ξ)]∆t]2

2εγ∆t

}
dξ dη + o(∆t)

for the pdf p∆(x, v, t) of the phase plane pair (x∆(t), v∆(t)).
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(iii) Change variables in the above integral to

−u = v − η − [−γη + f(x− η∆t)]∆t√
εγ∆t

,

expand in powers of ∆t, and write the integral in the form

p∆(x, v, t+ ∆t) =
1√

π(1− γ∆t+ o(∆t))

∞∫
−∞

e−u
2/2 du (5.30)

× p∆

(
x− v(1 + γ∆t)∆t+ o(∆t), v(1 + γ∆t) + u

√
εγ∆t

− f(x)∆t(1 + γ∆t) + o(∆t), t
)
.

(iv) Re-expand in powers of ∆t to get

p∆

(
x− v(1 + γ∆t)∆t+ o(∆t), v(1 + γ∆t) + u

√
εγ∆t

− f(x)∆t(1 + γ∆t) + o(∆t), t
)

= p∆(x, v, t)− v∆t
∂p∆(x, v, t)

∂x

+
∂p∆(x, v, t)

∂v

(
vγ∆t+ u

√
εγ∆t− f(x)∆t+ o(∆t)

)
+ εγu2∆t

∂2p∆(x, v, t)
∂v2

+ o(∆t).

(v) Show that (5.30) gives

p∆(x, v, t+ ∆t)− p∆(x, v, t)
1− γ∆t

= − 1
1− γ∆t

v∆t
∂p∆(x, v, t)

∂x
+

∆t
1− γ∆t

∂p∆(x, v, t)
∂v

× (vγ − f(x)) +
εγ∆t

1− γ∆t
∂2p∆(x, v, t)

∂v2
+O

(
∆t3/2

)
.

(vi) Prove that lim∆t→0 p∆(x, v, t) = p (x, v, t) exists and satisfies the Fokker–
Planck equation

∂p (x, v, t)
∂t

(5.31)

= − v
∂p (x, v, t)

∂x
+

∂

∂v
[(γv − f(x)) p (x, v, t)] + εγ

∂2p (x, v, t)
∂v2

.

(vii) Write the above FPE in the conservation law form

pt = −∇ · J , (5.32)
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where the components of the net probability flux density vector J are

Jx(x, v, t) = vp (x, v, t)

Jv(x, v, t) = − (γv − f(x)) p (x, v, t)− εγ
∂p (x, v, t)

v
(5.33)

(see [222]). 2

5.2.1 Unidirectional and net probability flux density

The flux density in continuum diffusion theory (Fick’s laws (1.1)) is the net flux
through a given point (or surface, in higher dimensions). Unidirectional fluxes are
not defined in the diffusion or Fokker–Planck equations, because velocity is not
a state variable, so the equations cannot separate between probability flux densi-
ties. However, it is often necessary to evaluate the probability flux density across a
given interface in simulations of diffusive trajectories of particles. This is the case,
for example, if a simulation of diffusing particles is connected to a region, where
only a coarse-grained continuum description of the particles is used. In this case,
the exchange of trajectories between the two regions, across the interface, requires
the calculation of the unidirectional diffusion flux from the continuum region into
the simulated region. This situation is encountered in simulations of ionic motion
through the protein channel of biological membranes, where the number of ions
in the salt solution away from the channel is too large to simulate. This issue is
discussed further in [214]. In this section we keep the notation of the previous one.

Definition 5.2.1 (Unidirectional flux). The unidirectional probability current (flux)
density at a point x1 is the probability per unit time of trajectories that propagate
from the ray x < x1 into the ray x > x1. It is given by

JLR(x1, t) = lim
∆t→0

JLR(x1, t,∆t), (5.34)

where

JLR(x1, t,∆t) (5.35)

=
1

∆t

∞∫
x1

dx

x1∫
−∞

dy√
2π∆tσ(y, t)

exp

{
− [x− y − a(y, t)∆t]2

2σ(y, t)∆t

}
pN (y, t).

Remark 5.2.2. Note that the dependence of pN on the initial point has been sup-
pressed in (5.35).

Theorem 5.2.3 (Unidirectional and net fluxes in one dimension). The discrete
probability flux densities at a point x1 are given by

JLR,RL(x1, t,∆t) =

√
σ(x1, t)
2π∆t

pN (x1, t)±
1
2
J(x1, t) +O(

√
∆t), (5.36)
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where the net flux is

J(x1, t) = lim
∆t→0

[JLR(x1, t,∆t)− JRL(x1, t,∆t)] (5.37)

=
{
−∂ [σ(x, t)p (x, t)]

∂x
+ a(x, t)p (x, t)

}
x=x1

.

Remark 5.2.3. It is clear from (5.36) that the probability flux densities in Definition
5.2.1 are infinite, but the net flux is finite.

Proof. The integral (5.35) can be calculated by the Laplace method [20] at the sad-
dle point x = y = x1. First, we change variables in (5.35) to x = x1 + ξ

√
∆t and

y = x1 − η
√

∆t to obtain

JLR(x1, t,∆t) =

∞∫
0

dξ

∞∫
0

dη√
2π∆tσ(x1 − η

√
∆t, t)

× exp

−
[
ξ + η − a(x1 − η

√
∆t, t)

√
∆t
]2

2σ(x1 − η
√

∆t, t)

 pN

(
x1 − η

√
∆t, t

)
,

and changing the variable in the inner integral to η = ζ − ξ, we get

JLR(x1, t,∆t) =

∞∫
0

dξ

∞∫
ξ

dζ√
2π∆tσ(x1 − (ζ − ξ)

√
∆t, t)

(5.38)

× exp

−
[
ζ − a(x1 − (ζ − ξ)

√
∆t, t)

√
∆t
]2

2σ(x1 − (ζ − ξ)
√

∆t, t)

 pN

(
x1 − (ζ − ξ)

√
∆t, t

)
.

Next, we expand the exponent in powers of
√

∆t to obtain[
ζ − a(x1 − (ζ − ξ)

√
∆t, t)

√
∆t
]2

2σ(x1 − (ζ − ξ)
√

∆t, t)
(5.39)

=
ζ2

2σ(x1, t)
+

[
ζ2 (ζ − ξ)

[
σ2(x1, t)

]
x

8σ2(x1, t)
− ζa(x1, t)

2σ(x1, t)

]
√

∆t+O (∆t) ,

the pre-exponential factor,

1√
σ
(
x1 − (ζ − ξ)

√
∆t, t

) =

[
1 +

σx(x1, t)
2σ(x1, t)

(ζ − ξ)
√

∆t+O (∆t)
]

√
σ(x1, t)

,
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and the pdf

pN

(
x1 − (ζ − ξ)

√
∆t, t

)
= pN (x1, t)−

∂pN (x1, t)
∂x

(ζ − ξ)
√

∆t+O (∆t) . (5.40)

Using the expansions (5.39)–(5.40) in (5.38), we obtain

JLR(x1, t,∆t) (5.41)

=

∞∫
0

dξ

∞∫
ξ

dζ√
2π∆tσ(x1, t)

exp
{
− ζ2

2σ(x1, t)

} {
pN (x1, t)

−
√

∆t

[(
ζ2 (ζ − ξ)σx(x1, t)

σ2(x1, t)
− 2ζa(x1, t)

σ(x1, t)
− σx(x1, t) (ζ − ξ)

2σ(x1, t)

)
pN (x1, t)

+ (ζ − ξ) pN,x(x1, t)

]
+O(∆t)

}
. (5.42)

Similarly, JRL(x1, t) = lim∆t→0 JRL(x1, t,∆t), where

JRL(x1, t,∆t) (5.43)

=
1

∆t

x1∫
−∞

dx

∞∫
x1

dy√
2π∆tσ(y, t)

exp

{
− [x− y − a(y, t)∆t]2

2σ(y, t)∆t

}
pN (y, t).

The change of variables x = x1 − ξ
√

∆t, y = x1 + η
√

∆t in (5.43) gives

JRL(x1, t,∆t)

=

∞∫
0

dξ

∞∫
ξ

dζ√
2π∆tσ(x1, t)

exp
{
− ζ2

2σ(x1, t)

} {
pN (x1, t)

+
√

∆t

[(
ζ2 (ζ − ξ)σx(x1, t)

σ2(x1, t)
− 2ζa(x1, t)

σ(x1, t)
− σx(x1, t) (ζ − ξ)

2σ(x1, t)

)
pN (x1, t)

− (ζ − ξ) pN,x(x1, t)

]
+O(∆t)

}
. (5.44)

Both JLR(x1, t) and JRL(x1, t) are infinite, because pN (x1, t) > 0. Using the
identities of Exercise 5.13 below, we find that the net flux density is, however, finite
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and is given by

Jnet(x1, t) = lim
∆t→0

{JLR(x1, t,∆t)− JRL(x1, t,∆t)}

= − 2

∞∫
0

dξ

∞∫
ξ

dζ√
2π∆tσ(x1, t)

exp
{
− ζ2

2σ(x1, t)

}

×

[(
ζ2 (ζ − ξ)σx(x1, t)

σ2(x1, t)
− 2ζa(x1, t)

σ(x1, t)
− σx(x1, t) (ζ − ξ)

2σ(x1, t)

)

× pN (x1, t) + (ζ − ξ) pN,x(x1, t)

]

=
{
−∂ [σ(x, t)p (x, t)]

∂x
+ a(x, t)p (x, t)

}
x=x1

, (5.45)

as asserted.

Exercise 5.13 (Identities). Prove the following identities are obtained by changing
the order of integration,

∞∫
0

dξ

∞∫
ξ

ζ2 (ζ − ξ) dζ√
2πσ

exp
{
− ζ

2

2σ

}
=

∞∫
0

ζ4 dζ

2
√

2πσ
exp
{
− ζ

2

2σ

}
= 3σ2

∞∫
0

dξ

∞∫
ξ

ζ dζ√
2πσ

exp
{
− ζ

2

2σ

}
=

∞∫
0

ζ2 dζ√
2πσ

exp
{
− ζ

2

2σ

}
= σ

∞∫
0

dξ

∞∫
ξ

(ζ − ξ) dζ√
2πσ

exp
{
− ζ

2

2σ

}
=

1
2

∞∫
0

ζ2 dζ√
2πσ

exp
{
− ζ

2

2σ

}
=
σ

2
.

2

Equation (5.37) is the classical expression for the probability (or heat) current
in diffusion theory [82]. The FPE (5.129) can be written in terms of the flux density
function J(x, t) in the conservation law form

∂p (x, t)
∂t

= −∂J(x, t)
∂x

. (5.46)

In Rd
the probability flux density is the probability density of trajectories that

propagate per unit time from a domain D across its boundary, ∂D, into the comple-
mentary part of space, Dc. It is given by Jout(∂D, t) = lim∆t→0 Jout(∂D, t,∆t),
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where

Jout(∂D, t,∆t)

=
1

∆t

∫
Dc

dx

∫
D

pN (y, t) dy
(2π∆t)d/2

√
detσ(y, t)

× exp
{
− (x− y − a(y, t)∆t)Tσ−1(y, t)(x− y − a(y, t)∆t)

2∆t

}
. (5.47)

Similarly, the probability flux density into the domain is defined as the limit of

Jin(∂D, t,∆t)

=
1

∆t

∫
D

dx

∫
Dc

pN (y, t) dy
(2π∆t)d/2

√
detσ(y, t)

× exp
{
− (x− y − a(y, t)∆t)Tσ−1(y, t)(x− y − a(y, t)∆t)

2∆t

}
. (5.48)

The net flux from the domain is defined as the limit

Jnet(∂D, t) = lim
∆t→0

Jnet(∂D, t,∆t),

where
Jnet(∂D, t,∆t) = Jout(∂D, t)− Jin(∂D, t,∆t).

Theorem 5.2.4 (Unidirectional and net fluxes in Rd
). The discrete probability

flux density densities at a boundary point xB are given by

Jout,in(xB , t) · n(xB) =

√
σn(xB , t)

2π∆t
p (xB , t)±

1
2
Jnet(xB , t) · n(xB)

+O(
√

∆t), (5.49)

where n(x) is the unit outer normal at a boundary point x,

σn(xB , t) = n(xB)Tσ(xB , t)n(xB),

and the net flux density vector is

J inet(xB , t) = −


d∑
j=1

∂σij(x, t)p (x, t)
∂xj

+ ai(x, t)p (x, t)


x=xB

, (5.50)

for i = 1, 2, . . . , d. The net flux is

Jnet(∂D, t) =
∮
D

Jnet(x, t) · n(x) dSx. (5.51)
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Proof. To evaluate the unidirectional and net fluxes, we define near a boundary point
xB the vector v(xB) = σ1/2(xB , t)n(xB), where n(xB) is the unit outer normal
at xB , and map a two-sided neighborhoodN of the boundary by the transformation

x = xB + σ1/2(xB , t)
[
x⊥ − ξv(xB)

]√
∆t, (5.52)

where x⊥ are d − 1 variables orthogonal to ξv(xB). Here ξ < 0 for x ∈ D and
ξ > 0 for x ∈ Dc (this applies to both x and y in the integrals (5.47) and (5.48)).
The boundary is then mapped into the hyperplane ξ = 0. We may confine the
domain of integration in the double integral (5.47) to N , because the contribution
of integration outside N decays exponentially fast as ∆t → 0. We partition the
boundary into patches PB about a finite set of boundary points xB and freeze the
coefficients at xB inside the slice

{
(x⊥, ξ) ∈ N : x⊥ ∈ PB

}
. We expand first

(x− y − a(y, t)∆t)Tσ−1(xB , t)(x− y − a(y, t)∆t)
∆t

=(y⊥ − x⊥)Tσ−1(x, t)(y − x)− 2aT (x, t)σ−1(x, t)(y − x)∆t+O(∆t2),

and then about xB in the variables (x⊥, ξ). The transformation (5.52) maps each
side of the slice onto a half space. The variables x⊥ integrate out in the double
integrals (5.47), (5.48), expressed in the variables x⊥, ξ (in both integrals) and the
calculation of the probability flux density reduces to that in the one-dimensional
case. We obtain the probability flux density in the form (5.49)–(5.51), as asserted.

Exercise 5.14 (Details of the proof). Fill in the missing details of the proof. 2

Exercise 5.15 (The FPE is a conservation law). Prove that in analogy with (5.46),
the FPE in Rd

can also be written in a conservation law form. 2

5.3 Boundary behavior of diffusions

Diffusion processes often model particles confined to a given domain in space, for
example ions in biological cells. The behavior of the diffusion paths at the bound-
ary of the domain is often determined by physical laws, for example, ions cannot
penetrate biological cell membranes due to the much lower dielectric constant of
the lipid cell membrane (about ε = 2) than that of the intracellular salt solution
(about ε = 80). Sometimes diffusing trajectories that cross the boundary of a do-
main cannot return for a long time and can be considered instantaneously terminated
then and there. This can happen, for example, in modeling the diffusive motion of
an atom inside a molecule that collides thermally with other molecules. Due to
the collisions the atom, held by the chemical bond, can be displaced to a distance
at which the chemical bond is broken, thus dissociating from the molecule perma-
nently. In other situations the diffusing paths can be terminated at the boundary
with a given probability; for example, a diffusing protein can stick to a receptor on
the cell membrane, or continue its diffusive motion inside the cell. There are many
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more modes of boundary behavior of diffusion processes inside bounded domains
(see, e.g., [71], [161], [117]), so a theory of diffusion inside bounded domains with
different boundary behavior is needed.

The easiest way to define a diffusion process inside a given domain, with a
prescribed boundary behavior, is to run discrete computer simulations. The relevant
mathematical problems are the question of convergence, of the partial differential
equations that the transition probabilities and their functionals satisfy, of boundary
conditions for the partial differential equations, and the probability measures defined
in function space by the confined diffusions. The imposed boundary conditions on
the simulated trajectories are reflected in the pdf, in boundary conditions for the
FPE, but sometimes more complicated connections show up. And conversely, often
boundary conditions imposed on the FPE to express physical processes that occur at
the boundary (e.g., a reactive boundary condition that expresses a possible binding
of a molecule) can be expressed in terms of the boundary behavior of simulated
trajectories of a SDE. The Wiener path integral is a convenient tool for the study of
the duality between the boundary behavior of trajectories and boundary (and other)
conditions for the FPE, as discussed below.

5.4 Absorbing boundaries

The simplest simulation of the Itô dynamics

dx = a(x, t) dt+ b(x, t) dw for t > s, x(s) = x0, (5.53)

is the Euler scheme

xN (t+ ∆t) =xN (t) + a(xN (t), t)∆t+ b(xN (t), t) ∆w(t) (5.54)

xN (s) =x0.

Equation (5.54) defines xN (t) as a Markov chain (see Section 7.1). If the trajectories
of xN (t, ω) that start at x0 > 0 (and are determined by (5.54)), are truncated at the
first time they cross the origin, we say that the origin is an absorbing boundary.

Exercise 5.16 (Convergence of trajectories). Generalize the proof of Skorokhod’s
theorem 5.1.1 to Euler’s scheme with an absorbing boundary (see [224]). 2

The path integral corresponding to this situation is defined on the subset of tra-
jectories that never cross a from left to right. Thus the integration in the definition
(5.9) of the pdf does not extend over R, but rather is confined to the ray [0,∞).
That is, the pdf is given by

pN (x, t |x0, s) =

∞∫
0

dy1

∞∫
0

dy2 · · ·
∞∫
0︸ ︷︷ ︸

N−1

dyN−1

N∏
j=1

1√
2π∆t b(yj−1, tj−1)

× exp

{
− [yj − yj−1 − a(yj−1, tj−1)∆t]

2

2b2(yj−1, tj−1)∆t

}
, (5.55)
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where t0 = s, y0 = x0 and tN = t, yN = x. As in Chapter 5, we denote
pN (x, t) =

∫∞
0
pN (x, t |x0, s)p0(x0) dx0, where p0(x0) is a sufficiently smooth

test density with compact support on the positive axis.

Theorem 5.4.1. For every T > 0, the Wiener integral pN (x, t) converges to the
solution p (x, t) of the boundary value problem (5.129), (5.130) and

p (0, t) = 0 for t > 0, (5.56)

uniformly for all x > 0, s < t < T .

Proof. If x > 0, then the change of variables y = x − a(y, t)∆t + ηb(y, t)
√

∆t
maps the domain of integration from 0 < y <∞ unto the ray

−x− a(y, t)∆t
b(y, t)

√
∆t

< η <∞,

so integration can be extended to R with exponentially decaying error as ∆t → 0.
The proof of Theorem 5.2.1 then shows that the limit function p (x, t) satisfies
(5.129), (5.130). If, however, we set x = 0 in the expansion of the path integral
(5.55) that leads to (5.17), the change of variables maps the domain of integra-
tion onto only the half-line 0 ≤ η < ∞, rather than onto the entire line. The
value of the Gaussian integral over this domain is 1

2 , so assuming that the limit of
pN (x, t) → p (x, t) as N → ∞ exists, we obtain the identity p (0, t) = 1

2p (0, t),
which apparently implies that p (y, t) satisfies the boundary condition (5.56).

The pdf pN (y, t), however, does not necessarily converge to the solution p (y, t)
of (5.129), (5.130) with the boundary condition (5.56), uniformly up to the bound-
ary. More specifically, it is not clear that

lim
y→0

lim
N→∞

pN (y, t) = lim
N→∞

lim
y→0

pN (y, t), (5.57)

because, as is typical for diffusion approximations of Markovian jump processes
that jump over the boundary [133], [137], [135], [69], the convergence is not neces-
sarily uniform and typically, a boundary layer is formed. A boundary layer expan-
sion is needed to capture the boundary phenomena. To examine the convergence of
pN (y, t) near y = 0, we rewrite (5.55) as the integral equation

pN (y, t+ ∆t |x0)

=

∞∫
0

pN (x, t)√
4πσ(x, t)∆t

exp

{
− (y − x− a(x, t)∆t)2

4σ(x, t)∆t

}
dx, (5.58)

where σ(x, t) = 1
2b

2(x, t), and introduce the local variable y = η
√

∆t and the
boundary layer solution pbl(η, t) = pN (η

√
∆t, t |x0). Changing variable of inte-
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gration x = ξ
√

∆t in (5.58) gives

pbl(η, t+ ∆t)

=

∞∫
0

pbl(ξ, t)√
4πσ(ξ

√
∆t, t)

exp

−
[
η − ξ − a(ξ

√
∆t, t)

√
∆t
]2

4σ(ξ
√

∆t, t)

 dξ. (5.59)

The boundary layer solution has an asymptotic expansion in powers of
√

∆t

pbl(η, t) ∼ p
(0)
bl (η, t) +

√
∆t p(1)

bl (η, t) + ∆t p(2)
bl (η, t) + · · · . (5.60)

Expanding all functions in (5.59) in powers of
√

∆t and equating similar orders,
we obtain integral equations that the asymptotic terms of (5.60) must satisfy. The
leading-order O(1) term gives the Wiener–Hopf equation on the half-line [187]

p
(0)
bl (η, t) =

∞∫
0

p
(0)
bl (ξ, t)√
4πσ(0, t)

exp
{
− (η − ξ)2

4σ(0, t)

}
dξ, for η > 0. (5.61)

Integrating (5.61) with respect to η over R+
, changing the order of integration, and

changing variables to η = ξ + z on the right-hand side, we obtain

∞∫
0

p
(0)
bl (η, t) dη =

∞∫
0

p
(0)
bl (ξ, t)√
4πσ(0, t)

∞∫
−ξ

exp
{
− z2

4σ(0, t)

}
dz dξ

=

∞∫
0

p
(0)
bl (ξ, t)

1− 1√
4πσ(0, t)

∞∫
ξ

exp
{
− z2

4σ(0, t)

}
dz

 dξ,
hence

∞∫
0

p
(0)
bl (ξ, t)√
4πσ(0, t)

∞∫
ξ

exp
{
− z2

4σ(0, t)

}
dz dξ = 0. (5.62)

It follows that p(0)
bl (ξ, t) = 0, because all functions in (5.62) are continuous and

nonnegative.
Away from the boundary layer, the solution admits an outer expansion

pout(y, t) ∼ p
(0)
out (y, t) +

√
∆tp(1)

out (y, t) + · · · , (5.63)

where p(0)
out

order matching condition of the boundary layer and the outer solutions is

lim
η→∞

p
(0)
bl (η, t) = p

(0)
out (0, t),

(y, t) is yet an undetermined function that satisfies (5.13). The leading-
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so that p(0)
out (0, t) = 0. The limits are interchangeable and (5.57) holds, because

lim
y→0

lim
N→∞

pN (y, t) = p
(0)
out (0, t) = 0, lim

N→∞
lim
y→0

pN (y, t) = p
(0)
bl (0, t) = 0,

and so does the boundary condition (5.56).
The remainder of the proof follows that of Theorem 5.2.1. We extend pN (x, t)

to t off the lattice by an interpolation p̃N (x, t), as in (5.7) and (5.8). The boundary
layer expansion of p̃N (x, t) is similar to that of pN (x, t) and implies that for every
ε > 0 and T > 0 there is δ > 0, such that if 0 ≤ x < δ and t < T , then
p̃N (x, t) < ε, p (x, t) < ε, |p̃N (δ, t) − p (δ, t)| < 2ε, and p̃N (x, 0) − p (x, 0) =
p0(x)− p0(x) = 0. The maximum principle implies that |p̃N (x, t)− p (x, t)| < 2ε
for all x > δ, 0 < t < T . The convergence is uniform, because δ is arbitrarily
small.

Exercise 5.17 (Diffusion in an interval with absorbing boundaries). Generalize
Theorem 5.4.1 to diffusion in a finite interval with absorption at both boundaries.
Generalize Exercises 5.2–5.9 to this case. 2

Exercise 5.18 (Convergence of trajectories in d dimensions). Generalize the
proof of Skorokhod’s theorem 5.1.1 to Euler’s scheme in a domain D ⊂ Rd

with
an absorbing boundary. 2

Theorem 5.4.2. For every T > s ≥ 0 the pdf p∆t(y, t |x, s) of the Euler scheme

x(t+ ∆t) =x(t) + a(x(t), t)∆t+
√

2B(x(t), t) ∆w(t,∆t) (5.64)

xN (s) =x0,

where all trajectories are instantaneously terminated when they exit D, converges
in the limit ∆t→ 0 to the solution p (y, t |x, s) of the initial value problem for the
FPE, (5.23), (5.24), with the absorbing (Dirichlet) boundary condition

p (y, t |x, s) = 0 for y ∈ ∂D, x ∈ D. (5.65)

Exercise 5.19 (Proof of Theorem 5.4.2). Prove Theorem 5.4.2 by following the
steps

(i) Derive the Chapman–Kolmogorov equation

p∆t(y, t+ ∆tx0, s)

=
∫
D

p∆t(x, t |x0, s) dx

(2π∆t)d/2
√

detσ(x, t)
exp
{
−B(x,y, t)

2∆t

}
, (5.66)

where B(x,y, t) = [y − x− a(x, t)∆t]Tσ−1(x, t) [y − x− a(x, t)∆t], as in eq.
(5.21).

(ii) Generalize Exercises 5.2–5.9 to the integral (5.66).

(iii) Show that there is no boundary layer.
(iv) Use the maximum principle to prove convergence. 2
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5.4.1 Unidirectional flux and the survival probability

The trajectories absorbed at the boundary give rise to a unidirectional probability
flux from the domain into the boundary. The absorbing boundary condition (5.56)
implies that the pdf vanishes for all x ≥ 0 so that its right derivatives at the origin
vanish. It follows from eq. (5.43) that JRL(0, t) = 0. On the other hand, eqs. (5.35)
and (5.37) give

J(0, t) = JLR(0, t) = −∂σ(x, t)p (x, t)
∂x

∣∣∣∣
x=0

.

It follows that J(0, t) > 0, because σ(x, t) > 0 and p (x, t) > 0 for x < 0, but
p (0, t) = 0. This means that there is positive flux into the absorbing boundary
so that the probability of trajectories that survive in the region to the left of the
absorbing boundary,

∫ 0

−∞ p (x, t) dx, must be a decreasing function of time. This
can be seen directly from eq. (5.46) by integrating it with respect to x over the ray
(−∞, 0) and using the fact that limx→−∞ J(x, t) = 0,

d

dt

0∫
−∞

p (x, t) dx = −J(0, t) < 0. (5.67)

Equation (5.67) means that the total population of trajectories in the domain x < 0
decreases with time.

Definition 5.4.1 (The survival probability). The survival probability S(t |x, s) of
trajectories of

dx = a(x, t) dt+
√

2B(x, t) dw (5.68)

in a domain D at time t, that started at time s < t at a point x ∈ D, is the con-
ditional probability that the first passage time τ to the boundary ∂D of the domain
does not exceed t,

S(t |x, s) = Pr{τ > t |x, s) =
∫
D

p (y, t |x, s) dy, (5.69)

where the transition pdf p (y, t |x, s) of the process (5.68), with absorption in ∂D,
is the solution of the initial boundary value problem for the Fokker–Planck equation
(5.23), (5.24), (5.65).

The flux density vector J(y, t |x, s) in (5.50) reduces to

J i(y, t |x, s) = −
n∑
j=1

∂
[
σij(y, t)p (y, t |x, s)

]
∂yj

, (5.70)

where σ(x, t) = BT (x, t)B(x, t). The probability per unit time of trajectories
that are absorbed into a given surface S ⊂ ∂D is given by F =

∫
S
J(y, t |x, s) ·

n(y) dSy , which can be interpreted as the following
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Theorem 5.4.3 (Normal flux density at an absorbing boundary). The normal flux
density J(y, t |x, s) ·n(y) at point y of the absorbing boundary is the conditional
probability per unit surface area and per unit time, that passes through the surface
at the boundary point y at time t. Thus it is the conditional probability density (per
unit area) of stochastic trajectories absorbed at y at a given instance of time t > s,
given that they started at x at time s.

The survival probability and the probability distribution function of the first pas-
sage time τ to the boundary ∂D are related by the following

Theorem 5.4.4 (Survival probability and the first passage time). The MFPT to
the boundary after time s is

E[τ |x, s] =

∞∫
s

S(t |x, s) dt =

∞∫
s

∫
D

p (y, t |x, s) dy dt. (5.71)

Example 5.1 (Flux in 1-D). The one-dimensional Fokker–Planck equation has the
form pt = −Jy(y, t |x, s), where the one-dimensional flux is given by

J(y, t |x, s) = a(y, t)p (y, t |x, s)− [σ(y, t)p (y, t |x, s)]y .

At an absorbing boundary

J(y, t |x, s) = − [σ(y, t)p (y, t |x, s)]y

for x ∈ D and y ∈ ∂D, because p (y, t)|y∈∂D = 0. 2

Exercise 5.20 (The probability flux density of the Langevin equation). The in-
stantaneous unidirectional probability flux from left to right in the Langevin equa-
tion (5.28), JLR(x1, t), is usually defined in statistical mechanics as the integral of
Jx(x1, v, t) in (5.33) over the positive velocities, JLR(x1, t) =

∫∞
0
vp (x1, v, t) dv.

Show by the following steps that this integral actually represents the probability of
the trajectories that move from left to right across x1 per unit time.

(i) Prove that Jx(x, v, t) and Jv(x, v, t), given in (5.33), and are the probability flux
density densities in the phase plane.

(ii) Prove that the instantaneous unidirectional probability flux from left to right in
the Langevin equation (5.28) (or equivalently, (5.29)), at a point x1, is

JLR(x1, t)

= lim
∆t→0

1
∆t

x1∫
−∞

dξ

∞∫
x1

dx

∞∫
−∞

dη

∞∫
−∞

dv
1√

4εγπ∆t
p (ξ, η, t)δ(x− ξ − η∆t)

× exp

{
− [v − η − [−γη + f(ξ)]∆t]2

4εγ∆t

}
. (5.72)
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(iii) Integrate with respect to v to get (5.33),

JLR(x1, t) = lim
∆t→0

1
∆t

∫∫
x−η∆t<x1

p (x− η∆t, η, t) dη dx

= lim
∆t→0

1
∆t

∞∫
0

dη

x1∫
x1−η∆t

p (u, η, t) du =

∞∫
0

ηp (x1, η, t) dη (5.73)

(see [222]). 2

5.5 Reflecting and partially reflecting boundaries

The Fokker–Planck equation (5.23) in a domain D, written as

∂p (y, t |x, s)
∂t

= −∇y · J(y, t |x, s) for all y,x ∈ D, (5.74)

lim
t↓s

p (y, t |x, s) = δ(y − x), (5.75)

where the components of the flux vector J(y, t |x, s) are defined by

Jk(y, t |x, s)

= − ak(y, t)p (y, t |x, s) +
d∑
j=1

∂

∂yj

[
σj,k(y, t)p (y, t |x, s)

]
, (5.76)

with the partially absorbing boundary condition (radiation, reaction, Robin)

−J(y, t |x, s) · n = κ(y, t)p (y, t |x, s), for y ∈ ∂D, x ∈ D, (5.77)

is widely used in chemical and biological applications to express reactive bound-
aries. The underlying trajectories of the diffusing particles are believed to be par-
tially absorbed and partially reflected at the reactive boundary, however, the relation
between the reaction parameter κ(y, t) in the Robin boundary condition (5.77) and
the reflection probability is not well defined. In this section we define the partially
reflected process as a limit of the Markovian jump process generated by the Eu-
ler scheme for the underlying Itô dynamics (5.68) with partial boundary reflection.
Trajectories that cross the boundary at a point (x, t) are terminated with probability
P (x, t)

√
∆t and are otherwise reflected in a normal or oblique direction. We con-

sider here only the one-dimensional problem. Partial co-normal reflection in higher
dimensions is discussed in [214].
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5.5.1 Total and partial reflection in one dimension

The one-dimensional Robin problem for p = p (y, t |x, s) in R+
is

∂p

∂t
= − ∂[a(y, t)p]

∂y
+
∂2[σ(y, t)p]

∂y2
for x, y > 0, (5.78)

lim
t↓s

p = δ(y − x) for x, y > 0 (5.79)

−J(0, t |x, s) =κ(t)p (0, t |x, s) for x > 0, t > s, (5.80)

where

J(y, t |x, s) = a(y, t)p (y, t |x, s)− ∂[σ(y, t)p (y, t |x, s)]
∂y

, (5.81)

We abbreviate henceforward κ(t) = κ. The Dirichlet boundary condition (5.56) is
recovered from (5.80) if κ = ∞, and a no flux (reflecting) boundary condition

−J(0, t |x, s) = 0 for x > 0 t > s, (5.82)

is obtained if κ = 0 in (5.80), respectively.
Next, we construct an Itô equation

dx = a(x, t) dt+ b(x, t) dw (5.83)

in R+
with a totally or partially absorbing boundary at x = 0, whose pdf satisfies

(5.78)–(5.80). It is defined as the limit of the Markovian jump processes generated
by the Euler scheme for t > s

x∆t(t+ ∆t) =x∆t(t) + a(x∆t(t), t)∆t+ b(x∆t(t), t) ∆w(t,∆t) (5.84)

x∆t(s) =x (5.85)

for x∆t(t) ∈ R+
, for 0 ≤ t − s ≤ T , with ∆t = T/N, t − s = iT/N (i =

0, 1, . . . , N), where for each t the random variables ∆w(t,∆t) are normally dis-
tributed and independent with zero mean and variance ∆t. The partially absorbing
boundary condition for (5.84) has to be chosen so that the pdf p∆t(x, t) of x∆t(t)
converges to the solution of (5.78)–(5.80). At a partially reflecting boundary for
(5.84), the trajectories that cross the origin are instantaneously reflected with prob-
ability (w.p.) R(t), and are otherwise terminated (absorbed).

Exercise 5.21 (Convergence of trajectories). Generalize the proof of Skorokhod’s
theorem 5.1.1 to Euler’s scheme with a reflecting or partially reflecting boundary. 2

It is shown below that keeping R(t) independent of ∆t (e.g., R = 1
2 ) leads in

the limit ∆t→ 0 to the convergence of the pdf p∆t(x, t) to the solution of the FPE
with an absorbing rather than the Robin boundary condition. Thus the reflection
probability R(t) must increase to 1 as ∆t→ 0 in order to yield the Robin condition
(5.80). Moreover, the reactive “constant" κ(t) is related to the limit

lim
∆t→0

1−R(t)√
∆t

= P (t). (5.86)
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The absorbing boundary condition (5.56) is obtained for P = 1/
√

∆t → ∞, and
the no-flux (totally reflecting) boundary condition (5.82) is recovered for P (t) =
0. These considerations lead to the following simple boundary behavior for the
simulated trajectories that cross the boundary, identified by

x′ = x∆t(t) + a(x∆t(t), t)∆t+ b(x∆t(t), t) ∆w < 0,

namely,

x∆t(t+ ∆t) (5.87)

=
{
−(x∆t(t) + a(x∆t(t), t)∆t+ b(x∆t(t), t) ∆w) w.p. 1− P (t)

√
∆t

terminate trajectory otherwise.

We abbreviate notation henceforward by suppressing the dependence of P (t) on t.
The exiting trajectory is normally reflected with probability

R = 1− P
√

∆t (5.88)

and is otherwise terminated (absorbed). Choosing R = 0 recovers the absorb-
ing Euler scheme of Section 5.4 and choosing R = 1 gives total reflection at the
boundary. The scaling of the termination probability with

√
∆t reflects the fact that

the discrete unidirectional diffusion current at any point, including the boundary, is
O(1/

√
∆t) (see eq. (5.36)). This means that the number of discrete trajectories hit-

ting or crossing the boundary in any finite time interval ∆t increases as O(1/
√

∆t).
Therefore, to keep the efflux of trajectories finite as ∆t→ 0, the termination proba-
bility 1−R of a crossing trajectory has to be O(

√
∆t). The derivative of p∆t(x, t),

however, does not converge to that of the solution p (x, t) of (5.78)–(5.80) on the
boundary, as shown in the proof of Theorem 5.5.1 below. This is due to the forma-
tion of a boundary layer, as is typical for diffusion approximations of Markovian
jump processes that jump over the boundary, as mentioned in Section 5.4.

Note that when using (5.84) and other schemes, the pdf of the solution of (5.84),
(5.85) converges to the solution of the FPE (5.78) and the initial condition (5.79),
however, it does not satisfy the boundary condition (5.80), not even approximately.
For a general diffusion coefficient and drift term, the boundary condition is not sat-
isfied even for the case of a reflecting boundary condition. This problem plagues
other schemes as well. This apparent paradox is due to the nonuniform conver-
gence of p∆t(y, t |x, s) to the solution p (y, t |x, s) of the Fokker–Planck equa-
tion, caused by a boundary layer that p∆t(y, t |x, s) develops for small ∆t. The
limit p (y, t |x, s), however, satisfies the boundary condition (5.80). To derive the
Chapman–Kolmogorov equation (2.59) corresponding to the scheme (5.87), we note
that a trajectory of (5.87) can reach a point y ∈ R+

at time t+ ∆t in one time step
∆t in two ways. One is to reach it from a point x ∈ R+

and the other is to reach
it from the point x′ = x∆t(t) + a(x∆t(t), t)∆t + b(x∆t(t), t) ∆w < 0. In the
latter case the jump to y is contingent on the trajectory not being terminated at x′.
Thus, using abbreviated notation, the pdf p∆t(y, t |x, s) = p∆t(y, t) satisfies the
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the Chapman–Kolmogorov equation

p∆t(y, t+ ∆t) =

∞∫
0

p∆t(x, t)√
4πσ(x, t)∆t

[
exp

{
− (y − x− a(x, t)∆t)2

4σ(x, t)∆t

}

+ (1− P
√

∆t) exp

{
− (y + x+ a(x, t)∆t)2

4σ(x, t)∆t

}]
dx, (5.89)

where σ(x, t) = 1
2b

2(x, t). For P = 0 the pdf p∆t(y, t) satisfies the boundary
condition

∂p∆t(0, t)
∂y

= 0, (5.90)

which is obtained by differentiation of (5.89) with respect to y at y = 0. If P 6= 0,
we obtain

∂p∆t(0, t+ ∆t)
∂y

=
p∆t(0, t)P√

4πσ(0, t)
+O(

√
∆t), (5.91)

which in the limit ∆t→ 0 gives

∂p (0, t)
∂y

=
p (0, t)P√
4πσ(0, t)

. (5.92)

However, this is not the boundary condition that the limit function

p (y, t) = lim
∆t→0

p∆t(y, t)

satisfies. To find the boundary condition of p (y, t), in either case, we note that
p (y, t) satisfies the FPE (5.78) and the initial condition (5.79). We must have

0 =
d

dt

∞∫
0

p (x, t) dx = −∂[σ(0, t)p (0, t)]
∂y

+ a(0, t)p (0, t) = J(0, t), (5.93)

because for P = 0 the simulation preserves probability (the population of trajecto-
ries), which contradicts (5.90). The discrepancy between (5.93) and (5.90) is due to
the nonuniform convergence of p∆t(y, t) to its limit p (y, t) in the interval. There
is a boundary layer of width O(

√
∆t), in which the boundary condition (5.90) for

p∆t(y, t) changes into the boundary condition (5.93) that p (y, t) satisfies. Equation
(5.93) is the correct no-flux boundary condition (5.82).

Theorem 5.5.1 (Partially reflected diffusion). For every T > 0, the pdf p∆t(x, t)
of the Markovian jump process x∆t(t) generated by (5.84), (5.85), (5.87) converges
to the solution p (x, t) of the initial and boundary value problem (5.78)–(5.81), uni-
formly for all x > 0, s < t < T .
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Proof. We construct a uniform asymptotic expansion of the solution p∆t(y, t |x, s)
of (5.89) to examine its convergence to the solution p (y, t |x, s) of (5.78)–(5.80),
and to find the relation between the parameterP of (5.87) and the reactive “constant"
κ(t) in (5.80). To analyze the discrepancy between (5.90) and (5.93), we proceed as
in Section 5.4; that is, we introduce the local variable y = η

√
∆t and the boundary

layer solution
pbl(η, t) = p∆t(η

√
∆t, t). (5.94)

Changing variables x = ξ
√

∆t in the integral (5.89) gives

pbl(η, t+ ∆t)

=

∞∫
0

pbl(ξ, t)√
4πσ(ξ

√
∆t, t)

exp

−
(
η − ξ − a(ξ

√
∆t, t)

√
∆t
)2

4σ(ξ
√

∆t, t)


+ (1− P

√
∆t) exp

−
(
η + ξ + a(ξ

√
∆t, t)

√
∆t
)2

4σ(ξ
√

∆t, t)


 dξ. (5.95)

The boundary layer solution has an asymptotic expansion in powers of
√

∆t

pbl(η, t) ∼ p
(0)
bl (η, t) +

√
∆t p(1)

bl (η, t) + ∆t p(2)
bl (η, t) + · · · . (5.96)

Expanding all functions in (5.95) in powers of
√

∆t and equating similar orders,
we obtain integral equations that the asymptotic terms of (5.96) must satisfy. The
leading-order O(1) term gives on the half-line η > 0 the Wiener–Hopf equation

p
(0)
bl (η, t) (5.97)

=

∞∫
0

p
(0)
bl (ξ, t)√
4πσ(0, t)

[
exp
{
− (η − ξ)2

4σ(0, t)

}
+ exp

{
− (η + ξ)2

4σ(0, t)

}]
dξ.

To solve (5.97), we note first that the kernel

K(η, ξ) = exp
{
− (η − ξ)2

4σ(0, t)

}
+ exp

{
− (η + ξ)2

4σ(0, t)

}
(5.98)

is an even function of η and ξ; that is, K(η, ξ) = K(−η, ξ) = K(η,−ξ) =
K(−η,−ξ). Therefore, we extend p

(0)
bl (ξ, t) to the entire line as an even func-

tion (p(0)
bl (ξ, t) = p

(0)
bl (−ξ, t)), and rewrite (5.97) as the convolution equation on the

entire line −∞ < η <∞,

p
(0)
bl (η, t) =

∞∫
−∞

p
(0)
bl (ξ, t)√
4πσ(0, t)

exp
{
− (η − ξ)2

4σ(0, t)

}
dξ. (5.99)
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The Fourier transform of (5.99) shows that the only solution is the constant function;
that is, p(0)

bl (η, t) = f(t), independent of η.
Away from the boundary layer the solution has the regular (outer) expansion

pout(y, t) ∼ p
(0)
out (y, t) +

√
∆tp(1)

out (y, t) + · · · , (5.100)

where p(0)
out satisfies the Fokker–Planck equation (5.78) with the radiation bound-

ary condition (5.80). The matching condition of the boundary layer and the outer
solution is at leading order limη→∞ p

(0)
bl (η, t) = p

(0)
out (0, t), hence

p
(0)
bl (η, t) = p

(0)
out (0, t). (5.101)

The first-order matching condition gives

lim
η→∞

∂p
(1)
bl (η, t)
∂η

=
∂p

(0)
out (0, t)
∂y

, (5.102)

where the first-order boundary layer term is the solution of the integral equation

p
(1)
bl (η, t) =

5∑
j=1

Ij , (5.103)

where

I1 =

∞∫
0

p
(1)
bl (ξ, t)√
4πσ(0, t)

[
exp
{
− (η − ξ)2

4σ(0, t)

}
+ exp

{
− (η + ξ)2

4σ(0, t)

}]
dξ

I2 = − P

∞∫
0

p
(0)
bl (ξ, t)√
4πσ(0, t)

exp
{
− (η + ξ)2

4σ(0, t)

}
dξ

I3 =− σy(0, t)
2σ(0, t)

∞∫
0

p
(0)
bl (ξ, t) ξ√
4πσ(0, t)

[
exp
{
− (η − ξ)2

4σ(0, t)

}
+ exp

{
− (η + ξ)2

4σ(0, t)

}]
dξ

and

I4 =
σy(0, t)
4σ(0, t)2

∞∫
0

p
(0)
bl (ξ, t) ξ√
4πσ(0, t)

[
(η − ξ)2 exp

{
− (η − ξ)2

4σ(0, t)

}

+(η + ξ)2 exp
{
− (η + ξ)2

4σ(0, t)

}]
dξ

I5 =
2a(0, t)
4σ(0, t)

∞∫
0

p
(0)
bl (ξ, t)√
4πσ(0, t)

[
(η − ξ) exp

{
− (η − ξ)2

4σ(0, t)

}

−(η + ξ) exp
{
− (η + ξ)2

4σ(0, t)

}]
dξ.
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The last four integrals in (5.103) can be evaluated explicitly and together with
(5.101) give

p
(1)
bl (η, t)

=

∞∫
0

p
(1)
bl (ξ, t)√
4πσ(0, t)

[
exp
{
− (η − ξ)2

4σ(0, t)

}
+ exp

{
− (η + ξ)2

4σ(0, t)

}]
dξ (5.104)

− P

2
p
(0)
out (0, t) erfc

(
η

2
√
σ(0, t)

)
+
σy(0, t)− a(0, t)√

πσ(0, t)
p
(0)
out (0, t)

× exp
{
− η2

4σ(0, t)

}
.

Differentiating (5.104) with respect to η and integrating by parts, we obtain

∂p
(1)
bl (η, t)
∂η

(5.105)

=
1√

4πσ(0, t)

∞∫
0

∂p
(1)
bl (ξ, t)
∂η

[
exp
{
− (η − ξ)2

4σ(0, t)

}
− exp

{
− (η + ξ)2

4σ(0, t)

}]
dξ

+
P

2
√
πσ(0, t)

p
(0)
out (0, t)exp

{
− η2

4σ(0, t)

}
− σy(0, t)− a(0, t)

2
√
π σ(0, t)3/2

p
(0)
out (0, t)

× η exp
{
− η2

4σ(0, t)

}
,

which can be simplified by the substitution

g(η, t) =
∂p

(1)
bl (η, t)
∂η

− P

2
√
πσ(0, t)

p
(0)
out (0, t)exp

{
− η2

4σ(0, t)

}
(5.106)

to the more compact form

g(η, t) (5.107)

=φ(η, t) +
1√

4πσ(0, t)

∞∫
0

g(ξ, t)
[
exp
{
− (η − ξ)2

4σ(0, t)

}
− exp

{
− (η + ξ)2

4σ(0, t)

}]
dξ,

where the odd function φ(η, t) is defined as

φ(η, t) =
P√

8πσ(0, t)
p
(0)
out (0, t)exp

{
− η2

8σ(0, t)

}
erf

(
η√

8σ(0, t)

)

− σy(0, t)− a(0, t)
2
√
π σ(0, t)3/2

p
(0)
out (0, t) η exp

{
− η2

4σ(0, t)

}
. (5.108)
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The kernel in the integral equation (5.108) is also an odd function of η, so setting
g(η, t) = −g(−η, t) for η < 0 extends g(η, t) to the entire line as an odd function.
Thus (5.107) can be rewritten as the convolution equation

g(η, t) = φ(η, t) +
1√

4πσ(0, t)

∞∫
−∞

g(ξ, t)exp
{
− (η − ξ)2

4σ(0, t)

}
dξ, (5.109)

which is solved in Fourier space as

ĝ(k, t) =
φ̂(k, t)

1− exp[−σ(0, t)k2]
. (5.110)

Using the Wiener–Hopf method, as in Section (5.4), we decompose

ĝ(k, t) = ĝ+(k, t) + ĝ−(k, t), (5.111)

where g+(η) = g(η)χ[0,∞)(η), g−(η) = g(η)χ(−∞,0](η). The Fourier transform
ĝ(k, t) exists in the sense of distributions, and ĝ±(k, t) are analytic in the upper and
lower halves of the complex plane, respectively. Taylor’s expansion of φ̂(k, t) in eq.
(5.108) gives

φ̂(k, t) = 2ip(0)
out (0, t)

{
P
√
σ(0, t)√
π

− [σy(0, t)− a(0, t)]

}
k +O(k3) as k → 0.

The nonzero poles of (5.110) split evenly between ĝ+(k, t) and ĝ−(k, t), and using
ĝ+(k, t) = −ĝ−(−k, t), the pole at the origin gives

ĝ+(k, t) = ip
(0)
out (0, t)

{
P√

πσ(0, t)
− σy(0, t)− a(0, t)

σ(0, t)

}
1
k

+O(k) as k → 0.

Inverting the Fourier transform ĝ+(k, t), by closing the contour of integration around
the lower half plane, we obtain

lim
η→∞

∂p
(1)
bl (η, t)
∂η

= p
(0)
out (0, t)

{
P√

πσ(0, t)
− σy(0, t)− a(0, t)

σ(0, t)

}
. (5.112)

The matching condition (5.102) implies

∂p
(0)
out (0, t)
∂y

= p
(0)
out (0, t)

{
P√

πσ(0, t)
− σy(0, t)− a(0, t)

σ(0, t)

}
. (5.113)

Multiplying by σ(0, t) and rearranging, we obtain the radiation boundary condition

−J(0, t) =
∂

∂y

[
σ(0, t)p(0)

out (0, t)
]
− a(0, t)p(0)

out (0, t) =
P
√
σ(0, t)√
π

p
(0)
out (0, t).
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The reactive “constant" in (5.80) is

κ(t) =
P (t)

√
σ(0, t)√
π

, (5.114)

because p (y, t) = p
(0)
out (y, t). The proof of the convergence of p∆t(y, t |x, s) to

p (y, t |x, s) follows along the lines of the proof of Theorem 5.4.1.

5.5.2 Partially reflected diffusion in higher dimensions

Partially reflected diffusions in higher dimensions involve the geometry of the bound-
ary of the domain, the anisotropy of the diffusion tensor, and its spatial dependence.
The main result (see [214]) is as follows. Consider the Itô system

dx = a(x, t) dt+
√

2B(x, t) dw (5.115)

is in the half-space

D = {x ∈ Rd : x1 > 0}, (5.116)

with the unit inner normal n = (1, 0, . . . , 0)T , and diffusion tensor σ(x, t) =
B(x, t)BT (x, t), which is a positive definite differentiable matrix in D. The Euler
scheme for (5.115) is

x(t+ ∆t) =x(t) + a(x(t), t)∆t+
√

2B(x(t), t) ∆w(t,∆t) (5.117)

xN (0) =x0.

If x ∈ D, but x′ = x + a(x, t)∆t +
√

2B(x, t) ∆w(t,∆t) 6∈ D, the Euler
scheme for (5.115) with oblique reflection in ∂D reflects the point x′ with re-
spect to the boundary in the (variable) direction of the unit vector v(xB , t) =
(v1(xB , ), . . . , vn(xB , t))T , such that v(xB , t) ·n(xB , t) 6= 0 (i.e. v1(xB , t) 6= 0),
as

x′′ = x′ − 2x′1 v(xB , t)
v1(xB , t)

= x′ − x′1θ (5.118)

with

θ = θ (xB , t) = (θ1, . . . , θn)
T = 2

(
1,
v2(xB , t)
v1(xB , t)

, . . . ,
vn(xB , t)
v1(xB , t)

)T
. (5.119)

With this notation, define the Euler–Markov chain scheme with partial oblique re-
flection as follows. Setting x = x(t) and x′ = x+a(x, t)∆t+

√
2B(x, t) ∆w(t),

define

x(t+ ∆t) (5.120)

=


x′ if x ∈ D, x′ ∈ D
x′′ w.p.1− P (xB)

√
∆t if x ∈ D, x′ /∈ D

terminate trajectory w.p. P (xB)
√

∆t for x′ /∈ D.

Here x′′ is the oblique reflection of x′ in the direction of v (xB), given by (5.118).
The main result in this case is as follows (see [214]).
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Theorem 5.5.2 (Partially reflected diffusion). For given finite functions P (x) and
κ (x, t) defined on the ∂D, the pdf of (5.120) in the half-space D (5.116) converges
to the solution of the initial and boundary value problem (5.74)–(5.77) if and only if

P (xB , t) =
√

π

σ1,1(xB , t)
κ (xB , t) (5.121)

and

v (xB , t) =
σ (xB , t)n(xB)
|σ (xB , t)n(xB)|

. (5.122)

The application to general domains with curved boundaries is discussed in [214].
The particular case of totally reflecting boundary is described by the following the-
orem.

Theorem 5.5.3 (Reflected diffusion). The pdf p∆t(y, t |x, s) of the Markovian
jump process x∆t(t) generated by (5.120) with P (x, t) = 0 converges to the solu-
tion p (x, t) of the initial and boundary value problem (5.74)–(5.75) with the no-flux
(reflecting) boundary condition

J(y, t |x, s) · n(y) = 0 for y ∈ ∂D x ∈ D, (5.123)

uniformly for all x ∈ D, s < t < T for every T > 0.

The transition pdf p (y, t |x, s) of the solution x(t) of the Itô equation (5.19) in

Rd

equation (4.131). In the case of absorbing, partially, or totally reflecting boundaries

Theorem 5.5.4 (Absorbing boundary condition for the backward equation).
The transition pdf p (y, t |x, s) = lim∆t→0 p∆t(y, t |x, s) of the solution x(t) of
the Itô equation (5.19) in a sufficiently smooth domain D with absorbing, partially,
or totally reflecting boundary, satisfies with respect to the backward variables (x, s)
the backward Kolmogorov equation (4.131) in D and the boundary conditions for
y ∈ ∂D, x ∈ D,

p (y, t |x, s) = 0 (5.124)

−∂p (y, t |x, s)
∂ñ(x, s)

=κ(x, t)p (y, t |x, s) (5.125)

∂p (y, t |x, s)
∂ñ(x, s)

= 0, (5.126)

respectively, where ñ(x) is the co-normal vector ñ(x, s) = σ(x, s)n(x).

The co-normal derivative in (5.126) is spelled out as

∂p (y, t |x, s)
∂ñ(x, s)

=
d∑

i,j=1

ni(x)σij(x, s)
∂p (y, t |x, s)

∂xj
.

the pdf satisfies the following boundary conditions [214].

satisfies with respect to the backward variables (x, s) the backward Kolmogorov
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Exercise 5.22 (Mixed boundary conditions). Design an Euler simulation of a
stochastic differential equation in a domain D, whose boundary consists of an ab-
sorbing part ∂Da and a reflecting part ∂Dr. Prove convergence and find the bound-
ary conditions for the (defective) transition probability density function on ∂Da and
∂Dr. 2

Exercise 5.23 (Mixed boundary conditions for the backward Kolmogorov equa-
tion). Find the boundary conditions the transition probability density of the mixed
boundary problem of Exercise 5.22 satisfies with respect to the backward variables
on ∂Da and ∂Dr. 2

The following elementary theorem concerns the generalization of the definition
(4.115) of adjoint partial differential operators to include boundary conditions.

Theorem 5.5.5 (Adjoint boundary conditions). The Fokker–Planck operator Ly
defined in (4.114), with the absorbing, partially reflecting, or reflecting bound-
ary conditions (5.65), (5.77), or (5.123), respectively, is adjoint to the backward
Kolmogorov operator L∗

y defined in (3.68), with the boundary conditions (5.124),
(5.125), or (5.126), respectively, in the sense that∫
D

g(y)Lyf(y) dy = 〈Lyf, g〉L2 = 〈f, L∗yg〉L2 =
∫
D

f(y)L∗yg(y) dy (5.127)

for all sufficiently smooth functions f(y) in D that satisfy the boundary conditions
(5.65), (5.77), or (5.123), and all sufficiently smooth functions g(y) inD that satisfy
the boundary conditions (5.124), (5.125), or (5.126), respectively.

Proof. We consider, for simplicity, the case of time-independent coefficients and
reflecting boundary conditions (5.123) and (5.126). Writing∫

D

g(y)Lyf(y) dy = −
∫
D

g(y)∇ · J(y) dy

J i(y) = ai(y)f(y )−
d∑
j=1

∂
[
σij(y)f(y)

]
∂yj

and applying the divergence theorem, we find that∫
D

g(y)Lyf(y) dy = −
∮
∂D

g(y)J(y) · n dSy +
∫
D

J(y) · ∇g(y) dy

=
∫
D

J(y) · ∇g(y) dy,
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because of (5.123). Applying the divergence theorem once again, we obtain

∫
D

g(y)Lyf(y) dy =
∮
∂D

f(y)
d∑
i=1

d∑
j=1

ni(y)σij(y)
∂g(y)
∂yj

dSy

+
∫
D

f(y)L∗yg(y) dy.

It follows that (5.127) holds for all smooth functions f(y) in D that satisfy (5.123)
if and only if the functions g(y) satisfy the boundary condition (5.126).

Exercise 5.24. (Derivation of total and partial reflection from a potential).

(i) Can a no flux boundary condition be derived as a limit of diffusion in a potential
field?

(ii) Can a partially reflecting boundary condition be derived from diffusion in a
potential field with killing? (See discussion after the proof of the Feynman–Kac
formula Theorem 4.4.2.) 2

5.5.3 Discontinuous coefficients

If the coefficients in the Fokker–Planck equation suffer a jump discontinuity across a
smooth surface S, the solution is determined from the continuity condition p|S+ =
p|S− and the flux conservation law J · ν|S+ = J · ν|S− . Note that stochastic
differential equations with jump discontinuities with respect to the spatial variables
in the coefficients are not well defined. The theorem of existence and uniqueness
requires the Lipschitz condition. Thus this is a problem in continuum theory, not in
stochastic differential equations.

5.5.4 Diffusion on a sphere

If the solution of a two-dimensional stochastic differential equation stays on a circle;
that is, x2(t)+y2(t) = r2, where r = const., a transformation to polar coordinates,
x(t) = r cos θ(t), y(t) = r sin θ(t), defines θ(t) as a diffusion process (through
Itô’s formula). The pdf of θ(t) is a 2π-periodic function of θ. The solution of the
corresponding Fokker–Planck equation is then periodic and so is the flux. Similarly,
if the solution stays on a sphere, the solution of the Fokker–Planck equation and
the corresponding flux are defined on the sphere and are required to be periodic
functions of the spherical coordinates [193].

Exercise 5.25 (The diffusion equation on a Riemannian manifold [234], [171],
[14]). Write the diffusion equation on a Riemannian manifold using the Laplace–
Beltrami operator. 2
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5.6 The Wiener measure induced by SDEs

The solution of x(t) of the SDE

dx = a(x, t) dt+ b(x, t) dw, x(0) = x0 (5.128)

is a Markov process, so its multidimensional density is determined uniquely by the
transition probability density function p (y, t |x, s), which is the solution of the FPE

∂p (y, t |x, s)
∂t

=
1
2
∂2
[
b2(y, t)p (y, t |x, s)

]
∂y2

− ∂ [a(y, t)p (y, t |x, s)]
∂y

(5.129)

with the initial condition

lim
t↓s

p (y, t |x, s) = δ(y − x). (5.130)

We can use it to construct a Wiener measure on the space of continuous functions
(trajectories) in analogy to that constructed in Section 2.2.1. The cylinder sets are
defined as

C(t1, . . ., tK ; I1, . . ., IK) = {ω ∈ Ω |x(t1, ω) ∈ I1, . . . , x(tK , ω) ∈ IK}.

These are the same cylinder sets as in Section 2.2.1, but they are assigned different
probabilities. Specifically, we define the measure of a cylinder as the discrete path
integral

Pr{C(t1, . . ., tK ; I1, . . ., IK)}

=
∫
I1

· · ·
∫
IK

K∏
j=1

p (yj , tj | yj−1, tj−1) dyj . (5.131)

The transition probability density function p (y, t |x, s) satisfies the CKE (2.59), so
the consistency condition

C
(
t1, . . . , tK ; I1, I2, . . . , Ij = R, . . . , IK

)
=C (t1, ...tj−1, tj+1, . . . , tK ; I1, I2, . . . , Ij−1, Ij+1, . . . , IK)

is satisfied.
Using Theorem 5.2.1, we can write each factor p (yj , tj | yj−1, tj−1) in (5.131)

as a limit. More specifically, we partition each interval [tj−1, tj ] (j = 1, 2, . . . ,K)
by the points tj−1 = t

(0)
j < t

(1)
j < · · · < t

(Nj)
j = tj such that ∆tk,Nj

= t
(k)
j −

t
(k−1)
j = (tj − tj−1)/Nj → 0 as Nj →∞ and write each pdf as the path integral

p (yj , tj | yj−1, tj−1)

= lim
Nj→∞

∫ ∫
· · ·
∫

︸ ︷︷ ︸
Nj−1

Nj−1∏
l=1

dzl

Nj∏
k=1

1√
2π∆tk,Nj b

(
zk−1, tk−1,Nj

)

× exp

{
−
[
zk − zk−1 − a

(
zk−1, tk−1,Nj

)
∆tk−1,Nj

]2
2b2
(
zk−1, tk−1,Nj

)
∆tk,Nj

}
, (5.132)
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with zNj = yj , z0 = yj−1, which can be used in (5.131). We denote by Pra,b{A}
the extension of this probability measure from cylinders to any set A in F . The case
where a(x, t) and b(x, t) are adapted stochastic processes is handled in a similar
manner [84], [76].

For example, consider a stochastic process ξ(t, ω) adapted to Ft and define
the Itô integral y(t, ω) =

∫ t
0
ξ(s, ω) dw(s, ω) by the Itô dynamics dy(t, ω) =

ξ(t, ω) dw(t, ω) in the sense of the corresponding Wiener measure Pr0,ξ{A} de-
fined above. The Wiener measure defined in Chapter 2 is Pr{A} = Pr0,1{A}.
Integrals with respect to dPra,b{ω} of measurable functions on Ω can now be de-
fined, as described in Chapter 2.

The driftless case a(x, t) = 0 in the stochastic dynamics (5.128) has important
applications in the theory of games of chance, including the stock market and the
theory of pricing financial derivatives [178]. Here, this particular case is presented
as an application of the Wiener measure.

In the case a(x, t) = 0, the stochastic dynamics (5.128) is

dx = b(x, t) dw; (5.133)

that is, ẋ(t, ω) is noise, whose intensity b(x, t) is state- and time-dependent.

Lemma 5.6.1. Driftless diffusions are martingales.

Proof. Obviously, x(t) = x(t0) +
∫ t
t0
b(x(s), s) dw(s) and thus x(t) is an Itô inte-

gral.

The Wiener measure Pr0,b{A} generated by a driftless diffusion is called a mar-
tingale measure in Ω. If x(t, ω) represents the possible outcomes of a game of
chance, the martingale property expresses its “fairness” in the sense that the game
is not biased in favor of any of the players. For example, a well-known fact is that
the game of tossing a fair coin is a martingale. Changing the Wiener measure into
an equivalent martingale measure has several important applications.

The constructions of different Wiener measures in Ω, be it for the Brownian
motion or for the stochastic dynamics (5.128), raise the question of the relationship
between different measures in Ω. An important result is Girsanov’s lemma [86],
which asserts that the measures in Ω corresponding to different drift coefficients,
but the same (strictly positive) diffusion coefficient, are equivalent in the sense that
the density of one can be obtained from that of the other by multiplication by a
positive random variable. In particular, it asserts that the drift term in eq. (5.128)
can be eliminated by such a change of measure. This means that for every stochastic
process defined by (5.128) there exists an equivalent measure with respect to which
the process is a martingale. A well-known fact in the continuous theory of pricing
financial derivatives is that there exists a martingale measure on the space Ω of
possible paths of the discounted stock price (see [178] for a full exposition). The
Nobel Prize in economics was awarded in 1997 to Scholes and Merton for making
this fact known and taking advantage of it in developing the Black–Scholes formula
and its applications.
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We restrict below the space Ω to continuous functions on a given interval 0 ≤
t ≤ T .

Theorem 5.6.1 (Girsanov). Assume a(x, t) and b(x, t) are sufficiently smooth func-
tions that satisfy the conditions of the existence and uniqueness theorems for (5.128),
b(x, t) > 0, and x(t, ω) is the solution of (5.128) with a(x, t) = 0. Assume that
Novikov’s condition 3.3.1 is satisfied for a(x(t, ω))/b2(x(t, ω)). Then the Wiener
measures Pra,b{A}, induced in the function space Ω by (5.128), and Pr0,b{A},
induced by (5.128) with a(x, t) = 0, are equivalent and

dPra,b{ω} = X(T, ω) dPr0,b{ω}, (5.134)

where

X(T, ω) (5.135)

= exp

−
T∫

0

ξ(s, x(s, ω)) dw(s, ω)− 1
2

T∫
0

b2(x(s, ω), s)ξ2(s, x(s, ω)) ds


and

b2(x, t)ξ(t, x) = −a(x, t). (5.136)

The random variable X(T, ω) is positive and

EX(T, ω) =
∫
Ω

X(T, ω) dPr0,b{ω} = 1. (5.137)

Proof. Condition (5.137) means that
∫
Ω
dPra,b{ω} = 1, as required from a prob-

ability density function. We consider random variables of the form (5.135) and
denote by Pra,b{ω} the measure defined by the right-hand side of eq. (5.134) with
the random variable (5.135) (in this notation we suppress the dependence of the
measures on T ). Note that ξ(t, x(t, ω)) and b2(x(t, ω), t) are functions of the tra-
jectory ω. Thus, for any realization of ω such that ω(tk) = yk for k = 0, 1, . . . ,K,
the realization of the approximation xN (t, ω) depends on the values of yk such that
tk ≤ t.

First, we have to verify that condition (5.137) is satisfied. To this end, we define
0 = t0 < t1 < t2 < · · · < tN+1 = T such that ∆tk = tk+1 − tk → 0 as N →∞
and calculate the expectation by means of the path integral

EX(T, ω)

=
∫
Ω

X(T, ω) dPr0,b{ω} = lim
N→∞

∫ ∫
· · ·
∫

︸ ︷︷ ︸
N

N∏
k=1

dyk√
2π∆tk b(yk−1, tk−1)

× exp
{
−ξ(tk−1, yk−1)(yk − yk−1)−

b2(yk−1, tk−1)ξ2(tk−1, yk−1)
2

∆tk

}
× exp

{
− (yk − yk−1)2

2b2(yk−1, tk−1)∆tk

}
. (5.138)
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Completing the exponent to a square, we get from (5.138) that

EX(T, ω) = lim
N→∞

∫ ∫
· · ·
∫

︸ ︷︷ ︸
N

N∏
k=1

dyk√
2π∆tk b(yk−1, tk−1)

× exp

{
−
[
yk − yk−1 + ∆tkb2(yk−1, tk−1)ξ(tk−1, yk−1)

]2
2b2(yk−1, tk−1)∆tk

}
= 1,

as asserted.
According to (5.131) and (5.132), the measure assigned to a cylinder by the

right-hand side of (5.134) is the path integral

Pr{C(t1, . . ., tK ; I1, I2, . . ., IK)} (5.139)

=
∫
I1

∫
I2

· · ·
∫
IK

K∏
j=1

lim
minj{Nj}→∞

∫ ∫
· · ·
∫

︸ ︷︷ ︸
Nj−1

Nj−1∏
m=1

dzm

× dyj√
2π∆tj b (yj−1, tj−1)

1√
2π∆tm,Nj

b
(
zm−1, tm−1,Nj

)
× exp

{
−
[
zm − zm−1 − a

(
zm−1, tm−1,Nj

)
∆tm−1,Nj

]2
2b2
(
zm−1, tm−1,Nj

)
∆tm,Nj

}

× exp

{
−
[
yj − yj−1 + ∆tjb2 (yj−1, tj−1) ξ (tj−1, yj−1)

]2
2b2 (yj−1, tj−1) ∆tj

}
.

If ξ in (5.139) is chosen as in (5.136), then for 0 ≤ t ≤ T ,

Pr{C(t1, . . ., tK ; I1, I2, . . ., IK)}

=
∫
I1

∫
I2

· · ·
∫
IK

lim
minj{Nj}→∞

∫ ∫
· · ·
∫

︸ ︷︷ ︸
Nj−1

Nj−1∏
m=1

dzm

×
K∏
j=1

dyj√
2π∆tj b (yj−1, tj−1)

1√
2π∆tm,Nj b

(
zm−1, tm−1,Nj

)
× exp

{
−
[
zm − zm−1 − a

(
zm−1, tm−1,Nj

)
∆tm−1,Nj

]2
2b2
(
zm−1, tm−1,Nj

)
∆tm,Nj

}

× exp

{
− [yj − yj−1 −∆tja (yj−1, tj−1)]

2

2b2 (yj−1, tj−1) ∆tj

}
. (5.140)

The probability (5.140) is identical to (5.131), which is the measure assigned to the
cylinder
C(t1, . . ., tK ; I1, I2, . . ., IK) by the measure Pra,b{·}, whenever 0 ≤ t1 < · · · <
tK ≤ T .
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Obviously, the inverse substitution to (5.134),

dPr0,b{ω} =
dPra,b{ω}
X(T, ω)

, (5.141)

converts the dynamics (5.128) to the driftless (5.133) in the sense that the Wiener
measure for (5.128) is transformed to that for (5.133) on the interval [0, T ].

Exercise 5.26 (Change of MBM). Show that the measure Pra,1{ω}{·}, corre-
sponding to the case b = 1 in (5.128), assigns to the process

w̃(t, ω) = w(t, ω)−
t∫

0

ξ(s, x(s, ω)) ds (5.142)

the Wiener path integral

Pr{C(t1, . . . , tn; I1, . . . , In)}

=
∫
I1

· · ·
∫
In

n∏
k=1

dxk√
2π(tk − tk−1)

exp
{
− (xk − xk−1)2

2(tk − tk−1)

}
; (5.143)

that is, for each fixed T , the process w̃(t, ω) is a MBM in the probability space
(Ω, FT ,Pra,1,T {·}) in the interval [0, T ] in the sense that the measure Pra,1,T {·} as-
signs to the cylinders {ω ∈ Ω | w̃(t1, ω) ∈ I1, . . . , w̃(tK , ω) ∈ IK} the same prob-
ability that the Wiener measure (5.143) assigns to the cylinders {ω ∈ Ω |w(t1, ω) ∈
I1, . . . , w(tK , ω) ∈ IK}. 2

Exercise 5.27 (The Radon–Nikodym derivative). Use Itô’s formula to show that
the Radon–Nikodym derivative X(T, ω) = dPa,b(ω)/dP0,b(ω) in (5.135) satisfies
the Itô equation

dX(t, ω) = −X(t, ω)ξ(t, x(t)) dw(t, ω). (5.144)

2

5.7 Annotations

This chapter is based on [222], [165], and [223]. It is concerned with the con-
vergence of the partially reflecting Markovian jump process generated by (5.84),
(5.87) in one and higher dimensions. It shows that the partially reflecting Euler
scheme, with the additional requirement that the pdf converges to the solution of
the FPE with a given Robin boundary condition, defines a unique diffusion process
with partial reflection at the boundary. In contrast to the Collins and Kimball dis-
crete scheme [43], this definition is not restricted to lattice points and to constant
drift and diffusion coefficients. From the theoretical point of view, (5.87) serves
as a physical interpretation for the behavior of diffusive trajectories near a reactive
boundary.
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The definition of probability flux densities for diffusions and the decomposition
of the net flux into its two unidirectional components, as presented in Section 5.2.3,
was done in [165], [222]. The recursion (5.9) was used in [120]. The definition of
the Itô stochastic dynamics (5.1) on the positive axis with total or partial reflection
at the origin was given first by Feller [72] for the one-dimensional case with a(x, t)
and b(x, t) independent of t, as a limit of processes, which are terminated when they
reach the boundary or moved instantaneously to a point x = ρj > 0 with probability
pj . When pj → 1 and ρj → 0 with limj→∞(1− pj)/ρj = c, where c is a constant,
the partially reflected process converges to a limit. The pdf of the limit process was
shown to satisfy the initial value problem for the Fokker–Planck equation with the
radiation boundary condition (5.80), where k is a constant related to the constant
c and to the values of the coefficients at the boundary. The no flux and Dirichlet
boundary conditions are recovered if c = 0 or c = ∞, respectively. Feller’s method
does not translate into a Brownian dynamics simulation of the limit process.

The FPE with radiation (also called reactive or Robin) boundary conditions is
widely used to describe diffusion in biological cells with chemical reactions on the
membrane [145], [253], [239], [10], [21], [176], [230]. The derivation of the radi-
ation condition has a long history. Collins and Kimball [43] (see also [89]) derived
the radiation boundary condition (5.80) for the limit p (x, t) = limN→∞ pN (x, t)
from an underlying discrete random walk model on a semi-infinite one-dimensional
lattice with partial absorption at the endpoint. This model assumes constant dif-
fusion coefficient and vanishing drift, for which a reactive constant is found and
expressed in terms of the absorption probability and the diffusion coefficient. The
present scheme, in contrast, allows the jumps not to be restricted to lattice points
and the drift and diffusion coefficient to vary. Moreover, a different relation is
found between the reactive constant and the absorption probability. Other simu-
lation schemes that recover the Robin boundary condition [145], [83] make use of
the explicit solution to the half space FPE with linear drift term and constant diffu-
sion coefficient with a Robin condition. The advantage of the scheme (5.87) is its
simplicity, which is both easily and efficiently implemented and amenable to anal-
ysis. There is no need to make any assumptions on the structure of the diffusion
coefficient or the drift. From the theoretical point of view, it serves as a physi-
cal interpretation for the behavior of diffusive trajectories near a reactive boundary.
Moreover, (5.87) is a natural generalization of the specular reflection method near
a reflecting boundary, which has been shown to be superior to other methods, such
as rejection, multiple rejection, and interruption [238, and references therein]. The
scheme (5.87) is generalized in [214] to diffusion in higher dimensions with partial
co-normal reflection at the boundary, as summarized in Section 5.5.1.

The analysis of this chapter can be extended to other schemes in a pretty straight-
forward way. The appearance of a boundary layer should come as no surprise. It
is well known that the Euler scheme produces an O(

√
∆t) error in estimating the

mean first passage time to reach an absorbing boundary. There are several recipes to
reduce the discretization error to O(∆t) [11], [103], [163], [164]. Another manifes-
tation of the boundary layer is that the approximation error of the pdf near absorbing
or reflecting boundaries is O(

√
∆t), and improved methods, including [145], [201],
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reduce this error to O(∆t). Thus, we expect the formation of a boundary layer of
size O(

√
∆t) for the Euler scheme (5.84) with the boundary behavior (5.87).

The formation of spurious boundary layers in semi-continuous simulations is
discussed in [222] and [214], where a special treatment of the simulation near the
boundary is proposed to avoid this phenomenon. In contrast, a fully discrete sim-
ulation, for example, a random walk on a semi-infinite or finite one-dimensional
lattice does not require special boundary treatment [43], [212]. The disadvantage
of the fully discrete random walk simulations is their low computational efficiency.
The relation ∆t = (∆x)2/2b2 for the diffusion limit, which the random walk must
satisfy, enforces the adoption of a small time step ∆t for a given space resolution
∆x. The same space resolution can be achieved with the Euler scheme with a larger
time step, because the jumps are arbitrary in size rather than confined to the lattice.
Indeed, the need for many iterations of the discrete random walk to approximate a
single normally distributed jump of the Euler scheme is a consequence of the law
of large numbers (see Exercise 7.6). Also the connection between the termination
probability and the radiation constant is not the same in the two schemes.

The stochastic model (5.1) appears in many applications and improved dis-
cretization schemes have been proposed to ensure a higher-order convergence rate
than that of the Euler scheme (5.84) (see [174], [175], [132]). We note that replacing
the Euler scheme with such a higher-order scheme reproduces the Robin boundary
condition as long as the boundary behavior (5.87) is preserved.

Skorokhod [224] defines the reflection process inside the boundary. Several
numerical schemes have been proposed for evaluating this process (see, e.g., [224],
[7], [149], [44]). The main issue there is to approximate the local time spent on the
boundary. The convergence of the pdf of an Euler scheme has been studied in [88],
[28] for the higher-dimensional problem with oblique reflection. Bounds on the
integral norm of the approximation error are given for the solution of the backward
Kolmogorov equation. These, however, do not resolve the boundary layer of the pdf
of the numerical solution so that a boundary layer expansion is needed to capture
the boundary phenomena.

The explicit solution was first given by Bryan in 1891 [31] (see [37, §14.2, p.
358]) by the method of images. The Laplace transform method was later employed
[145], [3] to obtain the explicit solution, which reduces for k = 0 to Smoluchowski’s
[227] explicit analytical solution for a reflecting boundary with a constant drift term,
whereas setting a = 0 reduces it to Bryan’s solution.

Note that the transition pdf p (y, t |x, s) of a problem with total or partial ab-
sorption at the boundary is not normalized to 1 and actually decays to zero with
time. This is due to the fact that more trajectories get absorbed in the boundary as
t increases. In contrast, the conditional transition pdf of the surviving trajectories is
normalized to 1 at all times.

Path integrals and measures in function space are discussed in several books,
such as [211], [76], [129], [241]. The present approach is taken from [165]. Cameron
and Martin [34] have established results similar to Girsanov’s theorem for nonlinear
transformations of Brownian motion.



Chapter 6

The First Passage Time of
Diffusions

6.1 The FPT and escape from a domain

The basic statistical properties of the FPT from a point to the boundary of a given
domain were investigated in Chapter 4.4 by means of equations derived from Itô’s
formula and Kolmogorov’s representation formulas. The PDF of the FPT was dis-
cussed in Section 4.4.3, its moments were discussed in Section 4.4.1, and the exit
distribution in Section 4.4.2.

We consider, again, a system of Itô stochastic differential equations in a domain
D,

dx = a(x, t) dt+
√

2B(x, t) dw for t > s, x(s) = x, (6.1)

but assume in this section that a(x, t) and B(x, t) are independent of t. We adopt
here a different, more direct approach to the investigation of the statistical properties
of the FPT than that in Chapter 4.4. We assume in this chapter that p (y, t |x, s) is
the solution of the initial and boundary value problem for the FPE

∂p (y, t |x, s)
∂t

=Lyp (y, t |x, s) for x,y ∈ D (6.2)

lim
t↓s

p (y, t |x, s) = δ(y − x) for x,y ∈ D

p (y, t |x, s) = 0 for x ∈ D, y ∈ ∂D.

We recall that it is also the solution of the terminal and boundary value problem for
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the BKE (see Section 4.6)

∂p (y, t |x, s)
∂s

=− L∗xp (y, t |x, s) for x,y ∈ D, s < t (6.3)

lim
s↑t

p (y, t |x, s) = δ(x− y) for x,y ∈ D

p (y, t |x, s) = 0 for y ∈ D, x ∈ ∂D.

As mentioned in Section 5.4.1 (Theorem 5.4.4), the solution of the Fokker–Planck
equation with absorbing boundary conditions is the joint transition probability den-
sity and the probability that the FPT to the boundary, τ , exceeds t, as given in (5.69),

p (y, t |x, s) dy = Pr {x(t) = y+ dy, τ > t |x(s) = x} .

It follows that the complementary PDF of the FPT is the marginal distribution

Pr { τ > t |x(0) = x} =
∫
D

Pr {x(t) = y+ dy, τ > t |x(0) = x}

=
∫
D

p (y, t |x, 0) dy. (6.4)

When trajectories of (6.1) are absorbed at the boundary, the total population of
trajectories in the domain D decreases in time. To make this notion mathematically
meaningful, we define

Definition 6.1.1 (Total population). The total population inD at time t of trajecto-
ries the dynamics (6.1) with absorption at ∂D, that started at x ∈ D at and earlier
time s is defined as

N(x, t | s) =
∫
D

p (y, t |x, s) dy. (6.5)

The functionN(x, t | s) is identical to the conditional survival probability S(t |x, s).

Thus (5.69) means that

N(x, t | s) =
∫
D

p (y, t |x, s) dy =Pr { τ > t |x(s) = x} ; (6.6)

that is, N(x, t | s) is the probability of a trajectory that starts at x to survive beyond
time t. Recall that the pdf p (y, t |x, s) is the solution of the forward (Fokker–
Planck) and backward Kolmogorov equations (4.116), (4.131) with the initial and
terminal conditions p (y, s |x, s) = 0 for y ∈ ∂D, x ∈ D and x ∈ ∂D, y ∈ D,
respectively. To simplify notation, we assume s = 0 and drop this variable.

Definition 6.1.2 (Instantaneous absorption rate). The instantaneous relative rate
of change of the population of trajectories in D that started at x is defined as

κ(x, t) = −Ṅ(x, t)
N(x, t)

. (6.7)
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Theorem 6.1.1 (Rate is the ratio of flux to population).

κ(x, t) =
F (x, t)
N(x, t)

. (6.8)

Proof. Using the definition (6.5) and the Fokker–Planck equation (6.2), we find that

Ṅ(x, t) =
∫
D

∂

∂t
p (x, t) dy = −

∫
D

∇ · J(x, t) dy = −
∮
∂D

J(x, t) · ν(x, t) dSy

= −F (x, t),

where F (x, t) is the total probability flux out of D. Hence (6.8) follows.

Next, we relate the rate to the MFPT.

Theorem 6.1.2 (MFPT and total population).

E [τ |x(0) = x] =

∞∫
0

N(x, t) dt. (6.9)

Proof. Integrating by parts, we obtain

E [τ |x(0) = x] =

∞∫
0

tdt [Pr { τ < t |x(0) = x} − 1]

=

∞∫
0

Pr {τ > t |x(0) = x} dt

=

∞∫
0

dt

∫
D

p (y, t |x, 0) dy =

∞∫
0

N(x, t) dt.

Theorem 6.1.3 (Quasi steady-state rate and eigenvalues). If D is a bounded do-
main, ∂D has a piecewise continuous normal, and L∗ (in eq. (4.131)) is a uni-
formly elliptic operator with sufficiently smooth coefficients in D, then the “steady-
state” rate is the principal eigenvalue of the Fokker–Planck operator with absorbing
boundary conditions.

Proof. The Fokker–Planck equation can be solved by separation of variables,

p (y, t |x) =
∞∑
n=1

ψ̄n(x)φn(y)e−λnt,

where λn, φn(y) are the eigenvalues and eigenfunctions of the forward Kolmogorov
operator (Fokker–Planck), defined in eq. (4.116), respectively,

Lφn(y) = −λnφn(y) for y ∈ D, φn(y) = 0 for y ∈ ∂D
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and those of the backward Kolmogorov operator are

L∗ψn(x) = −λ̄nψn(x) for x ∈ D, ψn(x) = 0 for x ∈ ∂D.

The eigenfunctions form a biorthogonal set∫
D

ψ̄n(y)φm(y) dy = δm,n.

It is known that λ1 > 0 and φ1(y) > 0 in D and λ1 is a simple eigenvalue. It
follows that

N(x, t) =
∫
D

p (y, t |x) dy =
∞∑
n=1

ψ̄n(x)
∫
D

φn(y) dy e−λnt, (6.10)

hence

Ṅ(x, t) = −
∞∑
n=1

λnψ̄n(x)
∫
D

φn(y) dy e−λnt

and

κ(x, t) = −Ṅ(x, t)
N(x, t)

=

∞∑
n=1

λnψ̄n(x)
∫
D

φn(y) dy e−λnt

∞∑
n=1

ψ̄n(x)
∫
D

φn(y) dy e−λnt

.

It follows that
κ = lim

t→∞
κ(x, t) = λ1. (6.11)

Theorem 6.1.4 (The quasi-steady-state). The steady-state pdf of the surviving tra-
jectories is the (normalized) first eigenfunction φ1(y) and the steady-state MFPT is
λ−1

1 .

Proof. Equation (6.10) gives

E [τ |x(0) = x] =

∞∫
0

N(x, t) dt =
∞∑
n=1

λ−1
n ψ̄n(x)

∫
D

φn(y) dy. (6.12)

To interpret this result, we note that the probability that x(t) is observed at the point
y at time t0 >> 1 is p (y, t0 |x). From eq. (6.4), we find that the probability that
this occurs, given that the trajectory has survived, is

pC(y, t0 |x) =
p (y, t0 |x)∫

D

p (y, t0 |x) dy
,
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hence

lim
t0→∞

pC(y, t0 |x) =
φ1(y)∫

D

φ1(y) dy
. (6.13)

The pdf of x(t) at time t0 + t, given that the trajectory survived beyond time t0,
where t0 is very large (such that λ1t0 >> 1) is therefore the solution of the Fokker–
Planck equation with the initial condition (6.13) given at time t0. Thus

pC(y, t) = lim
t0→∞

p (y, t0 + t | τ > t0) =
φ1(y)∫

D

φ1(y) dy
e−λ1t.

It follows that the conditional MFPT after a long time t0 is given by

lim
t0→∞

E [τ − t0 | τ > t0] =

∞∫
0

∫
D

pC(y, t) dy dt =

∞∫
0

∫
D

φ1(y)∫
D

φ1(y) dy
e−λ1t dy dt

=
1
λ1

=
1
κ
, (6.14)

where κ is the steady-state rate (6.11).

6.2 The PDF of the FPT

An alternative proof of Theorem 4.4.5, based on the representation (6.6), is given
below.

Proof. Assume first that the problem is autonomous; then

v(x, t) = Pr {τ > t |x(0) = x}

and differentiation with respect to t leads to

∂v(x, t)
∂t

=
∫
D

∂p (y, t |x)
∂t

dy =
∫
D

L∗xp (y, t |x) dy = L∗xv(x, t),

where L∗x is the backward Kolmogorov operator defined in eq. (3.68). The initial
condition is obviously v(x,0) = 1, because the first passage time from an interior
point to the boundary is positive with probability 1. Similarly, the boundary condi-
tion is v(x,t) = 0 for x ∈ ∂D, t > 0, because the time to reach the boundary from
a point on the boundary is zero with probability 1. The PDF u(x, t) = 1−v(x, t) =
Pr {τ ≤ t |x(0) = x} satisfies the equation ut(x, t) = L∗xu(x, t) for x ∈ D, the
initial condition u(x, 0) = 0 for x ∈ D, and the boundary condition u(x, t) = 1
for x ∈ ∂D, t > 0.
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Exercise 6.1 (The time-dependent case). Find the equation for the PDF of the FPT
for the case of time-dependent coefficients. 2

Similarly, Corollary 4.4.1 (the boundary value problem (4.70) for the MFPT) can be
derived directly from the representation (6.9), the backward Kolmogorov equation
(4.49) and the terminal condition (4.50).

Proof. (of Corollary 4.4.1) Applying the backward Kolmogorov operator to eq.
(6.9), using (4.49) with f(y) = δ(y−x), and changing the order of integration, we
obtain

L∗xE [τ |x(0) = x] =
∫
D

dy

∞∫
0

L∗xp (y, t |x) dt =
∫
D

dy

∞∫
0

∂p (y, t |x)
∂t

dt

= −
∫
D

δ(y − x) dy =− 1. (6.15)

Theorem 6.2.1 (The density of the mean time spent at a point). The function
p (y |x) =

∫∞
0

p (y, t |x) dt is the density of the mean time a trajectory that starts
at x ∈ D spends at y ∈ D prior to absorption in ∂D.

Proof. Equation (6.9) can be written in the form

E [τ |x(0) = x] =
∫
D

∞∫
0

p (y, t |x) dt dy =
∫
D

p (y |x) dy.

The function p (y |x) has several interesting interpretations. To understand the
meaning of p (y |x), consider an open set A ⊂ D and define the characteristic
function of A as

χA(x) =
{

1 for x ∈ A
0 otherwise

.

Then the integral
∫ τ
0
χA(x(t)) dt is the time the trajectory x(t) spends in the set A

prior to absorption (at time τ ). We have

E
 τ∫

0

χA(x(t)) dt

∣∣∣∣∣∣ x(0) = x

 =

∞∫
0

dt

∫
A

p (y, t |x) dy =
∫
A

p (y |x) dy,

because p (y, t |x) dy =Pr {x(t) ∈ y + dy, τ > t |x(0) = x}. It follows that the
pdf p (y |x) is the density of the mean time a trajectory that starts at x spent at y
prior to absorption .
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Another interpretation of the function p (y |x) is given in the following theorem.

Theorem 6.2.2 (Steady-state density with a source). If a source is placed at x ∈
D and trajectories are absorbed at ∂D, then p (y |x) is the steady-state density of
the trajectories in D.

Proof. Integrating the Fokker–Planck equation with respect to t, we obtain

p (y,∞|x) − p (y, 0 |x) = − p (y, 0 |x) = −δ(y − x) = Ly

∞∫
0

p (y, t |x) dt

=Lyp (y |x);

that is,
Lyp (y |x) = −δ(y − x), (6.16)

which can be written in the equivalent divergence form ∇y · J(y |x) =δ(y − x)
with the boundary condition p (y |x) =0 for y ∈ ∂D. Integrating over the domain
and using the divergence theorem, we obtain

F (x) =
∮
∂D

J(y |x) · ν(y) dSy = 1. (6.17)

This means that the total flux out of the domain equals the total output of the source.
This leads to the following interpretation of p (y |x). If a source is placed at x and
all trajectories are absorbed at the boundary, then p (y |x) is the steady-state density
of trajectories in D that started at x.

This interpretation describes the situation where all absorbed trajectories are
instantaneously re-injected at x. The total population of trajectories that started at
x is then

N(x) =
∫
D

p (y |x) dy = E [τ |x(0) = x] .

This equation can be written in the “population over flux” form

E [τ |x(0) = x] =
∫
D

p (y |x) dy =
N(x)

1
=

N(x)∮
∂D

J(y |x) · ν(y) dSy

=
N(x)
F (x)

. (6.18)

The identity (6.18) holds even if the normalization (6.17) is changed. The steady-
state absorption rate in the boundary of trajectories that start at x is

κ(x) =
F (x)
N(x)

.
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Corollary 6.2.1 (Averaged rate). If trajectories are started with an initial density
f(x) in D, then the averaged absorption rate is

〈κ〉 =
F

N
=

1
Eτ , (6.19)

where Eτ =
∫
D

E [τ |x(0) = x] f(x) dx.

Note that this is the correct way to average rates!

Proof. When an initial density is given, eq. (6.16) is replaced by

Lyp (y) = −f(y) (6.20)

or p (y) =
∫
D
f(x)p (y |x) dx; that is, p (y |x) is Green’s function for the elliptic

boundary value problem (6.20) inD with the boundary condition p (y) = 0 for y ∈
∂D. Also in this case the total flux is∮

∂D

J(y |x) · ν(y) dSy =
∫
D

f(x) dx =1.

It follows that the MFPT from x, averaged with respect to the initial density f(x),
is

Eτ =
N

F
=
∫
D

p (x) dx =
∫
D

∫
D

p (y |x) dyf(x) dx

=
∫
D

E [τ |x(0) = x] f(x) dx.

Thus the average rate of absorption is (6.19).

Still another interpretation comes from the description of a source and absorbing
boundary as reinjection.

Theorem 6.2.3 (Reinjection). Assume that the strength of the source is the total
flux at the boundary, then

E [τ |x(0) = x] =

∫
D

p (y |x)dy

∮
∂D

J(y |x) · ν(y) dSy
(6.21)

and

Eτ =

∫
D

∫
D

p (y |x)dy

 f(x) dx

∫
D

∮
∂D

J(y |x) · ν(y) dSy

 f(x) dx

. (6.22)
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Proof. The Fokker–Planck equation has the form

∂p (y, t |x)
∂t

= −∇y · J(y, t |x)+F (x, t)δ(y − x),

where

F (x, t) =
∮
∂D

J(x, t |x′) · ν(x′) dSx′ .

In the steady-state,∇y ·J(y |x) =F (x)δ(y − x), where the steady-state flux den-
sity vector is J(y |x) = limt→∞ J(y,t |x) and F (x) = limt→∞ F (x, t). Hence
(6.21) and (6.22) follow.

6.3 The exit density and probability flux density

It is intuitively obvious that the flux density on the boundary is the density of the
points on the boundary, where trajectories are absorbed. To formalize this relation-
ship, we prove the following

Theorem 6.3.1 (The exit flux density is the exit pdf on ∂D). The normal ab-
sorption flux density on ∂D is the pdf of the points on ∂D where trajectories are
absorbed.

Proof. Recall that (4.81) means that Green’s function for the homogeneous bound-
ary value problem (4.82) is the exit density on ∂D. Thus, we have to show that
Green’s function for the homogeneous boundary value problem

L∗u(x) = 0 for x ∈ D, u(x) = g(x) for x ∈ ∂D, (6.23)

denoted G(x,y), and the flux density J(y |x) of Green’s function Γ(x,y) for the
inhomogeneous boundary value problem,

Lp (x) = −f(x) for x ∈ D, p (x) = 0 for x ∈ ∂D, (6.24)

are related by

G(x,y) = J(y |x) · ν(y), x ∈ D, y ∈ ∂D, (6.25)

where ν(y) is the unit outer normal at y ∈ ∂D. To this end, we recall that the
solution of (6.23) is given by

u(y) =
∮
∂D

g(x)G(x,y) dSx (6.26)

and the solution of (6.24) is given by p (y) =
∫
D
f(x)Γ(x,y) dx. Note that

LyΓ(x,y) = − δ(x− y) for x,y ∈ D (6.27)

Γ(x,y) = 0 for x ∈ ∂D, y ∈ D.
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First, we multiply (6.23) by Γ(y, x) and integrate over the domain, to obtain

0 =
∫
D

Γ(y, x)L∗xu(x) dx =
∫
D

u(x)LxΓ(y,x) dx

+
∮
∂D

Γ(y,x)

 n∑
i,j=1

σi,j(x)
∂u(x)
∂xi

νj(x) +
n∑
i=1

ai(x)νi(x)u(x)


−u(x)

n∑
i,j=1

∂σi,j(x)Γ(y,x)
∂xi

νj(x)

 dSx. (6.28)

The first equation in (6.27) gives u(y) = −
∫
D
u(x)LxΓ(y,x) dx and the second

implies that the integrand in the second line of (6.28) vanishes. Finally, we note that
in the third line of (6.28), we have u(x) = g(x) on ∂D and the sum is the normal
component of the flux of Γ(x,y). Hence u(z) =

∮
∂D

g(x)J(z |x) · ν(x) dSx.
Together with (6.26), this implies that (6.25) holds.

Corollary 6.3.1. For any subset A ⊂ ∂D the exit probability at A is given by

Pr {x(τ) ∈ A |x} =
∫
A

G(x,y) dSy =
∫
A

J(x |y) · ν(y) dSy (6.29)

and the function u(x) = Pr {x(τ) ∈ A |x} is the solution of the boundary value
problem

L∗xu(x) = 0 for x ∈ D, u(x) = 1 for x ∈ A, u(x) = 0 for x ∈ ∂D −A.

6.4 The exit problem in one dimension

The exit problem is to calculate the MFPT of random trajectories to the boundary of
a domain and the probability distribution of their exit points on the boundary. Cal-
culations of the MFPT and of the exit probability in one dimension are considerably
simplified if the diffusion coefficient is small. First, we note that small noise in a
dynamical system is not a regular perturbation, in the sense that the behavior of the
noiseless dynamics is close to that of the noisy system, but rather a singular pertur-
bation, in the sense that it can cause large deviations from the noiseless behavior.
For example, the origin is a locally stable attractor in the interval −1 < x < 1 for
the one-dimensional dynamics

ẋ = −U ′(x), x(0) = x0, (6.30)

where the potential is U(x) = x2/2− x4/4 (see Figure 6.1). That is, if −1 < x0 <
1, then x(t) → 0 as t→∞ and if |x0| > 1, then |x(t)| → ∞ in finite time. Indeed,
the explicit solution of (6.30) is given by

x(t) =
x0√

x2
0(1− e2t) + e2t

. (6.31)
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Figure 6.1. The potential U(x) = x2/2 − x4/4 (solid line) and the force F (x) =
−U ′(x) (dashed line). The domain of attraction of the stable equilibrium x = 0 is
the interval D = (−1, 1).

If |x0| < 1, the denominator is positive for all t > 0 and x(t) → 0 as t→∞. On the
other hand, if |x0| > 1, then the denominator vanishes for t = log

√
x2

0/(x
2
0 − 1),

so the solution blows up in finite time. Therefore the solution that starts in the
interval D = (−1, 1), which is the domain of attraction of the origin, never leaves
it (see Figure 6.2).

In contrast, if small white noise is added to (6.30), it becomes the SDE

dx = (−x+ x3) dt+
√

2ε dw, x(0) = x0, (6.32)

where ε is a small parameter. The MFPT of x(t) from x = x0 ∈ D to the boundary
of D is finite, because, according to the Andronov,–Vitt–Pontryagin Theorem 4.4.3,
the MFPT τ̄(x0) = E[τD |x(0) = x0] is the solution of the boundary value problem

ετ̄ ′′(x)− U ′(x)τ̄ ′(x) = −1 for x ∈ D, τ̄(x) = 0 for x ∈ ∂D, (6.33)

whose solution is given by

τ̄(x) =

x∫
−1

exp
{
U(y)
ε

} y∫
−1

exp
{
U(y)− U(z)

ε

}
dz dy

ε

1∫
−1

exp
{
U(y)
ε

}
dy

, (6.34)

which is finite for all x ∈ D. Thus almost all trajectories exit the domain of attrac-
tion D in finite time with probability one. In this section we explore analytically
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Figure 6.2. The solution (6.31) of the noiseless dynamics (6.30) with x(0) = 0.99
inside (bottom line) and x(0) = 1.01 outside (top line) the domain of attraction D.

large and small deviations caused by small noise in locally stable and unstable dy-
namical systems.

In many models of stochastic dynamics the diffusion matrix is “small” in some
sense so that it can be scaled with a small parameter ε and written as

dx = a (x) dt+
√

2ε b(x) dw, x (0) = x. (6.35)

The exit problem for the stochastic dynamics (6.35) is to find an asymptotic expres-
sion (for small ε) for the probabilities that the trajectories of (6.35) hit the boundaries
of an interval (α, β) for the first time at α or at β, as well as for the PDF of the FPT.
The partial differential equations for these probability distributions were given in
Section 6.3. For small ε the boundary value problem eq. (6.24) is now

Lεp (x) = −f(x) for α < x < β, p (α) = 0, p (β) = 0, (6.36)

where the Fokker–Planck operator is defined by

Lεp (x) = ε
∂2[σ(x)p (x)]

∂x2
− ∂[a (x) p (x)]

∂x
(6.37)

and σ(x) = b2 (x). The boundary value problem (6.36) is a singular perturbation
problem, because the reduced boundary value problem, corresponding to ε = 0,

L0p (x) = −f(x) for α < x < β, p (α) = 0, p (β) = 0, (6.38)

where L0p (x) = −∂a (x) p (x) /∂x, involves only a first-order differential equa-
tion. The boundary value problem (6.38) is in general overdetermined, because the
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solution cannot satisfy, in general, both boundary conditions (6.38), in contrast to
the solution of the second-order equation (6.36). The disappearance of a boundary
condition in the limit ε → 0 gives rise to a singular behavior of the solution to the
boundary value problem (6.36). Boundary layers, which are regions of large gradi-
ents of the solution, appear near one or both boundary points. Other singularities of
the solution appear as well.

To understand intuitively the nature of the singularities, we consider first the
probability of exit at one boundary point or the other. When ε is small the trajecto-
ries of (6.35) can be expected to stay close to the trajectory of the reduced (noiseless)
dynamics

ẋ = a (x) , x(0) = x0. (6.39)

If the trajectory of (6.39) hits α, we may expect the exit probability to be concen-
trated about α, due to the small noise perturbation in the stochastic dynamics (6.35).
Not all trajectories of (6.39), however, reach the boundary of the interval, as is the
case in the example (6.30), whose trajectories in D stay there forever. The noisy
dynamics (6.35), however, exit the interval in finite time with probability 1, as in the
example (6.31). In this case it is not intuitively obvious what the probability of exit
at α looks like.

The FPT to the boundary is expected to be close to the FPT of the noiseless
system (6.35) when ε is small. The FPT from a point x on a trajectory of (6.35) to
the boundary, denoted T0 (x), can be calculated directly from the reduced dynamics
(6.39). Assuming that the trajectory of (6.39) that starts at x hits the boundary
at α, we rewrite eq. (6.39) as dt = dx/a(x) and find by direct integration that
T0 (x) =

∫ α
x

[a (s)]−1 ds. Obviously, T (x) is the solution of the first-order equation

a (x)T ′0 (x) = −1, T0 (α) = 0. (6.40)

The FPT T0 (x) is continuous in the interval up to the boundary point where the
trajectory of (6.39) that starts at x hits the boundary. For example, (6.30) in an
interval (α, β) such that 0 < α < 1 and β > 1

T0(x0) =
1
2

log
x2

0(1− α2)
α2(1− x2

0)
for α < x0 < 1. (6.41)

The time T0(x0) to reach α from x0 blows up as x0 ↑ 1. In the general case
(6.39), the time suffers a discontinuity as x approaches the boundary point where
trajectories of (6.39) enter the interval. At any point x in the interval such that the
trajectory of (6.39) that starts at x never reaches the boundary, T0 (x) = ∞. In
particular, if all trajectories of (6.39) stay forever in the interval, then T0 (x) = ∞
for all x.

In contrast, the FPT of the stochastic dynamics (6.35) is finite if the MFPT

τε(x) = E [τ | x (0) = x]

is finite. This is the case, for example, if the Andronov–Vitt–Pontryagin boundary
value problem (4.70), which is now

L∗ετ̄ ε (x) = −1 for α < x < β, τ̄ε(α) = 0, τ̄ ε(β) = 0, (6.42)
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has a finite solution. Here L∗ε is the backward Kolmogorov operator defined in
(3.68), which for the stochastic dynamics (6.35) has the form

L∗ετ̄ε (x) = εσ(x)τ̄ε′′ (x) + a (x) τ̄ ε′ (x) . (6.43)

Note that the differential equation (6.40) is obtained from the boundary value prob-
lem (6.42) by setting ε = 0 and dropping one of the boundary conditions.

If, for example, the diffusion coefficient σ (x) is bounded below by a positive
constant in the interval (i.e., if the backward Kolmogorov operator L∗ε is not degen-
erate in the interval), the Andronov–Vitt–Pontryagin boundary value problem (6.42)
has a unique finite solution for all ε > 0, regardless of the nature of the trajectories
of the reduced dynamics (6.39). It follows that the FPT to the boundary of almost
all trajectories of the stochastic system (6.35) that start at any point in the interval,
is finite. We conclude that in the case where the noiseless dynamics (6.39) persists
in the interval forever (and therefore the T (x) = ∞ for all α < x < β), the MFPT
τ̄ε (x) becomes infinite in the limit ε → 0. The exit problem in this case is to find
an asymptotic expression for the MFPT and for the rate κε as defined in Sections
6.1 and 6.4.

In one dimension the boundary value problem (6.23) becomes the ordinary dif-
ferential equation

εσ (x)u′′ε (x) + a(x)u′ε(x) = 0 for α < x < β (6.44)

uε(α) = gα, uε(β) = gβ ,

and gα, gβ are given numbers. We assume that a (x) and σ (x) are uniformly Lip-
schitz continuous functions in [α, β] and that σ (x) has a positive minimum in the
interval.

The exit distribution on the boundary of the domain; that is, at the points α, β,
is the Green’s function for the boundary value problem (6.44), evaluated at these
points. Under the given assumptions the solution of (6.44) is given by

uε(x) =

gα

β∫
x

exp
{

Φ(s)
ε

}
ds+ gβ

x∫
α

exp
{

Φ(s)
ε

}
ds

β∫
α

exp
{

Φ(s)
ε

}
ds

,

where the potential is

Φ (x) = −
x∫
α

a(y)
σ(y)

dy. (6.45)
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According to eq. (6.29), the exit distribution is

Pr {x(τ) = α |x(0) = x} = lim
ζ→0

α+ζ∫
α−ζ

G(x, y) dy =

β∫
x

exp
{

Φ(s)
ε

}
ds

β∫
α

exp
{

Φ(s)
ε

}
ds

(6.46)

Pr {x(τ) = β |x(0) = x} = lim
ζ→0

β+ζ∫
β−ζ

G(x, y) dy =

x∫
α

exp
{

Φ(s)
ε

}
ds

β∫
α

exp
{

Φ(s)
ε

}
ds

.

Denoting by τy the FPT to y, we can write

Pr {x(τ) = α |x(0) = x} = Pr {τα < τβ |x(0) = x} .

An alternative derivation of eq. (6.46) is obtained from the identities of Section
6.3. It was shown there that for trajectories that start at x, the probability of exit at
β is the flux density at β, calculated from the Fokker–Planck equation with a source
at x and absorbing boundaries at α and β. Specifically,

Pr {τβ < τα |x(0) = x} = −∂εσ (y) pε (β |x)
∂y

, (6.47)

where the function pε (y |x) is the solution of the Fokker–Planck equation corre-
sponding to the system (6.35),

∂2εσ (y) pε (y |x)
∂y2

− ∂a (y) pε (y |x)
∂y

= − δ (y − x) for α < x, y < β (6.48)

pε (α |x) = pε (β |x) = 0. (6.49)

The solution of (6.48), (6.49) is given by

pε(y |x) =
exp
{
−Φ(y)

ε

}
εσ(y)

(6.50)

×



β∫
x

exp
{

Φ(s)
ε

}
ds

β∫
α

exp
{

Φ(s)
ε

}
ds

y∫
α

exp
{

Φ (s)
ε

}
ds−

y∫
α

H (s− x)exp
{

Φ(s)
ε

}
ds


,
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where H (s− x) is the Heaviside step function. A detailed analysis of the asymp-
totic form of the function pε (y |x) for small ε is given in Section 10.1.2. It is shown
that eq. (6.47) gives eq. (6.46).

6.4.1 The exit time

It was shown in Section 6.2 that the complementary PDF of the FPT to the bound-
ary, v (x, t) = Pr {τ > t |x (0) = x}, is the solution of the initial boundary value
problem for α < x < β and t > 0,

∂v(x, t)
∂t

= L∗εv(x, t) = εσ(x)
∂2v(x, t)
∂x2

− a(x)
∂v(x, t)
∂x

(6.51)

with the boundary and the initial conditions

v(β, t) = v(β, t) = 0 for t > 0, v (x, 0) = 1 for α < x < b.

The solution is found by the method of separation of variables and is given by

v (x, t) =
∞∑
n=0

vnΦn (x) e−λnt,

where λn and Φn (x) are the eigenvalues and eigenfunctions, respectively, of the
self-adjoint boundary value problem(

eΦ(x)/εΦ′n (x)
)′

+
λnσ (x)

ε
eΦ(x)/εΦn (x) = 0 for α < x < β

Φn (α) =Φn (β) = 0.

As is well-known from the theory of ordinary differential equations [41], the eigen-
values λn are real positive numbers. The numbers vn are the coefficients in the
Fourier expansion of the initial function v (x, 0) = 1 with respect to the eigenfunc-
tions {Φn (x)}∞n=0, which are orthonormal with the weight σ (x) eΦ(x)/ε. That is,

vn =

β∫
α

σ (x) eΦ(x)/εΦn (x) dx

β∫
α

σ (x) eΦ(x)/εΦ2
n (x) dx

.

Thus the PDF of the FPT from x to the boundary of the interval [α, β] is given by

Pr {τ ≤ t |x (0) = x} = 1−
∞∑
n=0

vnΦn (x) e−λnt. (6.52)
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The MFPT is given by

E [τ |x (0) = x] =

∞∫
0

Pr {τ > t |x (0) = x} dt =
∞∑
n=0

vnΦn (x)
λn

. (6.53)

If the initial point is distributed with density ψ (x), the MFPT is

Eτ =
∞∑
n=0

vn
λn

β∫
α

Φn (x)ψ (x) dx.

In particular, if we begin to observe the dynamics a long time after it started, then,
according to Section 6.1, the density of the surviving trajectories (the conditional
pdf, given τ > t) at the moment observation begins is approximately ψ (x) =
ψ0 (x), where ψ0 (x) is the principal eigenfunction of the adjoint problem

ε
∂2σ (x)ψn (x)

∂x2
+
∂a (x)ψn (x)

∂x
= − λnψn (x) for α < x < β

ψn (α) =ψn (β) = 0,

which is normalized by
∫ β
α
ψ0 (x) dx = 1. Then, due to the biorthogonality of the

eigenfunctions {Φn (x)} and {ψn (x)}, the MFPT is

Eτ =

β∫
α

E [τ |x (0) = x]ψ0 (x) dx =
∞∑
n=0

vn
λn

β∫
α

ψ0 (x) Φn (x)

=
v0
λ0

β∫
α

ψ0 (x) Φ0 (x) dx.

An alternative calculation of the MFPT is based on the Andronov–Vitt–Pontryagin
equation (see Corollary 4.4.1). The MFPT τ̄ (x) = E [τ |x (0) = x] is the solution
of the boundary value problem

L∗ετ̄ (x) = −1 for α < x < β, τ̄ (α) = τ̄ (β) = 0,

where the operator L∗ε is defined by the left-hand side of eq. (6.51). The solution
is given by

τ̄ (x) =

x∫
α

exp
{
−Φ (s)

ε

}
ds

β∫
α

exp
{
−Φ(y)

ε

} y∫
α

exp
{

Φ(s)
ε

}
ds dy

β∫
α

exp
{
−Φ (s)

ε

}

−
x∫
α

exp
{
−Φ(y)

ε

} y∫
α

exp
{

Φ(s)
ε

}
ds dy. (6.54)
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Exercise 6.2 (The PDF of the FPT for the MBM). Calculate the PDF of the FPT
for the Brownian motion. 2

Example 6.1. (MBM with constant drift and the Ornstein–Uhlenbeck process).
(a) Find the explicit expression for the pdf pε(y, t |x) of the trajectories x(t) for the
MBM with constant drift, defined by

dx = −1 dt+
√

2ε dw

on the positive axis with absorption at the origin. Plot pε(y, t |x) versus (y, t) for
x = 1 and ε = 0.01 in the rectangle 0 < y < 2, 0 < t < 2.
(b) Use the expression

Pr {τ > t |x} =

∞∫
0

pε(y, t |x) dy

to express Pr {τ > t |x} in terms of error functions and plot the pdf of the FPT
from x = 1 to the origin for the values ε = 0.01 and ε = 0.001.
(c) Do the same for the Ornstein–Uhlenbeck process

dx = −x dt+
√

2ε dw.

Solution:
(a) The FPE for pε(y, t |x) is given by

pt = px + εpxx for t, x, y > 0, (6.55)

with the initial and boundary conditions

pε(y, 0 |x) = δ(y − x), pε(0, t |x) = 0.

The substitution

p = q exp
{
−
x+ 1

2 t

2ε

}
(6.56)

converts the FPE (6.55) to the diffusion equation qt = εqxx with the initial condition
q(y, 0 |x) = δ(y − x) exp{x/2ε} and the boundary condition q(0, t |x) = 0. The
solution is found by solving the diffusion equation on the entire line with the initial
condition q(y, 0 |x) = δ(y− x) exp{x/2ε}− δ(y+ x) exp{x/2ε}. The solution is
an odd function, due to the antisymmetric initial condition, and therefore vanishes
at y = 0 (this is the method of images). Thus the solution of the initial boundary
value problem (6.55), (6.56) is given by

pε(y, t |x)

=
1

2
√
πεt

exp
{
−
y − x+ 1

2 t

2ε

}[
exp

{
− (y − x)2

4εt

}
− exp

{
− (y + x)2

4εt

}]
.
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(b) We have

Pr {τ > t |x} =

∞∫
0

pε(y, t |x) dy

=
1
2

erfc

(
t− x

2
√
εt

)
− 1

2

[
exp
{x
ε

}
erfc

(
t+ x

2
√
εt

)]
.

It follows that the density of the FPT is given by

Pr {τ = t |x} =
x

2
√
πεt3

exp
{
− (t− x)2

4εt

}
.

(c) Answer:

pε(y, t |x)

=
1√

2πε (1− e−2t)

[
exp

{
−1

2
(−y + xe−t)2

ε (1− e−2t)

}
− exp

{
−1

2
(y + xe−t)2

ε (1− e−2t)

}]
,

Pr {τ > t |x} = erf

(
xe−t√

2ε (1− e−2t)

)
,

and

Pr {τ = t |x} =
2xe−texp

{
−1

2
x2e−2t

ε (1− e−2t)

}
√
π (1− e−2t)3

.

Note that although τ is finite with probability 1, and even has all moments, its pdf
peaks at

t = −1
2

log ε (1 +O (ε)) →∞ as ε→ 0,

which reflects the fact that the FPT of the noiseless system from x to the origin is
infinite. 2

6.4.2 Application of the Laplace method

The Laplace method for evaluating the integrals in the previous section is based on
the observation that the function exp{Φ (x) /ε} is sharply peaked at the maximum
of Φ (x) so that the main contribution to the integrals comes from the absolute max-
ima of Φ (x) in the interval [α, β]. We consider the two cases that Φ (x) achieves its
maximum at the boundary and that Φ (x) achieves its maximum at an interior point.
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If Φ (x) achieves its maximum at the boundary, at x = α, say, then Φ′ (α) ≤ 0;
that is, a (α) ≥ 0 and the main contribution to the integral comes from the point
x = α. If a (α) > 0, the function Φ (x) can be approximated near α by

Φ (x) = Φ′ (α) (x− α) + o (|x− α|) = − a (α)
σ (α)

(x− α) + o (|x− α|) (6.57)

and the integrals are evaluated by changing the variable of integration to

a(α)
σ(α)

(
s− α

ε

)
= z. (6.58)

We obtain
x∫
α

exp
{

Φ (s)
ε

}
ds = ε

σ (α)
a(α)

u∫
0

e−z (1 +O (ε |z|)) dz (6.59)

= ε
σ(α)
a(α)

(
1− e−u

)
(1 +O(ε)) .

where

u =
a (α)
σ (α)

x− α

ε
.

It follows that for all α ≤ x ≤ β

Pr {τβ < τα |x(0) = x} =
[
1− exp

{
− a (α)
εσ (α)

(x− α)
}]

(1 +O (ε)) . (6.60)

(note that here O (ε) < 0). In this case practically all trajectories that start away
from the left boundary exit the interval at the right boundary.

Exercise 6.3. (Flatter extrema).

(i) Assume a (α) = a′ (α) = · · · = a(n−1) (α) = 0, but a(n) (α) > 0. Replace the
local expansion (6.57) with

Φ(x) = − a(n) (α)
(n+ 1)!σ (α)

(x− α)n+1 +O
(
|x− α|n+2

)
to approximate the Laplace-type integral

∫ x
α

exp{Φ(s)/ε} ds by the incomplete Eu-
ler Gamma function Γ (x, y) =

∫ y
0
tx−1e−t dt.

(ii) Show that for 0 < y << 1 and all x > 0 the asymptotic behavior of the
incomplete Euler Gamma function is

Γ (x, y) =
yx

x
(1 + o (1)) (6.61)

whereas for and y >> 1 and x > 0, it is

Γ (x, y) = Γ (x)− yx

x
e−y (1 + o (1)) , (6.62)
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where Γ (x) is Euler’s Gamma function

Γ (x) = Γ (x,∞) .

(iii) Conclude that if Φ(x) attains its maximum at x = α, then eq. (6.60) is replaced
with

Pr {τβ < τα |x(0) = x} =
Γ
(

1
n+ 1

,
a(n) (α)

ε (n+ 1)!σ (α)
(x− α)n+1

)
Γ
(

1
n+ 1

)
×
(
1 +O

(
ε1/(n+1)

))
. (6.63)

(iv) If the maximum of Φ(x) is achieved at both endpoints, assume a(α) = a′(α) =
· · · = a(n−1)(α) = 0, but a(n)(α) > 0, and a(β) = a′(β) = · · · = a(m−1)(β) = 0,
but a(m)(β) < 0. Find for this case Pr {τβ < τα |x(0) = x}.
(v) If n > m, then ε1/(m+1) << ε1/(n+1) for ε << 1 and x − α >> ε1/(n+1).
Conclude that

Pr {τβ < τα |x(0) = x} = 1 +O
(
ε(n−m)/(n+m+2)

)
.

For 0 < x− α << ε1/(n+1),

Pr {τβ < τα |x(0) = x} = O

(
(x− α)n+1

ε

)
.

(vi) If n = m, then β−x >> ε1/n+1 for ε << 1 and x−α >> ε1/(n+1). Conclude
that

Pr {τβ < τα |x(0) = x} ∼

(
σ (α)
a(n)(α)

)1/(n+1)

(
σ (α)
a(n)(α)

)1/(n+1)

+
(

σ(β)
−a(n)(β)

)1/(n+1)
.

(vii) Give the result (6.60) the following physical interpretation. Under the given
conditions, the noiseless dynamics,

dx = a (x) dt,

drifts (deterministically) to the right with nonnegative velocity a (x). Thus small
noise has but negligible chance of pushing the trajectories upstream toward the left
endpoint. If the dynamics (6.35) is interpreted as the motion of an overdamped
Brownian particle in a field of force (see Chapter 1), the potential is normalized by
the height of the potential barrier,

∆E = Φ(β)− Φ(α), (6.64)
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and ε represents the absolute temperature measured in units of the potential barrier
height. To push the particle from an interior point x to exit at the left endpoint
of the interval, the noise has to supply kinetic energy to the particle of at least
Φ (x) − Φ (α). According to Maxwell’s distribution of velocities, the probability
for this is

P = exp
{
−Φ (x)− Φ (α)

ε

}
. (6.65)

Taylor’s expansion reduces eq. (6.65) to eq. (6.60). This explanation is an intuitive
interpretation of the result, not its alternative derivation. 2

Exercise 6.4 (Kramers’ formula for the MFPT). Assume that α = −∞, and
that the function Φ(x) in eq. (6.54) has the following properties: Φ(x) → ∞ as
x→ −∞, Φ(x) has a single local minimum at xA < β, a single local maximum at
xC = β, and Φ′(xC) = 0. Assume that Φ′′(xA) = ω2

A > 0 and Φ′′(xC) = −ω2
C <

0 (see Figure 8.1 below). Expand (6.54) by the Laplace method to prove that for
ε� Φ(xC)− Φ(xA) = ∆E the MFPT is given by Kramers’ formula [140]

τε (xA) ∼ π

ωAωC
e∆E/ε. (6.66)

In dimensional variables the MFPT is

τoverdamped (xA) ∼ πγ

ωAωC
e∆E/ε. (6.67)

and Kramers’ rate is

κoverdamped =
1

2τoverdamped
=
ωAωC
2πγ

e−∆E/ε. (6.68)

2

Exercise 6.5 (The full Laplace expansion). Use the full Laplace expansion in eq.
(6.59) (see [20]) to construct a full asymptotic series approximation to the solutions
uε(x) and p (y |x) of eqs. (6.44) and (6.48). 2

Exercise 6.6 (The MFPT). Repeat Exercise 6.5 for the MFPT. 2

6.5 Conditioning

Conditioning a stochastic process on a given event amounts to selecting only a sub-
set of the trajectories and assigning to them a new probability measure. For example,
if in a simulation of Brownian particles diffusing in a field of force in the presence
of a membrane and a channel, we want to produce only the trajectories that traverse
the channel from left to right, we condition the trajectories that entered the chan-
nel on the left, on reaching the right end before reaching left end of the channel.
The conditional probability of trajectories that do not traverse the channel is then
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zero. The conditional probabilities assigned to trajectories that do traverse the chan-
nel differ from the unconditional probabilities they have. Thus the conditioning in
effect changes the stochastic dynamics of the trajectories so that nontraversing tra-
jectories are not produced. The process can also be conditioned on the future, for
example, on reaching a certain point at a given future time (see Exercises 6.10 and
the Brownian bridge 2.26 [117]).

6.5.1 Conditioning on trajectories that reach A before B

Consider the Itô system

dx = a(x) dt+
√

2B(x) dw (6.69)

in a domain D, whose boundary consists of two parts, A and B. If the trajectories
x(t) that reachB beforeA are eliminated, the remaining trajectories form a process
conditioned on reaching A before B. We denote this process by x∗(t) and the first
passage times to A and to B by τA and τB , respectively. Thus x∗(t) is obtained
from x(t) by conditioning on the event {τA < τB}. We set, as usual, σ(x) =
B(x)BT (x).

Theorem 6.5.1 (Conditioned diffusion). Conditioning the solution of (6.69) reach-
ing a set A before a set B results in a diffusion process x∗(t), whose drift vector
and diffusion matrix are given by

a∗(x) = a(x) + σ(x)
∇P (x)
P (x)

, σ∗(x) = σ(x), (6.70)

respectively, where P (x) is determined from the boundary value problem, provided
boundary conditions can be posed there1

L∗P (x) = 0 for x ∈ D (6.71)

P (x) = 1 for x ∈ A, P (x) = 0 for x ∈ B.

Proof. Obviously, the trajectories of x∗(t) are continuous. The pdf of x∗(t), de-
noted p∗(y, t |x), is given by

p∗(y, t |x) dy = Pr {x(t) ∈ y + dy, t |x(0) = x, τA < τB} .

From Bayes’ rule, we obtain

Pr {x(t) ∈ x+ ∆y, t |x(0) = x, τA < τB}

=Pr {x(t) ∈ y + ∆y, t |x(0) = x} Pr {τA < τB |x(0) = x, x(t) = y}
Pr {τA < τB |x(0) = x}

.

1It is known in partial differential equations theory in higher dimensions that at boundary points where∑
i,j σij(x)νi(x)νj(x) = 0, boundary conditions can be imposed only at points where a(x)·ν(x) <

0 [73].
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We obtain Pr {τA < τB |x(0) = x, x(t) = y} = Pr {τA < τB |x(0) = y} from
the Markov property and time homogeneity, hence

p∗(y, t |x) = p (y, t |x)
Pr {τA < τB |x(0) = y}
Pr { τA < τB |x(0) = x}

. (6.72)

It is evident from eq. (6.72) that p∗(y, t |x) is a probability density function and
that it satisfies the properties of a pdf of a diffusion process. It remains to cal-
culate its infinitesimal drift vector and diffusion matrix. Note that the function
P (x) = Pr {τA < τB |x(0) = x} can be determined from the boundary value
problem (6.71).

Next, we calculate the infinitesimal drift vector of x∗(t). By definition,

a∗(x) = lim
h↓0

1
h

∫
p∗(y, h |x)(y − x) dy

= lim
h↓0

1
h

∫
p (y, h |x)

P (y)
P (x)

(y − x) dx. (6.73)

We expand P (y) about y = x in Taylor’s series,

P (y) = P (x)+(y − x)·∇P (x)+
1
2
(y − x)TH (P (x)) (y − x)+o

(
|y − x|2

)
,

where H (P (x)) is the Hessian matrix of P (x). Substituting the expansion in eq.
(6.73), we obtain

a∗(x) = lim
h↓0

1
h

∫
p (y, h |x)

[
(y − x) + (y − x) · ∇P (x)

P (x)
(y − x)

+ o
(
|y − x|2

) ]
dy = a(x) + σ(x)

∇P (x)
P (x)

,

which is (6.70). Similarly,

σ∗(x) = lim
h↓0

1
h

∫
p∗(y, h |x)(y − x)(y − x)T dy

= lim
h↓0

1
h

∫
p (y, h |x)(y − x)(y − x)T

×
[
1 +

∇P (x)
P (x)

· (y − x) +O
(
|y − x|2

)]
dy = σ(x).

Note that eq. (6.71) implies that the second term in eq. (6.70) becomes infinite as
x approaches the partB of the boundary. The direction of a∗(x) is into the domain,
away from the boundary. Indeed, assume that B is an open subset of the boundary
∂D. We have ∇P (x)/|∇P (x)| = −ν(x), where ν(x) is the unit outer normal at
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the boundary point x, because P (x) = 0 at all points x ∈ B and P (x) > 0 for
x ∈ D. It follows that for points x ∈ D near B,

a∗(x) · ν(x) =a(x) · ν(x) + σ(x)
∇P (x)
P (x)

· ν(x) + o(1)

=a(x) · ν(x)− |∇P (x)|
P (x)

νT (x)σ(x)ν(x) + o(1). (6.74)

If σ(x) is a positive definite matrix, then

a∗(x) · ν(x) → −∞ as x→ B, (6.75)

because P (x) → 0 as x → B. If νT (x)σ(x)ν(x) = 0 on B, then necessarily
a(x)·ν(x) < 0, whenever boundary conditions can be imposed atB (see preceding
footnote). Equation(6.75) also means that a∗(x)·ν(x) < 0 nearB. This means that
the angle between a∗(x) and ν(x) is obtuse; that is, a∗(x) points intoD. It follows
that the trajectories x∗(t) cannot exit D at B. When the diffusion in the normal
direction vanishes at the boundary, and the drift vector pushes the trajectories x(t)
away from B, a trajectory x∗(t) cannot leave D through B, either.

The effect of conditioning on reaching A before reaching B is that the drift vec-
tor a(x) is replaced by the drift vector a∗(x), and the diffusion matrix remains
unchanged. The dynamics (6.69) changes so that the dynamics of the conditioned
process becomes dx∗ = a∗(x∗) dt +

√
2B(x∗) dw. To simulate only those tra-

jectories that satisfy the condition, the function P (x) has to be known. Finding
this function from the simulation may be as costly as running the unconditioned
simulation.

Exercise 6.7 (Conditioning in 1-D). Find the one-dimensional version of eq. (6.74)
[117]. 2

Example 6.2 (Last passage time). Consider the SDE dx = −U ′(x) dt+
√

2ε dw in
the ray [−∞, A], where U(x) is a potential that forms a single well with the bottom
at x = B and ε is a small parameter. Find the mean last passage time (MLPT)
of the trajectory through B when it reaches A. On its way to A the trajectory
passes through B for the last time. The part of the trajectory that reaches A without
returning toB is the conditional process x∗(t). The mean first passage time of x∗(t)
from B to A is the MLPT. It also represents the escape time, once the trajectory
starts the escape (i.e., it no longer returns to B before reaching A). To calculate
the MLPT, we first calculate the function P (x) = Pr {τA < τB |x(0) = x}, where
B < x < A. We have to solve the boundary value problem (6.71); that is, εP ′′(x)−
U ′(x)P ′(x) = 0 for B < x < A with the boundary conditions P (A) = 1 and
P (B) = 0. The solution is given by P (x) =

∫ x
B
eU(y)/ε dy/

∫ A
B
eU(y)/ε dy. The

modified drift is

a∗(x) = −U ′(x) +
2εeU(x)/ε

x∫
B

eU(y)/ε dy

. (6.76)
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Note that U(x) is an increasing function in the interval B < x < A. It follows
that for small ε the main contribution to the integrals comes from the upper limit
of integration. That is, writing U(y) = U(x) + U ′(x)(y − x) + O

(
(y − x)2

)
, we

evaluate the integrals as

x∫
B

eU(y)/ε dy =

x∫
B

e[U(x)+U ′(x)(y−x)+O((y−x)2)]/ε dy

= eU(x)/ε

x∫
B

e[U
′(x)(y−x)+O((y−x)2)]/εdy

= εeU(x)/ε

0∫
(B−x)/ε

e[U
′(x)z+εO(z2)]dz

=
εeU(x)/ε

U ′(x) (1 +O(ε))
. (6.77)

Substituting (6.77) in (6.76), we see that a∗(x) = U ′(x)(1 + O(ε)). Thus the
conditioned dynamics is approximately dx∗ = U ′(x∗) dt +

√
2ε dw; that is, the

well is turned upside down. For small noise the MLPT is approximately the time
it takes to slide down from A to B. It can be found by solving the boundary value
problem

ετ̄ ′′(x) + a∗(x)τ̄ ′(x) = −1 for B < x < A, τ̄(A) = 0, τ̄(B) <∞. (6.78)

Then the MLPT is τ̄(B). 2

Exercise 6.8 (A boundary condition). Explain the boundary condition (6.78). 2

Exercise 6.9 (Conditioned MBM). Find the dynamics of the Brownian motion on
the positive axis conditioned on reaching the point x = 1 before reaching the origin,
given that w(0) = x, where 0 < x < 1. 2

Exercise 6.10 (Conditioning on a future interval [117]). Consider a diffusion
process defined by the Itô equation dx = a(x) dt+

√
2σ(x) dw. Reduce the sample

space of a diffusion process x(t) to the cylinder α < x(1) < β; that is, condition
the trajectories of x(t) on reaching the interval (α, β) at the future time t = 1.
Denote the resulting diffusion process x∗(t), for 0 < t < 1. Define the conditional
probability of the cylinder

P (x, t) = Pr {α < x(1) < β |x(t) = x} .

(i) Use Bayes’ rule to show that for 0 < t < s < 1,

p∗(y, s |x, t) dy =Pr {y ≤ x∗(s) < y + dy |x∗(t) = x}

=
p (y, s |x, t)P (y, s)

P (x, t)
dy.
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(ii) Expand P (y, t+h) in Taylor’s series in the variables h and y−x up to first-order
terms and use it to obtain

a∗(x, t) = a(x) +
∂P (x, t)/∂x
P (x, t)

σ(x), σ∗(x, t) = σ(x).

2

Exercise 6.11 (The Brownian bridge). Assume that x(t) in Exercise 6.10 is the
Brownian motion.

(i) Show that

P (x, t) =
1√

2π(1− t)

β∫
α

e−(y−x)2/2(1−t) dy.

(ii) Condition on w(1) = α, by taking the limit β − α = ε→ 0. Show that

lim
ε↓0

∂P (x, t)/∂x
P (x, t)

=
α− x

1− t
, a∗(x, t) =

α− x

1− t
, σ∗(x, t) = 1.

For α = 0, the resulting process is the Brownian bridge 2.26 [117]. 2

6.6 Killing measure and the survival probability

One-dimensional Brownian motion (particle) with killing and an absorbing bound-
ary can be considered as an approximation to free diffusion in a uniform long and
narrow cylinder, whose lateral boundary contains many small absorbing holes, with
one reflecting and one absorbing base. The small absorbers on the boundary may
represent, for example, binding sites for diffusing ions or molecules on the mem-
brane of the narrow neck of a dendritic spine of a neuronal synapse. The strength of
the killing measure is related to the absorption flux of the three-dimensional Brow-
nian motion through the small holes on the boundary of the cylinder. The killing
measure k(x, t) is the probability per unit time and unit length that the Brownian
trajectory is terminated at point x and time t. According to Section 5.4, the joint
(defective) pdf–PDF of finding a trajectory at x at time t before it is terminated (i.e.,
τ > t), p (x, t | y) dx = Pr {x(t) ∈ x+ dx, τ > t |x(0) = y}, is the solution of
the boundary value problem pt = Dpxx−k (x, t) p for x ∈ R, t > 0 and the initial
condition p (x, 0) = δ (x− y). In the case that k (x, t) = V0, the solution is given
by p (x, t | y) = (4πDt)−1/2exp

{
−V0t− (x− y)2/4Dt

}
. The probability per unit

time of being killed (absorbed) inside the interval [a, b] at time t is

Pr {x(τ) ∈ [a, b], τ = t |x(0) = y} =

b∫
a

k (x, t) p (x, t | y) dx,

whereas the probability of being killed in the interval before time t is

Pr {x(τ) ∈ [a, b], τ < t |x(0) = y} =

t∫
0

b∫
a

k(x, s)p (x, s | y) dx ds.



6. The First Passage Time of Diffusions 203

The probability of ever being killed in the interval is

Pr {x(τ) ∈ [a, b] |x(0) = y} =

∞∫
0

b∫
a

k (x, t) p (x, t | y) dx dt,

and the density of ever being killed at x is therefore

Pr {x(τ) = x | x(0) = y} =

∞∫
0

k(x, t)p (x, t | y) dt. (6.79)

The survival probability (5.69) in one dimension is S(t | y) = Pr{τ > t |x(0) =
y} =

∫
R p (x, t | y) dx, which for the case of a constant killing rate k(x, t) = V0 is

Pr{τ > t |x(0) = y} =
∫
R

p (x, t | y) dx = e−V0t.

Thus V0 is the rate at which trajectories (particles) disappear from the domain
(medium). Out of N0 initial independent Brownian particles in R the expected
number of particles that have disappeared by time t is N0(1 − e−V0t). The proba-
bility density of being killed at point x, given by eq. (6.79), is

P (x | y) =V0

∞∫
0

1
2
√
πDt

exp
{
−V0t−

(x− y)2

4Dt

}
dt

=
1
2

√
V0

D
exp

{
−
√
V0

D
|x− y|

}
.

We assume henceforward that the killing measure is time-independent.
We consider now a particle diffusing in a domain D ⊂ Rd

with a killing mea-
sure k(x) and an absorbing part ∂Da ⊂ ∂D of the boundary ∂D. Thus the trajec-
tory of the particle can terminate in two ways, it can either be killed inside D or
absorbed in ∂Da. The difference between the killing and the absorbing processes is
that although the trajectory has a finite probability of not being terminated at points
x, where k(x) > 0, it is terminated with probability 1 the first time it hits ∂Da. The
trajectory may often traverse killing regions, where k(x) > 0, but it cannot emerge
from the absorbing part of the boundary. Two random termination times are de-
fined on the trajectories of the diffusion process: the time to killing, denoted T , and
the time to absorption in ∂Da, denoted τ , which is the first passage time to ∂Da.
We calculate below the probability Pr{T < τ | y}, and the conditional distribution
Pr{τ < t | τ < T, y}.

More generally, we consider the trajectories of the stochastic differential equa-
tion dx = a(x) dt +

√
2B(x) dw(t) for x(t) ∈ D with killing measure k(x). The

transition pdf of x(t) satisfies the Fokker–Planck equation

∂p (x, t |y)
∂t

= −∇ · J(x, t |y)− k(x)p (x, t |y) forx,y ∈ D, (6.80)
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where

J i(x, t |y) = −
d∑
j=1

∂σi,j(x)p (x, t |y)
∂xi

+ ai(x)p (x, t |y) (6.81)

and the initial and boundary conditions

p (x, 0 |y) = δ(x− y) for x,y ∈ D (6.82)

p (x, t |y) = 0 for t > 0, x ∈ ∂D, y ∈ Da (6.83)

J(x, t |y) · n(x) = 0 for t > 0, x ∈ ∂D − ∂Da, y ∈ D. (6.84)

The transition pdf p (x, t |y) is actually the joint pdf

p (x, t |y) dx = Pr{x(t) ∈ x+ dx, T > t, τ > t |y}; (6.85)

that is, p (x, t |y) is the probability density that the trajectory survived to time t
(was neither killed nor absorbed in ∂Da) and reaches x at time t.

Theorem 6.6.1 (Killing before absorption). The probability that a diffusion pro-
cess in a domain D, with killing k(x) and absorption at ∂Da ⊂ ∂D is killed before
it is absorbed is given by

Pr{T < τ |y} =

∞∫
0

∫
D

k(x)p (x, t |y) dx dt. (6.86)

Proof. First, assume that the entire boundary is absorbing; that is, ∂Da = ∂D.
Then the probability density of surviving up to time t and being killed at time t at
point x can be represented by the limit as N →∞ of

Pr{xN (t1,N ) ∈ D, . . . ,xN (t) = x, t ≤ T ≤ t+ ∆t |x(0) = y} (6.87)

=
∫
D

· · ·
∫
D

N∏
j=1

dyj√
(2π∆t)d detσ(x)(tj−1,N ))

× exp

{
− 1

2∆t
[
yj − x(tj−1,N )− a(x(tj−1,N ))∆t

]T
σ−1(x(tj−1,N ))

×
[
yj − x(tj−1,N )− a(x(tj−1,N ))∆t

]}
[1− k(x(tj,N )∆t] k(x)∆t,

where ∆t = t/N tj,N = j∆t, and x(t0,N ) = y in the product. The limit is
the Wiener integral defined by the stochastic differential equation, with the killing
measure k(x) and the absorbing boundary condition (see Chapter 5.3). In the limit
N →∞ the integral (6.87) converges to the solution of the Fokker–Planck equation
(6.80) in D with the initial and boundary conditions (6.82) and (6.83). Integrating
over D with respect to x and from 0 to ∞ with respect to t, we obtain, in view of
(6.85), the representation (6.86).
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A second proof begins with the integration of the Fokker–Planck equation (6.80),

1 =

∞∫
0

∮
∂D

J(x, t |y) · n(x) dSx dt+

∞∫
0

∫
D

k(x)p (x, t |y) dx dt. (6.88)

We write J(t |y) =
∮
∂D
J(x, t |y) · n(x) dSx and note that this is the absorp-

tion probability current on ∂D. Therefore, in view of the boundary conditions
(6.83), (6.84),

∫∞
0
J(t |y) dt is the total probability that has ever been absorbed

at the boundary ∂Da. This is the probability of trajectories that have not been killed
before reaching ∂Da. Writing eq. (6.88) as

∞∫
0

J(t |y) dt = 1−
∞∫
0

∫
D

k(x)p (x, t |y) dx dt,

we obtain (6.86).

The probability distribution function of T for trajectories that have not been
absorbed in ∂Da is found by integrating the Fokker–Planck equation with respect
to x over D and with respect to t from 0 to t. It is given by

Pr{T < t | τ > T,y} =
Pr{T < t, τ > T |y}

Pr{τ > T |y}
=

t∫
0

∫
D

k(x)p (x, s |y) dx ds

∞∫
0

∫
D

k(x)p (x, s |y) dx ds

.

Hence

E[T |T < τ,y] =

∞∫
0

∞∫
t

∫
D

k(x)p (x, s |y) dx ds dt

∞∫
0

∫
D

k(x)p (x, s |y) dx ds

=

∞∫
0

s

∫
D

k(x)p (x, s |y) dx ds dt

∞∫
0

∫
D

k(x)p (x, s |y) dx ds

,

which can be expressed in terms of the Laplace transform

p̂(x, q |y) =

∞∫
0

p (x, s |y)e−qsds
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as

E[T |T < τ,y] = −

∫
D

k(x)
dp̂(x, q |y)

dq
dx

∫
D

k(x)p̂(x, q |y)dx

= − ∂

∂q

log


∫
D

k(x)p̂(x, q |y)dx


∣∣∣∣∣∣

q=0

. (6.89)

The conditional distribution of the first passage time to the boundary of trajectories,
given they are absorbed, is

Pr{τ < t |T > τ,y} =

t∫
0

J(s |y) ds

1−
∞∫
0

∫
D

k(x)p (x, s |y) dx ds

. (6.90)

Thus the mean time to absorption in ∂Da of trajectories that are absorbed is given
by [182]

E[τ |T > τ, y] =

∞∫
0

Pr{τ > t |T > τ,y} dt =

∞∫
0

sJ(s |y) ds

1−
∞∫
0

∫
D

k(x)p (x, s |y) dx ds

.

The pdf p (y, t |x, s) in Definition 5.4.1 of the survival probability (5.69) is now the
solution of the Fokker–Planck equation (6.80).



Chapter 7

Markov Processes and their
Diffusion Approximations

7.1 Markov processes

Recall that according to Definition 2.4.1, a stochastic process x(t) is a Markov
process if for all times τ1 ≤ τ2 ≤ · · · ≤ τm ≤ t1 ≤ t2 ≤ · · · ≤ tn and all
Borel sets A1, A2, . . . , Am, B1, B2, . . . , Bn in Rd

its multidimensional condi-
tional PDF satisfies the equation

Pr {x(t1) ∈ B1, . . . , x(tn) ∈ Bn | x(τ1) ∈ A1, . . . ,x(τm) ∈ Am}
=Pr {x(t1) ∈ B1, . . . ,x(tn) ∈ Bn |x(τm) ∈ Am} . (7.1)

In terms of densities the Markov property (7.1) is expressed as

p (y1, t1, . . ., yn, tn |x1, τ1, . . ., xm, τm) = p (y1, t1, . . ., yn, tn |xm, τm).

It was shown that the Markov property implies that for all t1 ≤ t2 ≤ t3, the
transition pdf satisfies the Chapman–Kolmogorov integral equation

p (x3, t3 |x1, t1) =
∫
p (x3, t3 |x2, t2)p (x2, t2 |x1, t1) dx2. (7.2)

If the space is discrete, the integral is replaced by a sum. Markov processes in
discrete time are called Markov chains. Specifically, the generalization of Definition
2.4.1 is as follows.

Definition 7.1.1 (Markov chain). A Markov chain in a set X is a sequence of
random variables x1,x2,x3, ... in X such that for any n and any y,y1, . . . ,yn in
X

Pr {xn+1 = y |xn = yn, . . . ,x1 = y1} = Pr {xn+1 = y |xn = yn} .

The setX is called the state space of the chain.

© Springer Science+Business Media, LLC 2010
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The state space can be finite or infinite. The Chapman–Kolmogorov equation
(7.2) is generalized in a straightforward manner to this case (see [46]).

Exercise 7.1 (Running a Markov process backwards). Show that if x(t) is a
Markov process, then xT (t) = x(T − t) is also a Markov process. 2

Exercise 7.2 (The Cauchy process). The Cauchy process defined in Exercise 4.19
is defined by the transition pdf (4.86),

p (y, t+ ∆t |x, t) =
∆t
π

1
(x− y)2 + ∆t2

. (7.3)

Show that the transition pdf of the Cauchy process satisfies the CKE (7.2). 2

The quotient
∫
|x−y|> ε p (y, t+∆t |x, t) dy/∆t is the probability per unit time

of a jump of the discretized process from x to any point y, more than ε away from
x. The principal value

lim
ε→ 0

1
∆t

∫
|x−y|> ε

p (y, t+ ∆t |x, t) dy =
1

∆t
(PV)

∫
p (y, t+ ∆t |x, t) dy

is the probability per unit time of any jump of the discretized process from x.

Definition 7.1.2 (Jump rate). The rate of jumps bigger than ε from x at time t is

λε(x, t) = lim
∆t↓0

1
∆t

∫
|x−y|> ε

p (y, t+ ∆t |x, t) dy. (7.4)

The jump rate from x at time t is

λ(x, t) = lim
ε→0

λε(x, t). (7.5)

Therefore it is natural to expect that the continuity condition for trajectories of a
Markov process is that λε(x, t) = 0 for all x, t, and ε > 0; that is, no jumps of any
finite size occur in short time.

Theorem 7.1.1 (Lindeberg’s condition for continuity of paths [84]). The trajec-
tories of a Markov process are continuous with probability 1 if

λε(x, t) = 0 (7.6)

holds for all ε > 0, uniformly for all x and t.

The Lindeberg condition (7.6) means that the probability of moving more than
ε in a short time ∆t decays faster than linearly with ∆t.

Example 7.1 (Lindeberg’s condition for the MBM ). For the MBM with diffusion
coefficient D,

p (y, t+ ∆t |x, t) =
1√

2πD∆t
exp
{
− (x− y)2

2D∆t

}
,



7. Markov Processes and Diffusion Approximations 209

so the Lindeberg condition is

λε(x, t) = lim
∆t↓0

1
∆t

∫
|x− y| > ε

1√
2πD∆t

exp
{
− (x− y)2

2D∆t

}
dy

= lim
∆t↓0

1
∆t

∫
|z| > ε

1√
2πD∆t

exp
{
− z2

2D∆t

}
dz

= lim
∆t↓0

2
∆t

∞∫
ε

1√
2πD∆t

exp
{
− z2

2D∆t

}
dz

= lim
∆t↓0

2
∆t

∞∫
ε/
√
D∆t

1√
2π

exp
{
−u

2

2

}
du

= lim
∆t↓0

ε√
2πD∆t3

exp
{
− ε2

2D∆t

}
= 0.

l’Hospital’s rule was used in the last line above. It follows that the probability law
of the MBM ensures the continuity of paths with probability 1. 2

Example 7.2. (The Cauchy process).

(i) To examine Lindeberg’s continuity condition for paths of the Cauchy process
defined by eq. (7.3) in Exercise 7.2, we calculate the rate of jumps bigger than ε,

λε(x, t) = lim
∆t↓0

1
π

∫
|x− y| > ε

dy

(x− y)2 + ∆t2
= lim

∆t↓0

2
π∆t

∞∫
ε/∆t

∆t2

∆t2 (z2 + 1)
dy

= lim
∆t↓0

2
π∆t

(
arctan(∞)− arctan

ε

∆t

)
=

2
ε
6= 0,

where l’Hospital’s rule was used in the last line above. It follows that the continuity
condition is not satisfied so that the trajectories of the Cauchy process cannot be
expected to be continuous.

(ii) The jump rate of the Cauchy process is

λ(x, t) = lim
∆t→0

1
∆t

(PV)
∫
p (y, t+ ∆t |x, t) dy =

∫
dy

π(x− y)2
= ∞.

Thus the process jumps at an infinite rate (all the time!). The jump distribution from
a point x is determined from

Pr {jump size ≥ ε} =
2
π

∞∫
x+ ε

∆t dy
(x− y)2 + ∆t2

→ 0 as ∆t→ 0.

It follows that in short times the jumps are small. 2
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Example 7.3 (The Poisson process). The Poisson process is defined for small ∆t
by the transition pdf

p (y, t+ ∆t |x, t) = (1− λ∆t)δ(y − x) + λ∆tδ(y − x− 1) + o(∆t), (7.7)

where λ > 0 is the jump rate. Its trajectories are step functions that increase by one
with rate λ (see Examples 7.4 and 7.5). The Lindeberg condition gives

lim
∆t↓0

1
∆t

∫
|x− y| > ε

p (y, t+ ∆t |x, t) dy = λ > 0, (7.8)

so the trajectories cannot be expected to be continuous. It is shown below that the
Poisson process jumps at exponentially distributed random times. 2

Definition 7.1.3 (Markovian jump process). A Markovian jump processes in the
time interval [0, T ] is the limit in probability of the discrete simulation scheme with
time step ∆t = T/N

xN (t+ ∆t) =
{
xN (t) w.p. 1− λN (xN (t), t)∆t
xN (t) + ξN (t) w.p. λN (xN (t), t)∆t, (7.9)

where λN (xN (t), t)∆t is the probability that xN (t) jumps in the time interval [t, t+
∆t] and ξN (t) is the jump size. The jump size ξN (t) is a random process such that
for t ≥ t1 > t2 > · · · > tn its conditional probability density, given that xN (t)
jumped from the point x in the time interval [t, t+ ∆t], is

Pr {ξN (t) ∈ y + dy |xN (t) = x, xN (t1) = x1, . . ., xN (tn) = xn}
=wN (y |x, t) dy. (7.10)

The transition pdf of xN (t) satisfies the equation

pN (y, t+ ∆t |x, s) = (1− λN (y, t)∆t)pN (y, t |x, s) (7.11)

+ ∆t
∫
λN (z, t)wN (y − z |z, t)pN (z, t |x, s) dz,

which means that the pdf to reach y at time t + ∆t is the probability of getting to
y at time t and staying there for the time interval [t, t + ∆t] (i.e., not jumping),
plus the probability of getting at time t to any point z and jumping to the point y
in the time interval [t, t + ∆t]. Equation (7.11) implies that the processes xN (t)
are Markovian on the lattice 0,∆t, 2∆t, . . . . If the limits λN (y, t) → λ(y, t),
wN (y |x, t) → w(y |x, t), and pN (y, t |x, s) → p (z, t |x, s) exist as N → ∞,
then the limit pdf satisfies the master equation

∂p (y, t |x, s)
∂t

= − λ(y, t)p (y, t |x, s) +
∫
λ(z, t)w(y − z |z, t)p (z, t |x, s) dz. (7.12)
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We say then that xN (t) → x(t) in distribution. The question of convergence is
discussed in [62], [85], [208], [70], [233].

The PDF of the waiting time between jumps from a given point can be deter-
mined from eq. (7.9). To calculate the probability of no jump from x in the time
interval [s, t], we partition the interval into N parts, s = t0 < t1 < · · · < tN = t,
set ∆ti = ti − ti−1, (i = 1, 2, . . ., N), and ∆t = maxi ∆ti. According to eq.
(7.9),

Pr {no jump from x in the interval [ti−1, ti]} = 1−∆tiλ(x, ti−1).

Due to the Markov property, the probability of a jump in the time interval [ti, ti+1],
given that the process is still at x, is independent of the elapsed time prior to ti. It
follows that

Pr {no jump from x in [s, t]} = lim
N→∞

N∏
i=0

(1−∆tiλ(x, ti−1))

= exp

−
t∫
s

λ(x, τ) dτ

 .

If the jump rate is independent of t, then

Pr {no jump from x in [s, t]} = exp{−λ(x)(t− s)} .

Example 7.4 (Poisson process). The Poisson process defined in Example 7.3 can
be also defined by (7.9) with λ(x, t) = λ = const. and w(y |x, t) = δ(y − x− 1).
The master equation (7.12) is

∂p (y, t |x, s)
∂t

= −λp (y, t |x, s) + λp (y − 1, t |x, s). (7.13)

For small t− s = ∆t, eq. (7.13) can be written as (7.7). 2

Exercise 7.3 (Exponential waiting times). Show that a random waiting time is
independent of the elapsed time if and only if it is exponentially distributed. 2

Example 7.5 (The jump rate of the Poisson process ). According to (7.7) and
(7.8) the jump rate of the Poisson process is λ. 2

7.1.1 The general form of the master equation

Writing

WN (y |x, t) = λN (x, t)wN (y − x |x, t)∆t (7.14)

we find that

λN (x, t) =
1

∆t
(PV)

∫
WN (y |x, t) dy, (7.15)
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and that WN (y |x, t) is the joint probability of a jump in the interval [t, t+∆t] and
the jump ξN (t). The dynamics (7.9) can be written as

xN (t+ ∆t) (7.16)

=


xN (t) w.p. 1− (PV)

∫
WN (z |xN (t), t) dz

xN (t) + ξN (t) w.p. (PV)
∫
WN (z |xN (t), t) dz,

and (7.10) as

Pr {ξN (t) ∈ y + dy |xN (t) = x, xN (t1) = x1, . . ., xN (tn) = xn}

=
WN (y |x, t) dy

(PV)
∫
WN (z |x, t) dz

.

Equation (7.11) for the transition pdf of xN (t) becomes

pN (y, t+ ∆t |x, s) =
(

1− (PV)
∫
WN (z |y, t) dz

)
pN (y, t |x, s)

+ (PV)
∫
WN (y |z, t)pN (z, t |x, s) dz. (7.17)

As above, if the limits

lim
N→∞

WN (z |x, t)
∆t

=W (z |x, t)

lim
N→∞

ξN (t) = ξ(t), lim
N→∞

xN (t) = x(t) (7.18)

exist in some sense, the limit process x(t) is called a Markovian jump process. The
master equation (7.12) becomes

∂p (y, t |x, s)
∂t

=(PV)
∫

[W (y |z, t)p (z, t |x, s)−W (z |y, t)p (y, t |x, s)] dz. (7.19)

Note that eq. (7.15) implies that the jump rate (7.5) is

λ(y, t) = lim
ε→ 0

∫
|z − y| > ε

W (z |y, t) dz = (PV)
∫
W (z |y, t) dz. (7.20)

Example 7.6 (The master equation for the Cauchy process). For the Cauchy pro-
cess defined in Example 7.2 the joint probability WN (y |x, t) is defined in eq. (7.3)

as WN (y |x, t) = ∆t
{
π
[
(x− y)2 + ∆t2

]}−1
, so that (PV)

∫
WN (z |x, t) dz =

1, which means that the probability of no jump in the interval [t, t+ ∆t] is zero and
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the process jumps at each time step. (i.e., the jump rate is infinite). The dynamics
(7.9) is then reduced to xN (t+ ∆t) = xN (t) + ξN (t), where

Pr {ξN (t) ∈ y + dy |x(t) = x} =
∆t

π [(x− y)2 + ∆t2]
dy.

The result of Example (7.2) implies that W (y |x, t) = [π(x− y)2]−1, so the master
equation (7.19) is

∂p (y, t |x, s)
∂t

= (PV)
∫

[p (z, t |x, s)− p (y, t |x, s)] dz
π(y − z)2

.

2

Consider particles moving along the trajectories of the dynamical system in Rd
,

ẋ = A(x, t), t > s, x(s) = x, (7.21)

where x0 is distributed with a given density p0(x). The measure in function space
induced by (7.21) is concentrated on the trajectories of (7.21), parameterized by
x0 ∈ Rd

. The pdf of a trajectory x(t,x0) is the pdf of its initial value x0. The
process x(t,x0) is Markovian, because of the uniqueness of solutions of (7.21).
The pdf p0(x) evolves in time to the density of particles p (y, t | s).

Theorem 7.1.2 (Liouville’s equation). The pdf p (y, t | s) is the solution of the
initial value problem

∂p (y, t | s)
∂t

= −
n∑
i=1

∂
[
Ai (y, t) p (y, t | s)

]
∂yi

for t > s (7.22)

p (y, s | s) = p0(y).

It is given by

p (y, t | s) =
∫
p (y, t |x, s)p0(x) dx

where the Green’s function p (y, t |x, s) is the solution of the initial value problem
(7.21) with the initial condition p (y, s |x, s) = δ(y − x).

Proof. In a given interval s < t < T and for a given time step ∆t = T/N , the
Euler scheme for the solution of (7.21) is

xN (t+ ∆t) = xN (t) +A(xN (t), t)∆t, xN (s) = x, (7.23)

so that for every test function f(y)

Ef(xN (t+ ∆t)) =Ef(xN (t) + ∆x)
=Ef(xN (t)) + EA(xN (t)) · ∇f(xN (t))∆t+ o(∆t).
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This means (integrate by parts)∫
f(y)pN (y, t+ ∆t | s) dy

=
∫
pN (y, t | s) [f(y) +A(y, t) · ∇f(y)∆t+ o(∆t)] dy

=
∫
f(y) [pN (y, t | s)−∇ ·A(y, t)pN (y, t | s)∆t+ o(∆t)] dy,

which is equivalent to

∂pN (y, t | s)
∂t

= −
n∑
i=1

∂
[
Ai (y, t) pN (y, t | s)

]
∂yi

+ o(1) for N →∞, t > s,

pN (y, s | s) = p0(y).

The convergence pN (y, t | s) → p (y, t | s) gives (7.22).

Exercise 7.4. (Solution of Liouville’s equation).

(i) Prove under appropriate assumptions pN (y, t | s) → p (y, t | s) as N →∞.

(ii) Solve Liouville’s equation (7.22) by the methods of characteristics [45]. 2

A Markovian drift and jump process corresponds to the simulated dynamics

xN (t+ ∆t) (7.24)

=
{
xN (t) +A(xN (t), t)∆t w.p. 1− λN (xN (t), t)∆t
xN (t) +A(xN (t), t)∆t+ ξN (t) w.p. λN (xN (t), t)∆t,

where, as in (7.10),

Pr{(ξN (t) ∈ z + dz |xN (t) = x, . . . , xN (tn) = xn} = wN (z |x, t) dz.

Obviously, xN (t) is a discrete-time Markov process on the grid. The master equa-
tion is the combination of the Liouville equation (7.22) and the master equation
(7.19) (or (7.12)),

∂p (y, t |x, s)
∂t

= −
n∑
i=1

∂
[
Ai (y, t) p (y, t |x, s)

]
∂yi

− λ(y)p (y, t |x, s) +
∫
λ(z)w(y − z |y)p (z, t |x, s) dz

= −
n∑
i=1

∂

∂yi
[
Ai (y, t) p (y, t |x, s)

]
(7.25)

+ (PV)
∫

[W (y |z, t)p (z, t |x, s)−W (z |y, t)p (y, t |x, s)] dz.

It is derived as above.
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Example 7.7 (Virtual work in queueing theory). In queueing theory [130] a queue
can be described by the unfinished work in the system or virtual work U(t), which
is the time it takes the queue to empty if the arrival of new customers is stopped at
time t. If customers arrive at exponential waiting times with rate λ (that may depend
on the unfinished work) and demand work x, whose pdf is b(x) (which also may
depend on U(t)), we denote the PDF of U(t) by F (w, t) = Pr {U(t) ≤ w} and the
pdf by f(w, t) = ∂F (w, t)/∂w. The server works at the fixed rate 1, because work
is measured in units of time. The dynamics (7.24) of the unfinished work is given
by

U(t+ ∆t) =
{
U(t)−∆t w.p. 1− λ(U)∆t+ o(∆t)
U(t) + x w.p. λ(U)∆t+ o(∆t),

where Pr {x = y |U(t) = w, U(t1) = w1, . . ., U(tn) = wn} = b(y, w). Thus the
drift is a = −1, so that for w > 0 the master equation (7.12) is

∂f(w, t)
∂t

= fw(w, t)− λ(w)f(w, t) +

w∫
0−

λ(y)b(w − y, y)f(y, t) dy. (7.26)

This is the generalized Takács equation [130]. In general, F (0+, t) 6= 0, because
there is a positive probability of an empty queue (i.e., of an idle period). On the
other hand, F (0−, t) = 0. It follows that F (w, t) is discontinuous at w = 0 so that

f(w, t) = f̃(w, t) +A(t)δ(w), (7.27)

where f̃(w, t) is a regular function at w = 0 and A(t) is the probability of an empty
queue.

To derive equations for f̃(w, t) andA(t), we use (7.27) in the generalized Takacs
equation (7.26). We obtain

w∫
0−

λ(y)b(w − y, y)f(y, t) dy =

w∫
0−

λ(y)b(w − y, y)
[
f̃(y, t) +A(t)δ(y)

]
dy;

that is, for w > 0,

∂f̃(w, t)
∂t

=
∂f̃(w, t)
∂w

− λ(w)f̃(w, t)

+

w∫
0−

λ(y)b(w − y, y)f̃(y, t) dy + λ(0)b(w | 0)A(t).

The equation for A(t) is derived directly. We have

A(t+ ∆t)
=Pr {U(t+ ∆t) = 0} = [1− λ(0)∆t] Pr {U(t) = 0}

+ [1− λ(0)∆t] Pr {0 < U(t) < ∆t}+ ∆t

∆t∫
0−

λ(y)b(∆t− y, y)f̃(y, t) dy,
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because A(t) = Pr {U(t) = 0}. In the limit ∆t→ 0, we obtain

Ȧ(t) = −λ(0)A(t) + f̃(0, t).

In addition, we have the normalization condition

∞∫
0

f̃(w, t) dw +A(t) = 1

for all t [136], [138], [134]. 2

Example 7.8 (The master equation for the point Josephson junction). The point
Josephson junction is a sandwich of two superconductors separated by a thin layer
of oxide (insulator) [18]. A current is driven across the junction by a voltage or
current source. The capacity and resistance of the junction are represented in an
equivalent circuit (the RSJ model) as a resistor (R) and a capacitor (C) in series
connected in parallel to a nonlinear element. The voltage and the current across the
junction, denoted V (t̃) and Ĩ(t̃), respectively, are functions of the dimensional time
t̃.

The voltage in the junction is described by an order parameter θ. According to
Josephson’s law, the circuit equation (in the absence of normal resistance and noise)
is given by

C
dV (t̃)
dt̃

+ IJ sin θ = Ĩ (7.28)

θ̇ =
2e
~
V (t̃), (7.29)

where IJ is a characteristic current of the junction and e is the electronic charge.
Thus, for instance, if the current is driven by a constant voltage source, then V =
const. in eq. (7.29) gives θ = 2eV t̃/~, hence eq. (7.28) gives Ĩ = IJsin 2eV t̃/~;
that is, the constant voltage source produces an alternating current with frequency
2eV/~. Josephson, Esaki, and Giaever shared the 1973 Nobel Prize in physics for
this discovery.

We introduce the notation ω2
J = 2eIJ/~, I = Ĩ/IJ , and G = (ωJRC)−1,

where ωJ is the Josephson frequency, and G is the conductance. We nondimen-
sionalize time energy by setting t = ωJ t̃ and EJ = ~IJ/2e. In these variables the
circuit equation becomes θ̈ + sin θ = I . This is the equation of a pendulum driven
by torque I . The circuit equation describes the current of so-called Cooper pairs,
which flows without any voltage drop across the junction (super current).

In addition to the super current there is also a normal current that flows across
the junction, with voltage V , resistance R, and noise. This current is due to tun-
neling of normal electrons across the oxide from left to right and from right to left
when a voltage drop V from right to left is given. At a given temperature T , the en-
ergies of normal electrons on both sides of the junction are described by the Fermi
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distribution: the probabilities that a state E is occupied on the right or left side of
the junction are given by

fR(E) =
1

1 + exp
{
E + eV − EF

kBT

} , fL(E) =
1

1 + exp
{
E − EF
kBT

} ,
where EF is the so-called Fermi energy. An electron can tunnel from right to left
with energy E if the state E is occupied on the right and unoccupied on the left.
Assuming tunneling at exponential waiting times, the rate of tunneling from right to
left (and, similarly, from left to right) is

l(E) = cfR(E) [1− fL(E)] , r(E) = cfL(E) [1− fR(E)] ,

where c is some constant. It follows that

l(E)
r(E)

= exp
{
− eV

kBT

}
,

r(E) + l(E)
r(E)− l(E)

= coth
eV

2kBT
,

or equivalently,

l(E) = exp
{
− eV

kBT

}
r(E) (7.30)

r(E) + l(E) = [r(E)− l(E)] coth
eV

2kBT
.

Denoting by N(E) the density of states, we find that the net current across the
junction (from left to right) is

I =
∫
N(E)e [r(E)− l(E)] dE =

∫
N(E)e

r(E) + l(E)

coth
eV

2kBT

dE,

so that I = V/R gives∫
N(E) [r(E) + l(E)] dE =

V

eR
coth

eV

2kBT
.

Setting l =
∫
N(E)l(E) dE and r =

∫
N(E)r(E) dE, integration of eqs. (7.30)

against N(E) gives

l(V ) =
V

eR

[
1− exp

{
− eV

kBT

}] , r(V ) =
V

eR

[
exp
{
eV

kBT

}
+ 1
] .

If the junction is driven by a constant DC current source IDC , the stochastic
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dynamics of the voltage is now given by

V (t+ ∆t)

=



V (t)− IJ
C

sin θ(t)∆t+
IDC
C

∆t+ o(∆t) w.p. 1−(r + l)∆t+o(∆t)

V (t)− IJ
C

sin θ(t)∆t+
IDC
C

∆t+
e

C
+ o(∆t) w.p. r∆t+ o(∆t)

V (t)− IJ
C

sin θ(t)∆t+
IDC
C

∆t− e

C
+ o(∆t) w.p. l∆t+ o(∆t).

It follows that the joint pdf of θ and V , denoted p (θ, V, t | θ0, V0), satisfies the mas-
ter equation

∂p (V, θ, t)
∂t

=
2eV

~
∂p (V, θ, t)

∂θ
−
[
IDC
C

∆t− IJ
C

sin θ
]
∂p (V, θ, t)

∂V

+ r
(
V − e

C

)
p
(
V − e

C
, θ, t

)
+ l
(
V +

e

C

)
p
(
V +

e

C
, θ, t

)
− [r (V ) + l (V )] p (V, θ, t) .

Changing variables to

T → 2ekBT
~IJ

, t→ t

ωJ
, E → E

EJ
,

we write

eV =
~ωJ
2
θ̇,

V

RIJ
= Gθ̇, q =

eωJ
IJ

=
~ωJ
2EJ

,

so that p (θ, V, t) → p (θ, θ̇, t). Then the master equation can be written as

∂p (θ, θ̇, t)
∂t

= − θ̇
∂p (θ, θ̇, t)

∂θ
− [I − sin θ]

∂p (θ, θ̇, t)
∂θ̇

+ r
(
θ̇ − q

)
p
(
θ, θ̇ − q, t

)
+ l
(
θ̇ + q

)
p
(
θ, θ̇ + q, t

)
−
[
r
(
θ̇
)

+ l
(
θ̇
)]
p
(
θ, θ̇, t

)
.

2

7.1.2 Jump-diffusion processes

The simulated dynamics of a diffusion process in Rd
that jumps at random times is

given by

x∆t(t+ ∆t) (7.31)

=


x∆t(t) +A(x∆t(t), t)∆t+

√
2B(x∆t(t), t)∆w(t)

w.p. 1− λ∆t(x∆t(t), t)∆t

x∆t(t) +A(x∆t(t), t)∆t+
√

2B(x∆t(t), t)∆w(t) + ξ∆t(t)
w.p. λ∆t(x∆t(t), t)∆t,
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where the drift vector A(x, t) and the diffusion matrix B(x, t) are sufficiently
smooth functions (as required in the proof of the differential Chapman–Kolmogorov
equation below) and w(t) is a MBM. As in (7.10),

Pr{ξ∆t(t) ∈ z + dz |x∆t(t) = x, . . . , x∆t(tn) = xn} = w∆t(z |x, t) dz.

The process x∆t(t) is a discrete-time Markov process on the grid. With the notation
(7.14) and (7.15), we assume that λ∆t(x, t) → λ(x, t),w∆t(y |x, t) → w(y |x, t),
and W∆t(y |x, t) → W (y |x, t) sufficiently strongly as ∆t → 0 to allow passage
to the limit in integrals. Then the transition pdf p∆t(y, t |x, s) of the process x∆t(t)
converges in distribution to a Markov process x(t). Specifically, proceeding as in
the proofs of the Fokker–Planck equation (Theorem 4.5.1) and Liouville’s equation
(Theorem 7.1.2), we obtain [62], [84], [82] the following theorem.

Theorem 7.1.3 (The differential Chapman–Kolmogorov equation). The transi-
tion pdf of x(t) satisfies for t > s the equation

∂p (y, t |x, s)
∂t

= Lyp (y, t |x, s) (7.32)

= −
n∑
i=1

∂
[
ai (y, t) p (y, t |x, s)

]
∂yi

+
n∑
i=1

n∑
j=1

∂2
[
σij(y, t)p (y, t |x, s)

]
∂yi∂yj

+ (PV)
∫

[W (y |z, t)p (z, t |x, s)−W (z |y, t)p (y, t |x, s)] dz

and the initial condition

lim
t↓s

p (y, t |x, s) = δ(y − x). (7.33)

The pdf p (y, t |x, s) satisfies with respect to the backward variables (x, s) the back-
ward Kolmogorov equation

∂p (y, t |x, s)
∂s

= L∗xp (y, t |x, s) (7.34)

= −
n∑
i=1

ai (x, s)
∂p (y, t |x, s)

∂xi
−

n∑
i=1

n∑
j=1

σij(x, s)
∂2p (y, t |x, s)

∂xi∂xj

+ (PV)
∫
W (z |x, s) [p (y, t |x, s)− p (y, t |z, s)] dz

and the terminal condition

lim
s↑t

p (y, t |x, s) = δ(y − x). (7.35)

The general definition of a jump diffusion process is as follows.

Definition 7.1.4 (The general definition of a jump-diffusion process). A (multi-
dimensional) jump-diffusion process is a Markov process x(t) in Rd

, whose tran-
sition pdf, p (y, t |x, s), satisfies the following conditions.
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1. For all ε > 0,

lim
∆t↓0

1
∆t

p (y, t+ ∆t |x, t) = W (y |x, t),

uniformly in |x− y| > ε and t.

2. For all 1 ≤ i ≤ d and small ε > 0,

lim
∆t↓0

1
∆t

∫
|x− y| < ε

(yi − xi)p (y, t+ ∆t |x, t) dy = ai(x, t) + o(ε),

uniformly in |x− y| > ε and t.

3. For all 1 ≤ i, j ≤ d and small ε > 0,

lim
∆t↓0

1
∆t

∫
|x− y| < ε

(yi−xi)(yj−xj)p (y, t+∆t |x, t) dy = σi,j(x, t)+o(ε),

uniformly in |x− y| > ε and t.

All higher-order differential moments vanish in the limit ε→ 0, because for any
δ > 0

lim
∆t↓0

1
∆t

∫
|x− y| < ε

|x− y|2+δp (y, t+ ∆t |x, t) dy

≤ εδ lim
∆t↓0

1
∆t

∫
|x− y| < ε

|x− y|2p (y, t+ ∆t |x, t) dy

= εδ
[
max
i,j

σi,j(x, t) + o(ε)
]
.

It can be shown [82], as in the derivation of the Fokker–Planck equation, that the pdf
of a general jump-diffusion process satisfies the differential Chapman–Kolmogorov
equation (7.32). The meaning of the above conditions is that continuous paths are
possible only if W (y |x, t) = 0 for all y 6= x. Thus W (y |x, t) determines the
probability distribution of the times between jumps and the probability of the jump
size. The coefficients ai(x, t) form the infinitesimal drift vector and the coeffi-
cients σi,j(x, t) form the diffusion matrix. Under the above assumptions Theorem
7.1.3 holds; that is, the transition pdf of x(t) satisfies the differential Chapman–
Kolmogorov equation (7.32).

The pdf p (y, t |x, s), in general, is not a pdf with respect to the backward vari-
able x. For example, the function p (y, t |x, s) = 1 is a solution of the backward
equation, although it does not satisfy the terminal condition (7.35). If the coeffi-
cients ai (x, s) and σij(x, s), as well as the functionW (z |x, s) are independent of
s, then

p (y, t |x, s) = p (y, t− s |x, 0) (7.36)
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and we can write p (y, t |x, s) = p (y, τ |x), where τ = t− s, so that

∂p (y, t |x, s)
∂t

=
∂p (y, τ |x)

∂τ
= −∂p (y, t |x, s)

∂s
.

The forward and backward Kolmogorov equations can be written in the operator
form, respectively, as

pτ (y, τ |x) = Lyp (y, τ |x), pτ (y, τ |x) = L∗xp (y, τ |x)

where L∗x is the formal adjoint to Ly in the sense that for all sufficiently smooth
functions U1(y) and φ2(y) that vanish outside a bounded set∫

U1(y)LyU2(y) dy =
∫
U2(y)L∗yU1(y) dy.

Definition 7.1.5 (Stationary process). The process x(t) is said to be stationary if
all its multidimensional densities are translation invariant in time.

In particular, for a stationary process eq. (7.36) holds. If x(t) is a stationary pro-
cess and its pdf converges to a limit limτ→∞ p (y, τ |x) = p (y), independent of
initial conditions, then p (y) is the stationary pdf and satisfies the forward equation
Lyp (y) = 0; that is, p (y) is the eigenfunction of the forward operator Ly cor-
responding to the eigenvalue 0. The function p∗(x) = 1 is then the eigenfunction
of the backward Kolmogorov operator L∗x corresponding to the same eigenvalue;
that is, L∗x1 = 0. A general necessary and sufficient condition for the convergence
of the solution of the Fokker–Planck equation to a stationary solution is unknown,
although some sufficient conditions are given in [82], [206] and numerous journal
articles.

If the trajectories of a Markovian jump-diffusion process are instantaneously
truncated when they leave a domain D ⊂ Rd

, the pdf p (y, t |x, s) satisfies the
differential Chapman–Kolmogorov equation (7.32) inD with respect to the forward
variable y and vanishes for y 6∈ D, and the differential BKE (7.34) with respect
to the backward variable x in D and also vanishes for x 6∈ D. The pdf is not
necessarily continuous at the boundary (see the proof of Theorem 7.4.1 below).
Theorem 4.4.3 is generalized in a straightforward way to the following

Theorem 7.1.4. The mean first passage time τD out ofD time after s is the solution
of the boundary value problem

∂E [τD |x, s]
∂s

+ L∗xE [τD |x, s] = − 1 for x ∈ D, s < t (7.37)

E [τD |x(s)] = 0 for x 6∈ D, (7.38)

where L∗
x is the backward differential Chapman–Kolmogorov operator (7.34).

Proof. The survival probability for t > s is given by (5.69), where p (y, t |x, s)
is the pdf of the Markov process in D, whose trajectories are instantaneously trun-
cated when it leaves D. Thus it is the solution of (7.34) with absorbing boundary



222 7. Markov Processes and Diffusion Approximations

conditions and the mean exit time after s is (5.71); that is,

E [τD |x, s] =

∞∫
s

S(t |x, s) dt =

∞∫
s

∫
D

p (y, t |x, s) dy dt. (7.39)

Differentiating with respect to s, using the terminal condition (7.35) and the back-
ward Chapman–Kolmogorov equation (7.34), we find that

∂E [τD |x, s]
∂s

= −1 +

∞∫
s

∫
D

p (y, t |x, s)
∂s

dy dt = −1− L∗xE [τD |x, s] .

7.2 A semi-Markovian example: Renewal processes

Definition 7.2.1 (Semi-Markov process). A continuous-time stochastic process
x(t) is called a continuous-time semi-Markov process if it jumps at a strictly in-
creasing sequence of times Tn and x(Tn) is a Markov chain (called the embedded
Markov chain). The times between the consecutive jumps, τn = Tn − Tn−1, are
called waiting times or holding times.

The pair (x(t), y(t)), where y(t) is the elapsed time because the last jump prior
to time t, is Markovian. For example, the simplest semi-Markovian generaliza-
tion of the Poisson counting process (Examples 7.3–7.5) is the renewal (counting)
process {N(t), t ≥ 0}, which counts the number of successive events in the time
interval (0, t], where the time durations between consecutive counts τi are positive,
independent, identically distributed random variables. The formal definition is as
follows

Definition 7.2.2 (Renewal process). A continuous time semi-Markov process de-
fined by N(t) = maxi {i |Ti ≤ t}, where τi are positive i.i.d. random waiting
times, is called a renewal process.

If Pr{τi = ∞} > 0, then N(t) is called a terminating renewal process. This is
the case, for example, of counting the number of consecutive returns of a diffusing
particle to a given ball. Because diffusion is nonrecurrent in R3

(see Example 4.5),
the sequence of returns will terminate [181], [180]. In contrast, the total chargeQ(t)
carried by a current I(t) of charges (electrons or ions) that arrive at i.i.d. random
times at an electrode in the time interval (0, t] is a renewal process, for example, the
ionic current in an electrolytic solution [179].

The common PDF of the times τi is denoted

Fτ (t) = Pr {τi ≤ t} , i = 1, 2, 3, . . . (7.40)
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and their pdf by fτ (t). If Fτ (t) = e−λt, the renewal process N(t) is Poissonian.
The assumption τi > 0 is expressed by the assumption Fτ (t) = 0 for t ≤ 0. We
denote a generic waiting time τi by τ and its moments by

Eτm =

∞∫
0

tmfτ (t) dt.

Assuming that all moments exist, Taylor’s expansion of the Laplace transform of
fτ (t) is given by

f̂τ (s) = 1 +
∞∑
n=1

(−1)n

n!
snEτn. (7.41)

The random variable

Tn = τ1 + τ2 + · · ·+ τn, n ≥ 1, T0 = 0

is the waiting time until the occurrence of the nth event. With this notation

N(t) = max {n | 0 < Tn ≤ t} .

The connection between N(t) and Tn is also given by the identities

{N(t) = n} = {Tn ≤ t < Tn+1} , n = 0, 1, 2, . . . . (7.42)

The simplest example of a renewal process is the Poisson process with exponen-
tial waiting times between the counts. If λ is the exponential rate, the distribution
of N(t) is

Pr {N(t) = n} =
(λt)n

n!
e−λt, n = 0, 1, 2, . . . .

The Laplace transform of the pdf of τ is

f̂τ (s) =
λ

λ+ s
= 1 +

∞∑
n=1

(−1)nsn

n!λn
, 0 ≤ s < λ.

The Poisson process is Markovian, because it jumps at exponential waiting times.
The pdf of Tn is the n-fold convolution of fτ (t) with itself,

fTn
(t) = fτ ∗ fτ ∗ · · · ∗ fτ︸ ︷︷ ︸

n

(t).

Taking the Laplace transform gives

f̂Tn
(s) = f̂nτ (s).

The function

ϕ(t) =
∞∑
n=1

fTn
(t) (7.43)
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is called the renewal function. Its Laplace transform is

ϕ̂(s) =
f̂τ (s)

1− f̂τ (s)
.

For the Poisson process

ϕ̂(s) =
λ

s
.

The simplest properties of ϕ(t) are

lim
s→0

ϕ̂(s) = ∞, lim
s→0

sϕ̂(s) = lim
t→∞

ϕ(t) =
1

Eτ . (7.44)

Exercise 7.5 (The renewal equation). The integral equation

u(t) = g(t) +

t∫
0

u(t− s)fτ (s) ds = g(t) + u ∗ fτ (t), (7.45)

where g(t) is a given function, is called a renewal equation. Show that its solution
is given by

u(t) = g(t) +

t∫
0

u(t− s)ϕ(s) ds = g(t) + u ∗ ϕ(t), (7.46)

where ϕ(t) is the renewal function. 2

In certain cases the time of the first event has a different distribution than that of
the i.i.d. times τi for i > 1. This is the case, for example, if the counting process
begins at some positive time t0. Then the first count occurs after the residual time
γt0 = Ti+1 − t0, where Ti < t0 ≤ Ti+1. To determine the PDF of γt0 , we write

Pr {γt0 < x} =
∞∑
n=0

Pr {γt0 < x, N(t0) = n} (7.47)

=
∞∑
n=0

Pr {Tn ≤ t0 < Tn+1, Tn+1 − t0 < x}

=
∞∑
n=0

Pr {Tn ≤ t0 < Tn+1 + τn+1 < t0 + x} .

Because τn+1 is independent of Tn, their joint pdf is fTn,τ (u, v) = fTn
(u)fτ (v). It
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follows that

Pr {Tn ≤ t0 < Tn+1 + τn+1 < t0 + x} (7.48)

=

t0∫
0

du

t0+x−u∫
t0−u

fTn
(u)fτ (v)

=

t0∫
0

[Fτ (t+ x− u)− Fτ (t− u)] fTn
(u) du.

Using the definition (7.43) and eq. (7.48) in eq. (7.47), we obtain

Pr {γt0 < x} =

t0∫
0

[Fτ (t0 + x− u)− Fτ (t0 − u)]ϕ(u) du.

Differentiating with respect to x, we obtain

fγt0
(x) =

t0∫
0

fτ (t0 + x− u)ϕ(u) du =

t0+x∫
x

fτ (z)ϕ(t0 + x− z) dz.

In the limit t0 →∞, we obtain

lim
t0→∞

fγt0
(x) =

1
Eτ

∞∫
x

fτ (z) dz =
1− Fτ (x)

Eτ . (7.49)

We denote a random variable with the pdf (7.49) by r and the pdf (7.49) by fr(x).
The Laplace transform of fr(x) is given by

f̂r(s) =
1− f̂τ (s)
sEτ .

This means that if we begin to count at some time t0 long after the arrival process
has begun, the pdf of the time to the first count is fr(x). For the Poisson process the
residual time is exponential with the same exponent as the arrival rate.

To find the distribution of N(t), we assume that τ1 is the residual time for the
renewal processN(t). We set τ0 = 0 so that its pdf is δ(t) and its Laplace transform
is 1. Thus, the pdf of Tn becomes

fT0(t) = δ(t), fTn
(t) = fr ∗ fτ ∗ fτ ∗ · · · ∗ fτ︸ ︷︷ ︸

n−1 times

(t), n = 1, 2, . . .

and the Laplace transforms are

f̂T0(s) = 1, f̂Tn
(s) =

1− f̂τ (s)
sEτ f̂n−1

τ (s), n = 1, 2, . . . .
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It follows from eq. (7.42) that

Pr {N(t) = 0} = Pr {r > t} = 1− Fr(t)
Pr {N(t) = n} = Pr {Tn ≤ t < Tn+1} , n = 0, 1, 2, . . . .

Reasoning as above, we find that

Pr {Tn ≤ t < Tn+1} =

t∫
0

[1− Fτ (t− u)] fTn(u) du = [1− Fτ ] ∗ fTn(t),

so that, for n > 0,

Pr {N(t) = n} = [1− Fτ ] ∗ fTn
(t).

It follows that

LPr {N(t) = 0} (s) =
1
s

[
1− 1− f̃τ (s)

sEτ

]
(7.50)

LPr {N(t) = n} (s) =

[
1− f̂τ (s)

]2
s2Eτ f̂n−1

τ (s), n = 1, 2, . . . .

Exercise 7.6 (Law of large numbers). Use the central limit theorem version of
the large deviations theory (Section 9.3.2) to determine the asymptotic behavior of
Pr {N(t) = n} for large n and large t such that t = nEτ + y. Conclude that

N(t)
t

a.s.−→ 1
Eτ as t→∞. (7.51)

Equation (7.51) is the (strong) law of large numbers. 2

Equations (7.50) can be used to calculate the moments of N(t). Thus,

EN(t) =
∞∑
n=1

nPr {N(t) = n}

so that

EN̂(s) =
∞∑
n=1

n

[
1− f̂τ (s)

]2
s2Eτ f̂n−1

τ (s) =
1

s2Eτ .

It follows that

EN(t) =
t

Eτ . (7.52)

Similarly,

LEN2(t)(s) =L
∞∑
n=1

n2 Pr {N(t) = n} (s)
∞∑
n=1

n2

[
1− f̂τ (s)

]2
s2Eτ f̂n−1

τ (s)

=
1 + f̂τ (s)

s2Eτ
[
1− f̂τ (s)

] . (7.53)
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Classical shot noise is the noisy current due to the arrival of identical charges at
an electrode at i.i.d. random times. The total charge registered by the electrode by
time t is a renewal process. Thus shot noise is the derivative of a renewal process.
The charges can be electrons or ions of various species. We denote the noisy current
by I(t). Denoting by q the charge of a single particle, we have I(t) = qṄ(t), and
from eq. (7.52), we obtain

〈I(t)〉 =
q

Eτ . (7.54)

To calculate the autocorrelation and power spectral density of current fluctua-
tions, we calculate first the autocorrelation function of the counting process N(t),

R(t1, t2) = EN(t1)N(t2).

Assuming t2 > t1, we have

R(t1, t2) =
∞∑
m=1

∞∑
n=1

nmPr {N(t1) = n, N(t2) = m} . (7.55)

Obviously, summation extends only over m ≥ n. It follows that eq. (7.55) can be
written as

R(t1, t2) =
∞∑
n=1

∞∑
p=0

n(n+ p) Pr {N(t2) = n+ p |N(t1) = n}Pr {N(t1) = n}

=
∞∑
n=1

∞∑
p=0

n(n+ p) Pr {N(t2 − t1) = p }Pr {N(t1) = n}

=
∞∑
n=1

n2 Pr {N(t1) = n}
∞∑
p=0

Pr {N(t2 − t1) = p }

+
∞∑
n=1

nPr {N(t1) = n}
∞∑
p=1

pPr {N(t2 − t1) = p }

=
∞∑
n=1

n2 Pr {N(t1) = n}+ EN(t1)EN(t2 − t1)

=EN2(t1 ∧ t2) + EN(t1 ∧ t2)EN(|t2 − t1|), (7.56)

where t1 ∧ t2 = min (t1, t2).
The autocorrelation of the current fluctuations is〈(
I(t1)−

q

Eτ
)(

I(t2)−
q

Eτ
)〉

= 〈I(t1)I(t2)〉 − 〈I〉2 = EṄ(t1)Ṅ(t2)− 〈I〉2

=
∂2

∂t1∂t2
R(t1, t2)− 〈I〉2 . (7.57)
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First, we note the following identities for i 6= j, (i, j = 1, 2),

∂ti ∧ tj
∂ti

=H(tj − ti),
∂2t1 ∧ t2
∂t2∂t1

= δ(t2 − t1) (7.58)

∂|ti − tj |
∂ti

=2H(ti − tj)− 1,
∂2|t1 − t2|
∂t1∂t2

= −2δ(t1 − t2)

and

∂t1 ∧ t2
∂t1

∂t1 ∧ t2
∂t2

= H(t2 − t1)H(t1 − t2) = 0 (7.59)

∂t1 ∧ t2
∂t1

∂|t1 − t2|
∂t2

+
∂t1 ∧ t2
∂t2

∂|t1 − t2|
∂t1

=1.

Now, we have

∂2

∂t1∂t2
EN2(t1 ∧ t2) =

∂

∂t1

∂t1 ∧ t2
∂t2

d

dt
EN2(t)

∣∣
t=t1∧t2

=
∂2t1 ∧ t2
∂t2∂t1

d

dt
EN2(t)

∣∣
t=t1∧t2

+
∂t1 ∧ t2
∂t1

∂t1 ∧ t2
∂t2

d2

dt2
EN2(t)

∣∣
t=t1∧t2

= δ(t2 − t1)
d

dt
EN2(t)

∣∣
t=t1∧t2

(7.60)

and

∂2

∂t1∂t2
EN(t1 ∧ t2)EN(|t2 − t1|)

=
∂

∂t1

∂t1 ∧ t2
∂t2

EṄ(t1 ∧ t2)EN(|t2 − t1|)

+
∂

∂t1

∂|t1 − t2|
∂t2

EN(t1 ∧ t2)EṄ(|t2 − t1|)

= δ(t2 − t1)EṄ(t1 ∧ t2)EN(|t2 − t1|) + EṄ(t1 ∧ t2)EṄ(|t2 − t1|)
− 2δ(t2 − t1)EN(t1 ∧ t2)EṄ(|t2 − t1|)

=
δ(t2 − t1)(

Eτ
)2 |t2 − t1|+

1(
Eτ
)2 − 2δ(t2 − t1)(

Eτ
)2 t1 ∧ t2

=
1(

Eτ
)2 − 2δ(t2 − t1)(

Eτ
)2 t1 ∧ t2. (7.61)

Using eq. (7.60) and (7.61) in eq. (7.57), we obtain〈(
I(t1)−

q

Eτ
)(

I(t2)−
q

Eτ
)〉

= δ(t2 − t1)

[
d

dt
EN2(t)

∣∣
t=t1∧t2

− 2(
Eτ
)2 t1 ∧ t2

]
.
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The large t asymptotics of EN2(t) is found from the small Laplace variable s
asymptotics in eq. (7.53). Using Taylor’s expansion (7.41), we obtain for small
s

LEN2(t)(s) =
1 + f̂τ (s)

s2Eτ
[
1− f̂τ (s)

] =
2− sEτ +O(s2)

sEτ − s2
Eτ2

2
+O

(
s3
) 1
s2Eτ

=
2

s3
(
Eτ
)2 +

Eτ2 −
(
Eτ
)2

s2
(
Eτ
)3 +O

(
1
s

)
,

hence, inverting the Laplace transform, we obtain the long time asymptotic expan-
sion

EN2(t) =
t2(

Eτ
)2 +

Eτ2 −
(
Eτ
)2(

Eτ
)3 t+ · · ·

d

dt
EN2(t) =

2t(
Eτ
)2 +

Eτ2 −
(
Eτ
)2(

Eτ
)3 + · · · .

It follows that for large t1 ∧ t2〈(
I(t1)−

q

Eτ
)(

I(t2)−
q

Eτ
)〉

= δ(t2 − t1)

[
d

dt
EN2(t)

∣∣
t=t1∧t2

− 2(
Eτ
)2 t1 ∧ t2

]

= δ(t2 − t1)
Eτ2 −

(
Eτ
)2(

Eτ
)3 + o(1).

Thus the autocorrelation of the current fluctuations is given by

RI(t) = δ(t)q2
Eτ2 −

(
Eτ
)2(

Eτ
)3 = q 〈I〉

Eτ2 −
(
Eτ
)2(

Eτ
)2 δ(t), (7.62)

where (7.54) was used. Equation (7.62) is sometime referred to as Campbell’s the-
orem. If the arrivals are exponentially distributed, we obtain from eq. (7.62) Schot-
tky’s formula [232] (note the difference in the definition of the Fourier transform)

RI(t) = q 〈I〉 δ(t). (7.63)

The power spectral density function of the current fluctuations is given by

SI(ω) = q 〈I〉
Eτ2 −

(
Eτ
)2(

Eτ
)2 . (7.64)

For the exponential case, we have

SI(ω) = q 〈I〉 . (7.65)
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7.3 Diffusion approximations of Markovian
jump processes

The probability law of a Markov process can be often approximated by that of a
diffusion process, which leads to a considerable mathematical simplification of the
analysis of the process. The analytical machinery of diffusion processes, as de-
scribed in the previous chapters, becomes available for the analysis of the approxi-
mated Markov process.

Modeling random phenomena as dynamical systems driven by white noise of-
ten leads to an oversimplification of the source of randomness. Thus, for instance,
in modeling dynamics driven by state-dependent noise the resulting stochastic dif-
ferential equations can be interpreted in the Itô, Stratonovich, or any other sense.
It may not be obvious which interpretation is appropriate for a given application.
Choosing the correct interpretation for the mathematical model may be crucial for
the correct description of the system under consideration. For example, a model that
uses the Itô interpretation can lead to a stable system whereas interpreting it in the
Stratonovich sense may lead to instability of the model.

One way to choose the correct interpretation is to start with a model that involves
the description of the source of randomness on a more fundamental level than using
white noise. For example, white noise may be considered a limit, in some sense, of
a jump process with frequent jumps, or of a correlated process with short correlation
time. Thus diffusion approximations of various stochastic processes often involve
separation of time and spatial scales and coarse-graining of the fast relative to the
slow scale. The approximations may consist in the approximation of the random
trajectories of the process by those of a diffusion process or in the approximation
of the pdf of a process by that of a diffusion process. The latter often involves the
expansion of the pdf in an asymptotic series and the coarse-grained equations are
obtained as solvability conditions in the construction of the asymptotic series.

7.3.1 A refresher on solvability of linear equations

A basic fact from the theory of linear algebraic equations is that if the homogeneous
vector equation

Ax = 0 (7.66)

has a nontrivial solution; that is, if 0 is an eigenvalue ofA, then the inhomogeneous
equation

Ax = b (7.67)

has a solution if and only if b is orthogonal to all the eigenvectors of the adjoint ma-
trixA∗ corresponding to the eigenvalue 0. In a real space (with a real inner product
〈·, ·〉) the matrix representation of the adjoint operatorA∗ isAT , in a complex space

it is Ā
T

. Thus, if (7.66) has a non-trivial solution, then (7.67) has a solution if and
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only if

〈y, b〉 = 0 (7.68)

for all solutions y of the equation

A∗y = 0. (7.69)

The generalization of the solvability condition to bounded linear operators between
a Banach space X (e.g., L1(D)) and its dual X∗ (e.g., L∞(D), where D is a

d

operatorA : X 7→X∗ (i.e., (7.66) has a nontrivial solution inX), then a necessary
condition for the solvability of (7.67) is that (7.68) holds for all solutions of the
adjoint equation A∗y = 0 (y ∈X∗).
duality 〈x,y〉 = y(x) [79].

The operator A in the context of stochastic processes is the inverse of the for-
ward Kolmogorov operator, whose L1 (or l1) eigenfunction of the eigenvalue 0 is
a probability density; that is, a nonnegative integrable function (nonnegative se-
quence), whose integral (sum) is 1. The dual space to L1 is the space of essentially
bounded functions (L1)∗ = L∞. The adjoint operatorA∗, with respect to the dual-
ity

〈f, g〉 = g∗(f) =
∫
f(x)ḡ(x) dx for f ∈ L1, g ∈ L∞,

is the backward Kolmogorov operator. The eigenfunction ofA∗ inL∞, correspond-
ing to the eigenvalue 0 is a constant (see discussion below Definition 7.1.5). Thus a
necessary condition for the inhomogeneous equation (7.67) to have a solution in L1

is that the integral of b vanishes (i.e., b is orthogonal to 1). The solvability condition
can be generalized to other linear spaces in a straightforward manner.

7.3.2 Dynamics with large and fast jumps

Consider a one-parameter family ξ(x, t)
x∈R of stationary zero mean Markov jump

processes. Assume that the master equation for the pdf of ξ(x, t) is

pt(ξ, t |x) = − Λ(ξ, x)p (ξ, t |x) +
∫

Λ(ξ − η, x)p (η, t |x)w(ξ − η | η, x) dη

=Lξpt(ξ, t |x). (7.70)

The stationary pdf of the process, Ψ0(ξ |x), is a nonnegative eigenfunction of the
operator Lξ with eigenvalue 0; that is, LξΨ0(ξ |x) = 0, normalized by∫

Ψ0(ξ |x) dξ = 1. (7.71)

We assume that this is the unique integrable eigenfunction of the operator; that
is, we assume that it is the unique (up to a constant factor) eigenfunction in the

The “inner product” 〈·, ·〉 in this case is the

bounded or unbounded domain in R ) is that if 0 is an eigenvalue of a bounded
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function space L1(R). We also assume that the only bounded eigenfunction of
the adjoint operator, L∗ξ , is constant. In addition, we assume that the integrable
eigenfunctions of Lξ, denoted {Ψn(ξ |x)}, form a complete set and together with
the eigenfunctions of the operator L∗ξ , denoted {Φn(ξ |x)}, form a bi-orthogonal
set. That is,

∫
Ψm(ξ |x)Φ̄n(ξ |x) dξ = δm,n. We denote the eigenvalues of Lξ by

λn(x). These assumptions mean that all integrable functions f(ξ) can be expanded
in L1(R) in a series f(ξ) =

∑
n an(x)Ψn(ξ |x) with

an(x) =

∫
f(ξ)Φ̄n(ξ |x) dξ∫

Ψn(ξ |x)Φ̄n(ξ |x) dξ
.

Note that not all eigenvalues of Lξ are necessarily real valued, because the operator
is in general not self-adjoint.

The zero mean assumption means that∫
ξΨ0(ξ |x) dξ = 0. (7.72)

Now, we consider a dynamical system driven by the noise process ξ(x, t) in
the form ẋ = α(x) + ξ(x, t). The jumps are speeded up by scaling the jump rate
Λ(ξ, x) with a small parameter 0 < ε < ε0 in the form Λ(ξ, x) = λ(ξ, x)/ε.
The resulting jump process is denoted ξε(x, t). Its pdf satisfies the master equation
pε, t(ξ, t |x) = ε−1Lξpε(ξ, t |x). Next, the jump size is scaled with ε1/2 so that
the scaled dynamics takes the form

ẋε = α(xε) + ε−1/2ξε(xε, t). (7.73)

The pair (xε(t), ξε(xε(t), t)) is a two-dimensional drift-jump Markov process, be-
cause the initial value problem for eq. (7.73) has a unique solution. It follows that
the joint pdf of the pair satisfies the master equation

∂pε(x, ξ, t)
∂t

= − ∂

∂x

[
α(x) +

ξ√
ε

]
pε(x, ξ, t) +

1
ε
Lξpε(x, ξ, t). (7.74)

To find the limit of pε(x, ξ, t) as ε → 0, we construct an asymptotic expansion
of pε(x, ξ, t) in the form

pε(x, ξ, t) = p0(x, ξ, t) +
√
εp1(x, ξ, t) + εp2(x, ξ, t) + · · ·. (7.75)

Inserting the expansion (7.75) into the master equation (7.74) and comparing the
coefficients of like powers of ε on both sides, we obtain at the leading order ε−1

the equation Lξp0(x, ξ, t) = 0. That is, p0(x, ξ, t) is proportional to the eigen-
function Ψ0(ξ |x) of the operator Lξ with proportionality constant (with respect
to ξ) that may depend on (x, t), which we denote P 0(x, t). Hence p0(x, ξ, t) =
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P 0(x, t)Ψ0(ξ |x), where P 0(x, t) is yet an undetermined function. At order ε−1/2,
we obtain the equation

Lξp
1(x, ξ, t) = −ξ ∂p

0(x, ξ, t)
∂x

= −
∂
[
ξΨ0(ξ |x)P 0(x, t)

]
∂x

. (7.76)

The inhomogeneous equation (7.76) has a solution only if the right-hand side sat-
isfies a solvability condition, because 0 is an eigenvalue of the operator Lξ. The
solvability condition, which is obtained by integration of both sides of the equation
against an eigenfunction, is that the right-hand side be orthogonal to all eigenfunc-
tions of the adjoint operator L∗ξ corresponding to the same eigenvalues that belong
to the function space L∞(R) of essentially bounded functions, the dual space to
L1(R). As mentioned above, this function is 1, so the solvability condition is sim-
ply found by integrating the equation with respect to ξ. The condition (7.72) ensures
that the solvability condition is satisfied. The solution of the homogeneous equation,
if it exists, is not unique and is defined up to an additive multiple of the eigenfunc-
tion Ψ0(ξ |x).

In the case at hand we show that the solution exists by constructing it. To con-
struct the solution of eq. (7.76), we expand

ξΨ0(ξ |x) =
∞∑
n=0

an(x)Ψn(ξ |x) (7.77)

ξ
∂Ψ0(ξ |x)

∂x
=

∞∑
n=0

bn(x)Ψn(ξ |x)

∂Ψ0(ξ |x)
∂x

=
∞∑
n=0

cn(x)Ψn(ξ |x)

p1(x, ξ, t) =
∞∑
n=1

dn(x, t)Ψn(ξ |x) + P 1(x, t)Ψ0(ξ |x),

where P 1(x, t) is yet an undetermined function,

an(x) =

∫
ξΨ0(ξ |x)Φ̄n(ξ |x) dξ∫
Ψn(ξ |x)Φ̄n(ξ |x) dξ

, bn(x) =

∫
ξ
∂Ψ0(ξ |x)

∂x
Φ̄n(ξ |x) dξ∫

Ψn(ξ |x)Φ̄n(ξ |x) dξ

cn(x) =

∫
∂Ψ0(ξ |x)

∂x
Φ̄n(ξ |x) dξ∫

Ψn(ξ |x)Φ̄n(ξ |x) dξ
,

and dn(x, t) are yet undetermined coefficients. Eqation (7.76) gives

λn(x)dn(x, t) = an(x)P 0
x (x, t) + bn(x)P 0(x, t),
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because
Lξp

1(x, ξ, t) =
∑
n

λn(x)dn(x, t)Ψn(ξ |x);

that is,

dn(x, t) =
an(x)
λn(x)

∂P 0(x, t)
∂x

+
bn(x)
λn(x)

P 0(x, t).

It follows that

p1(x, ξ, t) = A(ξ, x)
∂P 0(x, t)

∂x
+B(ξ, x)P 0(x, t) + P 1(x, t)Ψ0(ξ |x),

where

A(ξ, x) =
∞∑
n=1

an(x)
λn(x)

Ψn(ξ |x), B(ξ, x) =
∞∑
n=1

bn(x)
λn(x)

Ψn(ξ |x).

Next, we compare terms that are O(1). We obtain the equation

Lξp
2(x, ξ, t)

=
∂p0(x, ξ, t)

∂t
+
∂α(x)p0(x, ξ, t)

∂x
+ ξ

∂p1(x, ξ, t)
∂x

=
[
∂P 0(x, t)

∂t
+
∂α(x)P 0(x, t)

∂x

]
Ψ0(ξ |x) + C(ξ, x)α(x)P 0(x, t)

− ξ
∂

∂x

[
A(ξ, x)

∂P 0(x, t)
∂x

+B(ξ, x)P 0(x, t) + P 1(x, t)Ψ0(ξ |x)
]
,

where C(ξ, x) =
∑∞
n=1 cn(x)Ψn(ξ |x). The solvability condition is obtained by

integrating the right-hand side with respect to ξ. We have
∫
C(ξ, x) dξ = 0, because

Φ0(ξ |x) = 1 and the eigenfunctions form a bi-orthogonal system,
∫

Ψn(ξ |x) dξ =
0 for n > 0. Conditions (7.71) and (7.72) give

∂P 0(x, t)
∂t

= −∂ [α(x)−B(x)]P 0(x, t)
∂x

+
∂

∂x
A(x)

∂P 0(x, t)
∂x

, (7.78)

where A(x) =
∫
ξA(ξ, x) dξ and B(x) =

∫
ξB(ξ, x) dξ.

If the dynamics (7.73) has the form

ẋε = α(xε) +
ξε(t)β(xε)√

ε

and the eigenfunctions of Lξ are independent of x, then A(ξ, x) and B(ξ, x) are
independent of x, so that A(x) is constant, say D, and eq. (7.78) becomes

∂P 0(x, t)
∂t

= −∂α(x)P 0(x, t)
∂x

+D
∂

∂x

{
β(x)

∂
[
β(x)P 0(x, t)

]
∂x

}
. (7.79)

This is the Fokker–Planck–Stratonovich equation for the pdf of the solution of the
Stratonovich stochastic differential equation

dSx = α(x) dt+
√
Dβ(x) dSw.
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Example 7.9 (Goldstein’s model of diffusion). Goldstein’s model of diffusion
in one dimension assumes that identical balls move on the line with velocities
±V and collide elastically at exponential waiting times with rate Λ. Upon col-
lision they exchange velocities. As the velocities and the collision rate are in-
creased the displacement of a ball satisfies the equation ẋε = ξε(t)/

√
ε, where

ξε(t) is the speeded up random telegraph process. The operator Lξ is given by
Lξp (ξ) = −Λp (ξ) + Λp (−ξ) and is self-adjoint, because ξ1(t) takes the values
±V . The eigenvalues and eigenfunctions are

µ0 =0, Ψ0(ξ) =
1
2
δ(ξ − V ) +

1
2
δ(ξ + V ), Φ0(ξ) = 1

µ1 =2Λ, Ψ1(ξ) = δ(ξ − V )− δ(ξ + V ).

Note that the density is not an integrable function, but rather a distribution. Obvi-
ously, ∫

Ψ0(ξ) dξ = 1,
∫
ξΨ0(ξ) dξ = 0,

∫
Ψ1(ξ)Φ0(ξ) dξ = 0.

The expansion (7.77) is given by

ξΨ0(ξ) =
1
2

[ξδ(ξ − V ) + ξδ(ξ + V )] =
1
2
VΨ1(ξ);

that is, a1 = 1
2V . Now, we scale λ = Λ/ε and v = V/

√
ε to convert ξ1(t) to the

speeded up process ξε(t).
Equation (7.74) for the joint pdf of xε and ξε is given by

∂pε(x, ξ, t)
∂t

= − ξ√
ε

∂pε(x, ξ, t)
∂x

− λ

ε
[pε(x, ξ, t)− pε(x,−ξ, t)] .

The expansion (7.75) leads to the leading term p0(x, ξ, t) = P 0(x, t)Ψ0(ξ) and the
Fokker–Planck–Stratonovich equation (7.79) is given by P 0

t (x, t) = DP 0
xx(x, t)

with the diffusion coefficient

D =
∫
a1ξΨ1(ξ)

µ1
dξ =

V

4λ

∫
ξ [δ(ξ − V )− δ(ξ + V )] dξ =

V 2

2λ
.

If there is additional drift, then

ẋε = α(x) +
ξε(t)√
ε
,

and the diffusion equation becomes

P 0
t (x, t) = −[α(x)P 0(x, t)]x +DP 0

xx(x, t),

where D = V 2/2λ. 2
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7.3.3 Small jumps and the Kramers–Moyal expansion

Consider the random walk on R

xn+1 = xn + εξn, (7.80)

where Pr {ξn = ξ |xn = x, xn−1 = y, . . .} = w(ξ |x, ε) and x0 is a random vari-
able with a given pdf p0(x). The conditional moments of the jump process are
denoted

mn(x, ε) = E [ξn |xn = x] =
∫
R

ξnw(ξ |x, ε) dξ.

The master equation for the pdf pε(x, n) = Pr {xn = x} of xn is

pε(x, n+ 1)− pε(x, n) (7.81)

=
∫
R

[pε(x− εξ, n)w(ξ |x− εξ, ε)− pε(x, n)w(ξ |x, ε)] dξ = Lεpε(x, n)

with a given initial condition

pε(x, 0) = φ0(x). (7.82)

Setting n = t/ε2, ∆t = ε2, and pε(x, t) = pε(x, n), we write the master equation
(7.81) in the form

pε(x, t+ ∆t) =
∫
R

pε(x− εξ, t)w(ξ |x− εξ, ε) dξ. (7.83)

We assume that the master equation (7.81) has a unique integrable solution that
satisfies the given initial condition (7.82) and an a priori bound of the form

||p||1 ≤ C||f ||2 (7.84)

on solutions of the inhomogeneous equation pε(x, n+1)−Lεpε(x, n) = f(x) with
the homogeneous initial condition φ0(x) = 0, where C is a constant independent of
ε, and || · ||1, || · ||2 are some norms. We assume furthermore that the conditional
pdf of the jump size and its conditional moments have the asymptotic power series
expansions for ε→ 0,

w(ξ |x, ε) ∼
∞∑
i=0

εiwi(ξ |x), (7.85)

mn(x, ε) ∼
∞∑
i=0

εimn,i(x) for all n > 0, (7.86)

where wi(ξ |x), mn,i(x) are regular functions.
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The Kramers–Moyal expansion consists in expanding all functions in powers of
the small parameter ε. We expand

pε(x, t) ∼
∞∑
0

pi(x, t), (7.87)

and using (7.85) in (7.83), we write

pε(x, t+ ∆t) =
∫
R

pε(x− εξ, t)
∞∑
i=0

εiwi(ξ |x− εξ) dξ

and obtain

p0(x, t) + ∆t
∂p0(x, t)

∂t
+ · · ·

=
∫
R
p0(x, t)w0(ξ |x) dξ +

∞∑
n=1

(−ε)n

n!
∂n

∂xn

p0(x, t)
∫
R

ξn
∞∑
i=0

εiwi(ξ |x) dξ

 .
Because normalization requires that

∫
R
p0(x, t)w0(ξ |x) dξ = p0(x, t), collecting

terms up to order ε2 gives

∆t
∂p0(x, t)

∂t
+ · · · (7.88)

= − ε
∂[m1,0(x) + εm1,1(x)][p0(x, t) + εp1(x, t)]

∂x
+
ε2

2
∂2m2,0(x)p0(x, t)

∂x2
+ · · ·

Dividing by ε2, we obtain

∂p0(x, t)
∂t

= − 1
ε

∂[m1,0(x) + εm1,1(x)][p0(x, t) + εp1(x, t)]
∂x

+
1
2
∂2m2(x, ε)p0(x, t)

∂x2
+ · · ·

Theorem 7.3.1 (Kramers–Moyal expansion). Under the assumptions (7.84)–(7.86),
if

m1,0(x, ε) = 0, (7.89)

then for every T > 0, the pdf pε(x, n) converges to the solution p0(x, t) of the initial
value problem

∂p0(x, t)
∂t

= − ∂m1,1(x)p0(x, t)
∂x

+
1
2
∂2m2,0(x)p0(x, t)

∂x2
for x > 0, (7.90)

lim
t→0

p0(x, t) =φ0(x), (7.91)

uniformly for all x > 0, 0 < t < T .
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Proof. Under the given regularity assumptions, p0(x, t) is a regular function, there-
fore the higher-order terms pi(x, t) in the expansion (7.87) are also regular func-
tions. Setting

P (m)(x, t) =
m∑
j=0

εjpj(x, t),

there is a constant K (that depends on φ0(x)) such that for all m ≥ 0

||pε(x, t)− P (m)(x, t)||1 ≤ Kεm+1. (7.92)

Indeed, from the construction of the expansion terms pj(x, t) it follows that the dif-
ferenceQmn (x) = pε(x, t)−P (m)(x, t) satisfies an equation of the formQmn+1(x)−
LεQ

m
n (x) = O(εm+1), and Qm0 (x) = 0 for m > 0. Now, the a priori estimate

(7.84) ensures that (7.92) holds.

Note that (7.90) is the Fokker–Planck equation for the pdf of the solution of the
Itô equation

dx = m1,1(x) dt+
√
m2,0(x) dw. (7.93)

Exercise 7.7 (Convergence of trajectories). Prove that on any finite interval [0, T ],
independent of ε, the piecewise constant trajectories xε(t) = x[t/ε2] of the Markov
process (7.80) converge in probability to the trajectories x(t) of (7.93) as ε → 0
(see [144]). 2

Example 7.10 (A drift-jump process with small rapid jumps). The jumps of the
continuous time Markov drift and jump process on R, described by (7.24)–(7.25),
are refined and sped up by introducing the temporal and spatial scaling with a small
parameter ε,

xε(t+ ∆t) (7.94)

=


xε(t) +A(xε(t))∆t+ o(∆t) w.p. 1− λ(xε(t))

ε2
∆t+ o(∆t)

xε(t) +A(xε(t))∆t+ εξ(t) + o(∆t) w.p.
λ(xε(t))
ε2

∆t+ o(∆t),

where
Pr {ξ(t) = ξ |xε(t) = x, xε(t1) = x1, . . .} = w(ξ |x)

for t > t1 > · · ·. The master equation for the pdf of x is given by

∂pε(x, t)
∂t

= − ∂A(x)pε(x, t)
∂x

+
1
ε2

∫
R

λ(x− εξ)pε(x− εξ, t)w(ξ |x− εξ) dξ − λ(x)pε(x, t)

 .
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The Kramers–Moyal expansion gives

∂pε(x, t)
∂t

= − ∂A(x)pε(x, t)
∂x

+
λ(x)
ε2

∞∑
n=1

(−ε)n

n!
∂nmn(x)pε(x, t)

∂xn

= − ∂

∂x

[
A(x) +

λ(x)m1(x)
ε

]
pε(x, t) +

1
2
∂2m2(x)pε(x, t)

∂x2
λ(x)

+O(ε).

If eq. (7.89) holds, we obtain the self-consistent diffusion approximation

∂p0(x, t)
∂t

= −∂ [A(x) + λ(x)m1,1(x)] p0(x, t)
∂x

+
1
2
∂2λ(x)m2,0(x)p0(x, t)

∂x2
.

The diffusion limit of xε(t) as ε → 0 is the solution of the stochastic differential
equation

ẋ(t) = A(x(t)) + λ(x(t))m1,1(x(t)) +
√
λ(x(t))m2,0(x(t)) ẇ(t).

Note that the same results hold for time-dependent coefficients as well. 2

The truncation of the Kramers–Moyal expansion (7.88) must be done with ex-
treme care, because otherwise the resulting approximations may diverge from the
solution of the master equation. The coarsest truncation gives the fluid approxima-
tion. If the scaling n = t/ε2 is replaced with n = t/ε and the expansion (7.88) is
truncated after the leading-order term, the resulting equation is

∂p0(x, t)
∂t

= −∂m1,0(x)p0(x, t)
∂x

.

This is the Liouville equation for the density of the trajectories of the deterministic
ODE

ẋ = m1,0(x), x(0) = x0 (7.95)

with the initial density p0(x0). The fluid approximation represents the averaged
dynamics (7.80) in the sense that at each point the random term is replaced by
its local mean. This approximation provides some information on the underlying
deterministic motion of the system. For example, it can reveal stability properties
of the dynamics, attractors, multistability, and so on.

The shortcomings of the fluid approximation are obvious. For example, if the
dynamics (7.95) has an attractor with a finite domain of attraction D all trajectories
of (7.95) that begin in D will stay there forever whereas the stochastic trajectories
of (7.80) may leave D in finite time with probability 1.

A more refined diffusion approximation is obtained by replacing the scaling
n = t/ε2 with n = t/ε, as above, and truncating the expansion (7.88) after the
second-order term. We obtain the Fokker–Planck equation

∂p (x, t)
∂t

= −∂m1,0(x)p (x, t)
∂x

+
ε

2
∂2m2,0(x)p (x, t)

∂x2
. (7.96)
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Its solution is the pdf of the diffusion process defined by the Itô equation

dx = m1,0(x) dt+
√
εm2,0(x) dw. (7.97)

Such an approximation assumes that the higher-order terms in the expansion
(7.88) are smaller than the terms that have been retained in the Kramers–Moyal
expansion; that is, that for small ε∣∣∣∣ εn+1

(n+ 1)!
∂n+1mn+1(x)p (x, t)

∂xn+1

∣∣∣∣ << ∣∣∣∣εnn!
∂nmn(x)p (x, t)

∂xn

∣∣∣∣ . (7.98)

This, however, is inconsistent with the approximation (7.96) in general.

Example 7.11 (Random walk). Consider a random walk that jumps ε to the left
and to the right at every point xwith probabilities l(x) and r(x), respectively, where
l(x) + r(x) = 1. Assume that for x > 0, we have r(x) < l(x) (or r(x) < 1

2 ) and
for x < 0, we have l(x) < r(x) (or r(x) > 1

2 ). The master equation for the pdf is
p (x, n+1) = p (x−ε, n)r(x−ε)+p (x+ε, n)l(x+ε). The conditional moments
mn(x) are given by mn(x) = r(x) + (−1)nl(x) so that m1(x) = r(x) − l(x) =
−1 + 2r(x), m2(x) = r(x) + l(x) = 1. This means that xm1(x) < 0; that
is, at each point the drift points toward the origin. The fluid approximation (7.95)
indicates that the origin is an attractor for the averaged dynamics.

The exact solution of the stationary master equation is given by [242]

pε(x) = p (nε) = pε(0)
l(0)
r(nε)

n∏
j=1

r(jε)
l(jε)

.

It follows that

lim
ε→0

ε log pε(x) = lim
ε→0

ε
n∑
j=1

log
r(jε)
l(jε)

=

x∫
0

log
r(x)
l(x)

dx

so that

log pε(x) ∼
1
ε

x∫
0

log
r(x)
l(x)

dx,

hence

εn
∂npε(x)
∂xn

= O(1).

Thus the assumption (7.98) is not satisfied, because all terms in the Kramers–Moyal
expansion are of the same order of magnitude.

The diffusion approximation (7.96) is

∂p (x, t)
∂t

= −∂ [1− 2r(x)] p (x, t)
∂x

+
ε

2
∂2p (x, t)
∂x2

.
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The stationary solution is given by

pε(x) = C exp

−2
ε

x∫
0

[1− 2r(x)] dx

 = C exp
{
−1
ε
ψ(x)

}
,

where

ψ(x) = 2

x∫
0

[1− 2r(x)] dx 6= −
x∫

0

log
r(x)

1− r(x)
dx. (7.99)

It follows that the approximation of the stochastic process xn defined in (7.80) by
the solution of the Itô equation, x(εn) = x(t), may lead to large errors in certain
functionals of the process. The exact approximation of the pdf is the object of large
deviations theory (see Chapter 9). 2

Exercise 7.8 (Validity of the fluid approximation). Show that the leading term in
Taylor’s expansion of both sides of (7.99) for small x is the same. Conclude that the
diffusion approximation can be valid for the description of only small fluctuations
about the trajectories of the fluid approximation. 2

7.3.4 An application to Brownian motion in a field of force

The following model of a Brownian particle in a field of force has been proposed in
[122]. Consider a heavy particle of mass M moving in a one-dimensional potential
U(x) in a medium of light particles of mass m (per particle). Assume that the
system is in thermal equilibrium at temperature T ; that is, the velocity pdf of the
small particles is Maxwellian,

f(v) =
√

m

2πkT
exp
{
−mv

2

2kT

}
.

The light particles collide elastically with the heavy particle at exponential waiting
times with rate α. We denote the displacement of the heavy particle by x and its
(random) velocity by V . Between collisions the heavy particle moves according to
Newton’s second law of motion; that is, Mẍ = −U ′(x). The random dynamics of
the heavy particle can be described by the system

x(t+ ∆t) =x(t) + V∆t+ o(∆t) (7.100)

V (t+ ∆t) =


V (t)− U ′(x)

M
∆t w.p. 1− α∆t+ o(∆t)

V (t)− U ′(x)
M

∆t+ ∆V w.p. α∆t+ o(∆t),
(7.101)

where ∆V is the change in the velocity of the heavy particle after a collision with a
light particle. It is obtained from the laws of conservation of energy and momentum
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in an elastic collision,

MV 2

2
+
mv2

2
=
M(V + ∆V )2

2
+
m(v + ∆v)2

2
MV +mv =M(V + ∆V ) +m(v + ∆v),

as ∆V = 2m(v − V )/(M +m). The master equation for the joint pdf of x and V
is

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

U ′(x)
M

p (x, V, t)

+
∫
αp (x, V − z, t)w(z |V − z) dz − αp (x, V, t),

where

w(z |V ) dz =Pr {∆V ∈ z + dz |V (t) = V }

=Pr
{

2m
M +m

(v − V ) ∈ z + dz

}
,

=Pr
{
v ∈ V +

M +m

2m
(z + dz)

}
= f

(
V +

M +m

2m
z

)
M +m

2m
dz.

Hence

w(z |V − z) dz = f

(
V +

M −m

2m
z

)
m+M

2m
dz.

Thus the explicit form of the master equation is

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

U ′(x)
M

p (x, V, t)− αp (x, V, t)

+
∫
αp (x, V − z, t)f

(
V +

M −m

2m
z

)
m+M

2m
dz.

Now, we change variables to u = V + (M −m)z/2m and get

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

U ′(x)
M

p (x, V, t)− αp (x, V, t)

+
∫
αp

(
x,
M +m

M −m
V − 2m

M −m
u, t

)
f (u)

M +m

M −m
du.

We introduce the small parameter ε = 2m/M and note that

2m
M −m

= ε

(
1 +

ε

2
+
ε4

4
+ · · ·

)
,

M +m

M −m
=
(

1 + ε+
ε2

2
+ · · ·

)
.
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The master equation becomes

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

U ′(x)
M

p (x, V, t)− αp (x, V, t)

+
∫
αp
(
x, (1 + ε+ · · ·)V − ε

(
1 +

ε

2
+ · · ·

)
u, t
)
f (u) du

× (1 + ε+ · · ·) .

Now, we use the Kramers–Moyal expansion to obtain

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

U ′(x)
M

p (x, V, t)

+
∂

∂V
εα

[∫
(V − u)f(u) du

]
p (x, V, t)

+
ε2α

2
∂2

∂V 2

[∫
(V − u)2f(u) du

]
p (x, V, t) +O

(
ε3
)
.

Next, using the identities∫
(V − u)f(u) du = V,

∫
(V − u)2f(u) du = V 2 +

kT

m
,

we obtain

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

U ′(x)
M

p (x, V, t)

+ εα
∂V p (x, V, t)

∂V
+
ε2α

2
∂2

∂V 2

[
V 2 +

kT

m

]
p (x, V, t) +O

(
ε3
)
.

Finally, we set γ = 2mα/M so that

ε2α

2
=
εγ

2
,

ε2α

2
kT

m
=
γkT

M
.

We assume that γ = O(1) as ε → 0, because reducing the mass of the light parti-
cles while keeping the temperature constant means that the mean kinetic energy per
light particle is preserved, hence the velocity increases and so does the frequency of
collisions. Now, the truncated Kramers–Moyal expansion has the form

∂p (x, V, t)
∂t

= − ∂V p (x, V, t)
∂x

+
∂

∂V

[
γV +

U ′(x)
M

]
p (x, V, t)

+
γkT

M

∂2p (x, V, t)
∂V 2

, (7.102)

which is the Fokker–Planck–Kramers equation for the joint pdf of the displacement
and velocity in the Langevin equation

ẍ+ γẋ+ U ′(x) =

√
2γkT
M

ẇ. (7.103)
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Exercise 7.9 (Generalization to R3
). Generalize the above derivation to R3

. 2

Exercise 7.10 (The BKE for BM in a field of force). Derive the backward Kol-
mogorov equation from the backward master equation in this model [122]. 2

7.3.5 Dynamics driven by wideband noise

A model for wideband noise, ξα(t), is white noise passed through a wideband filter;
that is,

ξ̇α = −αξα + α
√

2ε ẇ (7.104)

with α >> 1. First, we note that

lim
α→∞

ξα
F= ẇ (7.105)

in the sense that the pdf of
∫ t
0
ξα(s) ds converges to the pdf of w(t) as α→∞. The

proof of this statement is contained in the theory below.
Consider the dynamics

ẋα = A(xα) +B(xα)ξα(t), (7.106)

where ξα(t) is wideband noise as described above. In the limit α → ∞, we expect
to have xα(t) → x(t), in some sense, where x(t) is the solution of the stochastic
differential equation

ẋ = A(x) +B(x)ẇ. (7.107)

It is not a priori clear, however, if this equation has to be interpreted in the sense
of Itô or Stratonovich. This distinction may be crucial in determining, for example,
the stability of the system, and its many other properties. This is also an important
question in modeling systems driven by noise. To answer this question, we have
to carry out the limiting procedure and find out the type of the limiting equation
(7.107). Note that the proof of (7.105) corresponds to the case A(x) = 0 and
B(x) = 1.

To determine the limit, we note first that the pair xα(t), ξα(t) is the solution of
the (Itô) system of stochastic differential equations (7.104) and (7.106). It follows
that the joint pdf of xα(t) and ξα(t) is the solution of the Fokker–Planck equation

∂pα(x, ξ, t)
∂t

= − ∂ [A(x) +B(x)ξ] pα(x, ξ, t)
∂x

+ α
∂ξpα(x, ξ, t)

∂ξ

+ εα2 ∂
2pα(x, ξ, t)
∂ξ2

.

Scaling ξ =
√
αη and setting pα(x, ξ, t) = Pα(x, η, t), we obtain

∂Pα(x, η, t)
∂t

= − ∂A(x)Pα(x, η, t)
∂x

+
√
α
∂B(x)ηPα(x, η, t)

∂x

+ α

[
∂ηPα(x, η, t)

∂η
+ ε

∂2Pα(x, η, t)
∂η2

]
=αL0Pα +

√
αL1Pα + L2Pα,
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where

L0Pα =
∂ηPα
∂η

+ ε
∂2Pα
∂η2

, L1Pα =
∂B(x)ηPα

∂x
, L2Pα = −∂A(x)Pα

∂x
.

Expanding

Pα = P0 +
1√
α
P1 +

1
α
P2 + · · ·,

we obtain the hierarchy of equations

L0P0 =0 (7.108)

L0P1 = − L1P0 (7.109)

L0P2 =
∂P0

∂t
− L1P1 − L2P0, (7.110)

and so on. Equation (7.108) gives P0(x, η, t) = P0(x, t)e−η
2/2, where P0(x, t) is

yet an undetermined function. It is easy to see that the solvability condition for eq.
(7.109) is satisfied and the solution is given by

P1 = −ηe−η
2/2 ∂ [B(x)P0(x, t)]

∂x
+ P1(x, t)e−η

2/2,

1 The solvability condition for eq.
(7.110) gives

∂P0(x, t)
∂t

= −∂A(x)P0(x, t)
∂x

− ε
∂

∂x
B(x)

∂B(x)P0(x, t)
∂x

. (7.111)

This is the Fokker–Planck–Stratonovich equation for the pdf of the Stratonovich
equation (7.107). Thus the limiting equation should be interpreted as a Stratonovich
equation. The special case A(x) = 0 and B(x) = 1 leads to the diffusion equa-
tion with diffusion coefficient ε. This proves the convergence (7.105) in the sense
described above.

Exercise 7.11 (Overdamped harmonic oscillator with small wideband colored
noise). Consider the case of the overdamped motion in a harmonic potential driven
by a small wideband colored noise [124],

ẋ = −U ′(x) + g(x)u, u̇ = −αu+
√

2ε α ẇ,

where

U(x) =
ω2x2

2
. (7.112)

(i) Transform the problem to the variables x, y = −U ′(x) + u.

(ii) Show that for the case g(x) = 1 the joint stationary pdf of x and y is given by

p = exp
{
−1
ε

[
ω2

2α2
+

1
α

[
ω4x2

2
+
y2

2

]
+
ω2x2

2

]}
.

where P (x, t) is yet an undetermined function.
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(iii) For an arbitrary potential for which a stationary density exists, construct an
asymptotic solution to the stationary Fokker–Planck equation in the WKB (Wentzel,
Kramers, Brillouin) form

p ∼ K(x, y, α) exp
{
−ψ(x, y, α)

ε

}
for α� 1, ε� 1.

Write the eikonal and transport equations for ψ(x, y, α) and K(x, y, α), respec-
tively, and solve them by expanding

psi(x, y, α) =
∞∑
i=0

α−iψi(x, y), K(x, y, α) =
∞∑
i=0

α−iKi(x, y).

ANSWER:

ψ =U(x) +
1
α

(
y2

2
+

1
2

[U ′(x)]2
)

+
1
α2

U ′′(x)y2

2
− 1

2

x∫
U ′2U ′′′ dx


+O

(
1
α3

)
K =1 +

3U ′′(x)
2α

+O

(
1
α2

)
.

(iv) Show that for any g(x) the result is

ψ =

x∫
U ′

g
dx+

1
α

 y2

2g2
+

x∫ (
U ′U ′′

g2
− g′U ′2

g3

)
dx


+

1
α2

[(
U ′′(x)
g2

− g′U ′

g3

)
y2

2

− 1
2

x∫
U ′2

(
U ′′′

g2
− g′U ′′ + g′′U ′

g3
+
g′2U ′

g4

)
dx

+O

(
1
α3

)

K =
1

g(x)
+O

(
1
α

)
.

This expansion corresponds to first expanding for small ε and then for large α. Show
that the limit α → ∞ in the above expansion reproduces the result of the reverse
order expansion (7.111). 2

Exercise 7.12 (Dynamics driven by colored noise). Consider the damped dynam-
ics

ẍ+ βx+ U ′(x) = u, u̇ = −αu+
√

2εβ α ẇ,

or equivalently, the three-dimensional problem

ẋ = y, ẏ = −U ′(x)− βy + u, u̇ = −αu+
√

2εβ α ẇ. (7.113)
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In the limit α → ∞ the colored u becomes white noise and (7.113) reduces to the
Langevin equation with friction β.
(i) show that in the limit β →∞ the system (7.113) reduces to

ẋ = −U ′(x) +
√

2ε ẇ

(with scaled time).
(ii) Show that if αβ = a, where a = const., (7.113) reduces to

ẋ = −U ′(x) + u, u̇ = −au+
√

2ε a ẇ.

(iii) Show that if the potential is harmonic (see (7.112)), the exact solution of the
stationary Fokker–Planck equation corresponding to (7.113) is the Gaussian pdf
C exp{−ψ/ε}, where C is a normalization constant and ψ is given by

ψ =
(
ω2 +

ω4

α2

)
x2

2
+
[
ω2

α2
+
β + α)2

α2

]
y2

2
(7.114)

+
(
β + α

α2β

)
u2

2
+
βω2

α2
xy − ω2

α2
xu− β + α

α2
uy.

(iv) Show that in general, if ε � 1, α � 1, the WKB expansion p = exp{−ψ/ε}
gives

ψ =U(x) +
y2

2
+

1
α

[
u2

2β
− uy + βy2

]
+

1
α2

[
u2

2
− βuy − uU ′(x) +

1
2
β2y2

+ βU ′(x)u+
1
2

(U ′(x))2 +

t∫
0

yẏU ′′ dt

]
+O

(
1
α3

)
,

where the integral is evaluated on the trajectory

ẋ = y, ẏ = −U ′(x) + βy

such that x(t) = x, y(t) = y. 2

7.3.6 Boundary behavior of diffusion approximations

We consider the random walk (7.80) of Section 7.3.3,

xn+1 = xn + εξn (7.115)

on R+
with an absorbing boundary at x = 0, as in Section 5.4. Specifically, the

random walk is defined by (7.115) as long as xn > 0, but the trajectory is truncated
when it exits into R−

.
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Theorem 7.3.2 (Kramers–Moyal expansion with an absorbing boundary). Un-
der the assumptions (7.84)–(7.86), if (7.89) holds and for some z > 0

0∫
−∞

w0(η − z | 0) dη > 0, (7.116)

then for every T > 0, as ε → 0, the pdf pε(x, n) converges to the solution p0(x, t)
of the initial value problem (7.90), (7.91) with the absorbing boundary condition

p0(0, t) = 0 for t > 0, (7.117)

uniformly for all x > 0, s < t < T .

The assumption (7.116) means that the probability of jumping from the bound-
ary to the left is positive.

Proof. The master equation (7.81) has to be modified for the pdf of the truncated
trajectories to

pε(y, t+ ∆t) =

y/ε∫
−∞

pε(y − εz, t)w(x | y − εz, ε) dz. (7.118)

For y � ε the upper limit of integration can be extended to infinity and, as in
Theorem 7.3.1, we find that the leading order term p0(y, t) is the solution of the
initial value problem (7.90), (7.91) for all y > 0. As in the proof of Theorem 5.4.1,
a boundary layer expansion is needed for the proof of convergence of the Kramers–
Moyal expansion up to the boundary.

We introduce the boundary layer variable η = y/ε, set pbl(η, t) = pε(y, t), and
expand

pbl(η, t) ∼ p
(0)
bl (η, t) + εp

(1)
bl (η, t) + · · · . (7.119)

Using (7.85) and (7.119) in (7.118), we obtain to leading order the Wiener–Hopf
equation

p
(0)
bl (η, t) =

η∫
−∞

p
(0)
bl (η − z, t)w0(z | 0) dz =

∞∫
0

p
(0)
bl (z, t)w0(η − z | 0) dz.

(7.120)

Integrating (7.120 with respect to η over R+
and using the normalization

∞∫
−∞

w0(z | 0) dz = 1,
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we obtain

∞∫
0

p
(0)
bl (η, t) dη =

∞∫
0

p
(0)
bl (z, t)

1−
0∫

−∞

w0(η − z | 0) dη

 dz,
hence

∞∫
0

p
(0)
bl (z, t)

0∫
−∞

w0(η − z | 0) dη dz = 0. (7.121)

Equations (7.121) and (7.116) imply that p(0)
bl (z, t) = 0. Matching the boundary

layer with the outer Kramers–Moyal expansion gives the absorbing boundary con-
dition (7.117).

7.4 Diffusion approximation of the MFPT

The diffusion approximation of a Markov process with absorbing boundaries, as
described in Theorem 7.3.2, is valid in general on fixed time intervals, independent
of ε. It cannot be used, in general, for approximating the long-time behavior of the
Markov process or its expected exit time from a given domain [143]. Specifically,
the expected number of steps nε(x), of the Markov process

xn+1 = xn + εξn, x0 = x ∈ D (7.122)

to leave a domain D, is related to the MFPT E[τεD |x] of the continuous time pro-
cess xε(t) = x[t/ε2] by nε(x) = ε−2E[τεD |x]. The convergence of E[τεD |x] to the
MFPT E[τD |x] of the Kramers–Moyal diffusion approximation (7.93), and the dis-
crepancy between the mean number of steps nε(x) to that predicted by the diffusion
approximation,

nd(x) = ε−2E[τD |x], (7.123)

are described in [135] and in Theorem 7.4.1 below.
We consider (7.122) in D = R−

and truncate trajectories that cross into R+
,

keeping the notation and assumptions of Section 7.3.3. In particular, we assume that
(7.89) holds, thatmij(x) in (7.86) andwj(z |x) in (7.85) are analytic functions, that
nε(x) <∞, and that nε(x) does not grow exponentially as x→ −∞.

Theorem 7.4.1 (The MFPT of a Markov jump process). Under the assumption
of Theorem 7.3.1, the expected number of steps nε(x) for the process xn to leave D
suffers a jump discontinuity at the boundary x = 0 and

nε(0−)− nε(0+) = O
(
ε−1
)
. (7.124)
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The relative error in estimating nε(x) by nd(x) is

ed(x) =
nε(x)− nd(x)

nε(x)
→ 0 as ε→ 0 for x� ε, (7.125)

but

ed(0) → 1 as ε→ 0. (7.126)

Proof. Equation (7.37) of Theorem 7.1.4 takes the form

−x/ε∫
−∞

nε(x+ εz)w(z |x, ε) dz − nε(x) = −1 for x < 0, (7.127)

with the boundary condition (7.38), which is

nε(x) = 0 for x ≥ 0. (7.128)

The MFPT E[τD |x] of the diffusion approximation (7.93) is obtained from the
outer regular expansion

nε(x) ∼ ε−2n−2(x) + ε−1n−1(x) + n0(x) + · · · for ε→ 0 (7.129)

as

E[τD |x] = n−2(x). (7.130)

The proof of Theorem 7.1.4 shows that the expansion (7.129) is valid at each x < 0,
independent of ε. Specifically, for x� −εwe substitute the expansions (7.129) and
(7.85) in (7.127), and extending the upper limit of integration to infinity, as we may,
we equate the coefficient of each power of ε separately to zero to obtain a hierarchy
of equations for the unknown coefficients ni(x). The leading-order equation is

L0n−2(x) = m11(x)
dn−2(x)
dx

+
1
2
m20(x)

d2n−2(x)
dx2

= −1 (7.131)

and the next order equation is

L0n−1(x) =m12(x)
dn−2(x)
dx

− m21(x)
2

d2n−2(x)
dx2

− m30(x)
6

d3n−2(x)
dx3

. (7.132)

The relations (7.123) and (7.130) give

nd(x) = ε−2n−2(x), (7.133)

Note that (7.131) is the Andronov–Vitt–Pontryagin equation (4.67) for the MFPT
E[τD |x] of the Kramers–Moyal diffusion approximation (7.93). The boundary
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conditions for eqs. (7.131) and (7.132) are not obvious, because the functions
n−2(x) and n−1(x) are not necessarily continuous at the boundary x = 0 and
may suffer a discontinuity there. The boundary condition (7.128), which implies
nε(0) = 0, does not necessarily imply that nε(0−) = 0, and as a matter of fact,
nε(0−) > 0 in general. Thus the values of ni(0) have to be determined in a self-
consistent way for all i = −2,−1, 0, 1, . . . .

We determine the boundary conditions by constructing a boundary layer expan-
sion of nε(x) and matching it with the outer expansion (7.129). In the boundary
layer region x = O(ε) the upper limit of integration in the master equation (7.127)
cannot be extended to infinity, so the Kramers–Moyal expansion is not valid in this
region.

As in previous sections, we introduce in the master equation the boundary layer
variable and function

η = −x/ε > 0, N(η) = nε(x) (7.134)

and use the identity nε(x+ εz) = N(η − z) to write (7.127) as

η∫
−∞

N(η − z)w(z − ηε | η, ε) dz = −1 for η > 0. (7.135)

Expanding

N(η) ∼ ε−2N−2(η) + ε−1N−1(η) +N0(η) + · · · , (7.136)

we obtain the hierarchy of integral equations

L0N−2(η) =

η∫
−∞

N−2(η − z)w0(z | 0) dz −N2(η) = 0 (7.137)

L0N−1(η) = η

η∫
−∞

N−2(η − z)w0,x(z | 0) dz −
η∫

−∞

N−2(η − z)w1(z | 0) dz

=L1N−2(η) (7.138)

L0N0(η) =L1N−1(η)−
1
2
η2

η∫
−∞

N−2(η − z)w0,xx(z | 0) dz

+ η

η∫
−∞

N−2(η − z)w1,x(z | 0) dz −
η∫

−∞

N−2(η − z)w2(z | 0) dz

− 1, (7.139)

where wi,x(z | 0) = ∂wi(z |x)/∂x|x=0. The boundary condition (7.128) implies
that Nj(η) = 0 for η ≤ 0 and all j. Next, we apply the Fourier transform to the
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Wiener–Hopf eq. (7.137) and obtain

N̂−2(α) =

∞∫
−∞

eiαηN−2(η) dη =
Φ(α)

1− ŵ0(α | 0)
, (7.140)

where

Φ(α) =

0∫
−∞

eiαη
∞∫
0

N−2(z)w0(η − z | 0) dz dη (7.141)

is an analytic function in the lower half-plane. The function Φ(α) is defined by
equations (7.140) and (7.141) uniquely up to a multiplicative constant. The charac-
teristic function of the process ξn, conditioned on x = 0,

ŵ0(α | 0) =

∞∫
−∞

eiαzw0(z | 0) dz, (7.142)

generates the conditional moments mi,0(0).
The matching condition between the outer expansion (7.129) and the boundary

layer expansion (7.136) is

nε(x)−N(η) ∼ 0 (7.143)

as ε→ 0, x→ 0, and η →∞, to all orders in ε. The behavior ofN−2(η) as η →∞
is determined by the behavior of N̂−2(α) as α → 0. This in turn is determined
by the poles of (7.140), which are the zeros of the denominator of (7.140). The
assumptions

ŵ0(α | 0) =

∞∫
−∞

w0(z | 0) dz = 1, ŵ′0(α | 0) = im10(0) = 0

imply that

1− ŵ0(α | 0) =
1
2
m20(0)α2 +O(α3)

and

N̂−2(α) =
Φ(0) + αΦ′(0) +O(α2)

1
2
α2m20(0) +

i

6
m30(0)α3 +O(α3)

=
a−2

α2
+
a−1

α1
+O(1),

where

a−2 =
2Φ(0)
m20(0)

, a−1 =
2Φ′(0)
m20(0)

− 2iΦ(0)m30(0)
3m2

20(0)
, · · · . (7.144)
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Hence

N−2(η) = −[ia−1 + ηa−2 + o(1)] as η →∞. (7.145)

The values of Φ(0),Φ′(0), . . . have to be determined from the matching conditions
for the outer and inner expansions (7.129) and (7.136), respectively, as ε→ 0, x→
0, and η →∞, to all orders in ε. At order O

(
ε−2
)

we have the matching condition
in the limit x, ε→ 0, η →∞,

n−2(x)−N−2(η) = n−2(0) + ia−1 + ηa−2 → 0, as x, ε→ 0, η →∞.

Hence a−2 = 0 and consequently Φ(0) = 0. Setting α = 0 in (7.141), we find that
N−2(z) = 0 for all z, because N−2(z) ≥ 0 and w0(z | 0) ≥ 0. Therefore Φ(α) = 0
and

n−2(0) = 0. (7.146)

Accordingly n−2(x) is continuous at the boundary x = 0.
To evaluate n−1(0) we have to solve eq. (7.138) forN−1(η). SettingN−2(η) =

n−2(x), we find that (7.138) is the same as the Wiener–Hopf equation (7.137) and
therefore its solution is given again by (7.140) and (7.141). It follows, as above, that

N−1(η) = −[ia−1 + ηa−2 + o(1)] as η →∞, (7.147)

where Φ(0) is again an undetermined constant. In view of (7.146), Taylor’s expan-
sion of n−2(x) about x = 0 gives for ε� 1 and for all η

ε−2n−2(x) = ε−2n′−2(0)x+O
(
x2
)

= ε−1n′−2(0)η +O(1).

Therefore the matching condition at order O
(
ε−1
)

is given by

n−1(0)− n′−1(0)η −N−1(η) → 0 as η →∞

and hence, together with (7.147), we obtain

−ia−1 = n−1(0), a−2 = n′−2(0). (7.148)

Equations (7.148) and (7.144) give

Φ(0) =
1
2
n′−2(0)m20(0), (7.149)

which determines N−1(η) uniquely as the solution of the homogeneous Wiener–
Hopf equation and consequently determines Φ(α). Again, (7.147) gives

a−1 =
2Φ′(0)
m20(0)

− 2iΦ(0)m30(0)
3m2

20(0)
,

which together with (7.148) and (7.149) determines the boundary condition for
n−1(x).
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To measure the relative error of the diffusion approximation n2(x), we write

n−1(0) =
ia−1

a−2
n′−2(0) (7.150)

and note that nε(x) suffers a jump discontinuity at x = 0, because nε(x) = 0 for
all x ≥ 0. The jump is of order ε−1,

nε(0−)− nε(0+) = ε−1N−1(0) +O(1) as ε→ 0,

as asserted in (7.124).
The relative error in using the diffusion approximation to estimate the expected

number of steps to exit D is

ed(x) =
nε(x)− nd(x)

nε(x)
→ 0 as ε→ 0 for x� ε.

However, this is not the case near x = 0, because ed(0) → 1 as ε→ 0. We conclude
that the diffusion approximation with absorbing conditions at the boundary correctly
predicts the MFPT for initial conditions outside the boundary layer, but for initial
conditions inside the boundary layer it leads to increasingly large errors.

Corollary 7.4.1 (Uniform approximation). The uniform approximation

ndb(x) = ε−2n−2(x) + ε−1n−1(x) + ε−1

[
N−1

(
−x
ε

)
− n−1(0)−

n′−2(0)x
ε

]
has relative error

edb(x) = O(ε) for all x ∈ D.

Example 7.12 (The MFPT of an asymmetric random walk). Consider a jump
process on the lattice {nε |n = 0,±1,±2, . . .}, which jumps one lattice point to
the left with probability l(x, ε) and either one or two lattice points to the right with
probability r1(x, ε) or r2(x, ε), respectively. The one step transition probability
density is

w(z |x, ε) = l(x, ε)δ(z + 1) + [1− l(x, ε)− r1(x, ε)− r2(x, ε)]δ(z)
+ r1(x, ε)δ(z − 1) + r2(x, ε)δ(z − 2).

Assume that there exists x0 < 0 such that

m1(x, ε) = −l(x, ε) + r1(x, ε) + 2r2(x, ε) = εm11(x) > 0 for x < x0,

so that that nε(x) <∞ and does not grow exponentially as x→ −∞, and (7.89) is
satisfied. It follows that

m2(x, ε) = 2r1(x, ε) + 6r2(x, ε)− εm11(x) = m20(x) + εm21(x)
m3(x, ε) = 6r2(x, ε) + εm11(x) = m30(x) + εm31(x).
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Scaling t = ε2n and assuming all functions are sufficiently smooth in x, we obtain
the Kramers–Moyal diffusion approximation

ẋ = m11(x) +
√
m20(x) ẇ. (7.151)

The FPE for (7.151) is

∂p

∂t
= −∂[m11(x)p]

∂x
+

1
2
∂2[m20(x)p]

∂2x
= Lp.

The expected number of steps to exit D = R−
, given xε(0) = x < 0, is given by

nε(x) ∼ ε−2n−2(x) + ε−1n−1(x) + · · · , where

L∗n−2(x) = m11(x)n′−2(x) +
m20(x)

2
n′′−2(x) = −1 for x < 0,

with the boundary condition n−2(0) = 0 and the condition that n−2(x) does not
grow exponentially as x→ −∞. The correction n−1(x) is the solution of

L∗n−1(x) = −1
2
m21(x)n′′−2(x)−

m30(x)
6

n′′′−2(x) for x < 0

with n−1(0) = An′−2(0) and the growth condition as x → −∞ imposed on
n−1(x). Equation (7.150) implies that the constant A is given by

A = − [r1(0, 0) + 2r2(0, 0)]r2(0, 0)
[r1(0, 0) + 3r2(0, 0)][3r1(0, 0) + r2(0, 0)]

.

The function N−1(η) is given by

N−1(η)

= − n′−2(0)
{
η − l(0, 0)r2(0, 0)

[l(0, 0) + r2(0, 0)][r1(0, 0) + 2l(0, 0)]

[
1−

(
−r2(0, 0)
l(0, 0)

)η]}
.

Hence

ndb(x) = ε−2n−2(x) + ε−1n−1(x)

− ε−1n′−2(0)
l(0, 0)r2(0, 0)

[l(0, 0) + r2(0, 0)][r1(0, 0) + 2l(0, 0)]

(
−r2(0, 0)
l(0, 0)

)−x/ε
.

Thus, for example, the mean number of steps to reach or exceed 0, starting one
lattice point away from the boundary, is given by

n(−ε) ≈ ndb(−ε) = −
n′−2(0)
ε

r1(0, 0) + l(0, 0)− r2(0, 0)
r1(0, 0) + 2l(0, 0)

[1 + o(1)]. (7.152)

If the absorbing boundary conditions are employed with the diffusion approxima-
tion, the absolute error in the mean exit time will be O

(
ε−1
)
, and the relative error

will be O(ε) if x is bounded away from x = 0, but will be O(1) if x is within
O(ε) of the boundary point x = 0. In contrast, the relative error of the uniform
approximation is O(ε) for all x ∈ R−

. 2
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Exercise 7.13 (The MFPT of a Markov drift-jump process). Formulate and
prove a theorem analogous to 7.4.1 for the drift-jump process defined in Exercise
7.10 (see [135]). 2

Exercise 7.14 (The MFPT of a Langevin drift-jump process [135]). Consider
the drift-jump collision model of Section 7.3.4 with the potential U(x) = −x3/3 +
x2/2.
(i) Write the Langevin equation (7.103) as the phase plane stochastic system

ẋ = V, V̇ = −γV − U ′(x) +

√
2γT
M

ẇ. (7.153)

and show that the noiseless system (with T = 0) has a stable attractor at the origin
and a saddle point at x = 1, V = 0.
(ii) Find the domain of attraction D of the stable equilibrium point at the origin
and its boundary ∂D, called the separatrix, by tracing (graphically) the unstable
trajectories of the noiseless system (7.153), emanating from the saddle point x =
1, V = 0.
(iii) Write the boundary value problem (7.37), (7.38) for the MFPT E[τD |x, V ] for
the model (7.100), (7.101) (use Exercise 7.10).
(iv) Write the Andronov–Vitt–Pontryagin boundary value problem (4.67), (4.68)
in D for the MFPT τ0(x, V ) of the diffusion approximation (7.153) of the model
(7.100), (7.101).

(v) Set ε2 = m/M and introduce near any point (x, V0) ∈ ∂D the boundary layer
variable η = (V0 − V )/ε. Use the boundary layer analysis of this section to show
that the solution of the boundary value problem of (iii) converges to that of (iv) in
D, outside a boundary layer near ∂D.

(vi) Show that E[τD |x, V ] suffers a jump discontinuity of size

−
√
m

M

∂τ0(x, V )
∂V

for (x, V ) ∈ ∂D.

(vii) Show that at boundary points, where ∂τ0(x, V )/∂V = 0, the jump discontinu-
ity of E[τD |x, V ] is of order ε2. 2



Chapter 8

Diffusion Approximations to
Langevin’s Equation

In 1940, H. Kramers [140] introduced a diffusion model for chemical reactions,
based on the Langevin equation for a Brownian particle in a potential U(x) (per
unit mass) that forms a well (see Figure 8.1),

ẍ+ γẋ+ U ′(x) =
√

2εγ ẇ, (8.1)

where γ is the dissipation constant (here normalized by the frequency of vibration
at the bottom of the well),

ε =
kT

∆U
is dimensionless temperature (normalized by the potential barrier height), and ẇ
is standard Gaussian white noise. Kramers sought to calculate the reaction rate
κ, which is the rate of escape of the Brownian particle from the potential well in
which it is confined. In particular, he sought to determine the dependence of of κ
on temperature T and on the viscosity (friction) γ, and to compare the values found
with the results of transition state theory [87].

8.1 The overdamped Langevin equation

The Langevin equation (8.1) serves as a model for many activated processes [146],
for which the escape rate determines their time evolution. It is one of the most
extensively studied equation in statistical physics [100]. Its solution x(t) is not a
diffusion process, not even a Markov process, but the pair (x(t), ẋ(t)) is a two-
dimensional diffusion process (see Exercise 2.16). It can be seen from Exercise
1.2, however, that for high damping their joint pdf breaks into a product of the
stationary Maxwellian pdf of the velocity v = ẋ and the time-dependent pdf of the
displacement x(t), which becomes nearly a diffusion process. This is the case not
only for the linear Langevin equation, but holds in general.
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Figure 8.1. The potential U(x) = 3(x− 1)2 − 2(x− 1)3. The well is x < xC = 2,
the bottom is at x = xA = 1, the top of the barrier is C = (xC , U(xC)), and the
height of the barrier is EC = U(xC)− U(xA) = 1.

Theorem 8.1.1 (The Smoluchowski limit). As γ → ∞ the trajectories x(t) of
the Langevin equation (8.1) converge in probability to these of the Smoluchowski
equation

γẋ+ U ′(x) =
√

2εγ ẇ, (8.2)

Proof. Writing the Langevin equation (8.1) as the phase space system

ẋ = v (8.3)

v̇ = − γv − U ′(x) +
√

2εγ ẇ, (8.4)

we scale time by setting
t = γs (8.5)

and obtain the scaled Brownian motion w(t) =
√
γwγ(s), where by the Brownian

scaling (see Exercise 2.4) wγ(s) is a standard Brownian motion in time s. The
scaled white noise is formally

ẇ(t) = γ−1d
√
γwγ(s)/ds = γ−1/2

◦
wγ (s).

We denote xγ(s) = x(γt), vγ(s) = v(γt), and note that ẋ(t) = γ−1
◦
xγ (s) and

v̇(t) = γ−1
◦
vγ (s). It follows that eq. (8.4) can be written as

◦
vγ (s) + γ2vγ(s) = −γU ′(xγ(s)) + γ

√
2ε

◦
wγ (s).
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Solving for vγ(s), we obtain

vγ(s) = vγ(0)e−γ
2s + γ

s∫
0

e−γ
2(s−u)

[
−U ′(xγ(u)) du+

√
2ε dwγ(u)

]
.

Equation (8.3) has the form ẋ(t) = γ−1
◦
xγ (s) = vγ(s), so that

xγ(s) =xγ(0) + γ

s∫
0

vγ(z) dz = xγ(0) + vγ(0)
1− e−γ

2s

γ

+ γ2

s∫
0

z∫
0

e−γ
2(z−u)

[
−U ′(xγ(u)) du+

√
2ε dwγ(u)

]
dz.

Using the fact that limγ→∞
∫∞
0
γ2e−γ

2sf(s) ds = f(0) for any function f contin-
uous at s = 0, such that for some δ > 0 the function e−δsf(s) is integrable, we
obtain

lim
γ→∞

xγ(s) = x∞(0) +

s∫
0

[
−U ′(x∞(u)) du+

√
2ε dw∞(u)

]
,

where w∞(u) is Brownian motion. That is,

dx∞(s) = −U ′(x∞(s)) ds+
√

2ε dw∞(s). (8.6)

Returning to the original time scale, eq. (8.6) becomes (8.2), which means that eq.
(8.6) is the Langevin equation (8.1) without the inertia term ẍ. This means that the
limit exists on every trajectory. It remains to show convergence in probability (see
Exercise 8.1 below).

Exercise 8.1 (Smoluchowski convergence in probability). Prove convergence in
probability in Theorem 8.1.1. 2

Exercise 8.2 (The Smoluchowski limit in higher dimensions). Generalize the
proof of Theorem 8.1.1 to the Langevin equation in higher dimensions. 2

Example 8.1 (The Smoluchowski limit of a free Brownian particle). The mo-
tion of a free Brownian particle is described by the Langevin equation (8.1) with
U(x) = 0. In the large friction limit the Smoluchowski approximation equation
(8.2) becomes dx =

√
2kBT/γmdw, or x(t) =

√
2Dw(t), where the diffusion

coefficient is given by the Einstein relation D = kBT/γm. 2

8.1.1 The overdamped limit of the GLE

We consider below systems in thermal equilibrium; that is, systems in which all net
fluxes vanish. For example, a system described by the Langevin equation (8.1) in
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the entire phase space with potential U(x) such that e−U(x)/ε is integrable, reaches
an equilibrium state, in which the pdf in phase space is the Maxwell–Boltzmann
density p (x, ẋ) = N exp{−ẋ2/2− U(x)/ε} (N is a normalization constant). The
net flux in every direction vanishes everywhere. Similarly, a system described by the
Smoluchowski limit (8.2) reaches equilibrium with the Boltzmann density p (x) =
N exp{−U(x)/ε}, whose net flux vanishes everywhere. Systems in which the net
flux across each hyperplane vanishes are said to be in detailed balance.

The Langevin equation (8.1) was derived under the assumption that the heavy
Brownian particle moves in an equilibrium thermal bath of much lighter particles,
and interacts with one light particle at a time at the instant of collision. Such a
system is characterized by two time scales: the correlation time of the heavy particle
and a much shorter time characterizing the bath. This model, however, is not valid
in certain physical situations, when collisions between the particle and the thermal
bath do not occur instantaneously, but rather take place over an interval of time
characterizing the interaction between the particle and a group of bath particles.
Another example is that of frequency-dependent conductivity, in which the Fourier
transform of the dissipation term is given by γ̂(ω)v̂(ω), where v(t) is voltage and
γ̂(ω) is the frequency-dependent conductivity (see [61] and references therein). We
denote γ(t) = γϕ(t) with γ a constant. In each case a better description is given by
the generalized Langevin equation (GLE)

ẍ+ γ

t∫
0

ϕ(t− s)ẋ(s) ds+ U ′(x) = ξ(t), (8.7)

where ξ(t) is a zero mean stationary Gaussian process, white noise. The solu-
tion x(t) is in general neither Markovian nor a component of a finite-dimensional
Markov process (see Exercise 8.3 below). The GLE can be derived from statistical
mechanics with the generalized fluctuation-dissipation principle

Eξ(t1)ξ(t2) =
γkBT

m
ϕ(|t1 − t2|). (8.8)

The generalized Langevin equation can be derived also from a model of a particle
in a potential field, coupled linearly to a bath of harmonic oscillators (see [100]
for references). Consider, for example, the Hamiltonian H = p2/2M + U(x) +
Hbath(q1, . . ., qN , p1, . . ., pN ), where

Hbath =
1
2

N∑
i=1

mi

[
q̇2i + ω2

i

(
qi +

Ci
miω2

i

x

)2
]
.

Although each oscillator may perturb the particle only weakly, the combined effect
of all the bath modes on the particle motion may be significant. The coupling to the
bath can cause strong dissipation and strong fluctuations of the particle’s trajectory.
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The equations of motion are given by

ẋ =
∂H
∂p

=
p

M
, ṗ = −∂H

∂x
= −U ′(x)−

N∑
i=1

Ci

(
qi +

Ci
miω2

i

x

)
miq̇i =

∂H
∂pi

= pi, ṗi = −∂H
∂qi

= −miω
2
i

(
qi +

Ci
miω2

i

x

)
.

Solving the equations of motion for the forced harmonic oscillators, we obtain the
generalized Langevin equation (8.7) with memory kernel

ϕN (t) =
N∑
i=1

Ci
miω2

i

cos ωit

and noise

ξN (t) = −
N∑
i=1

Ci

[(
qi(0) +

Ci
miω2

i

x(0)
)

cos ωit+
q̇i(0)
ω2
i

sin ωit
]
.

If we assume that at time t = 0 the bath is in thermal equilibrium, such that the
initial bath distribution in phase space is given as

Pr {qi(0) = qi, q̇i(0) = q̇i} = C exp
{
−Hbath

kBT

}
,

where C is a normalization constant, we find that EξN (t) = 0 and

EξN (t1)ξN (t2) =
kBT

M
ϕN (|t1 − t2|),

so that the generalized fluctuation-dissipation principle (8.8) is satisfied. The spec-
tral density of the noise is given by

SN (ω) =
π

2

N∑
i=1

Ci
miω2

i

δ(ω − ωi),

so the memory kernel can be represented as

ϕN (t) =
2
π

∞∫
−∞

SN (ω)
ω

cosωt dω

with the Laplace transform

ϕ̂N (s) =

∞∫
0

e−stϕN (t) dt =
2
π

∞∫
−∞

SN (ω)
ω

s

s2 + ω2
dω.
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If the coefficients of the random initial conditions are chosen in an appropriate way
and N is increased to infinity, the noise ξN (t) can be made to converge to any
stationary Gaussian process with sufficiently “nice” power spectral density function
S(ω). The Langevin equation (8.1) corresponds to ϕ(t) = δ(t).

Unlike the Langevin equation (8.1), in the phase space representation of eq.
(8.7),

ẋ = v, v̇ = −γ
t∫

0

ϕ(t− s)v(s) ds− U ′(x) + ξ(t), (8.9)

the two-dimensional process (x, v) is not Markovian, unless ϕ(t) = δ(t). It can,
however, be approximated by a component of a higher-dimensional Markov pro-
cess. Indeed, if the Laplace transform ϕ̂(s) of the memory function is an analytic
function, it can be represented as a continued fraction

ϕ̂(s) =
∆2

1

s+ γ1 +
∆2

2

. . .

, γi ≥ 0, ∆2
i > 0. (8.10)

If the continued fraction is approximated by a constant, then ϕ(t) = δ(t). In
general, however, the expansion is infinite. For example, the conductivity of an
ionic crystal is often assumed to vanish above a certain cutoff frequency ω, so that
ϕ(t) = sin ωt/ωt and the expansion is infinite. This is the case in other applications
as well [91], [209], [2].

A model based on eq. (8.7) can be understood as the limit of a sequence of mod-
els defined by eq. (8.7) with ϕ(t) replaced by ϕN (t). Given a function ϕ(t), whose
Laplace transform is given by eq. (8.10), an approximating sequence, ϕN (t), can be
constructed by truncating the continued fraction at levelN . Thus the approximating
sequence has memory kernels whose Laplace transforms are rational functions. In
addition, the boundedness of ϕ(t) implies that

lim
s→∞

ϕ̂N (s) = 0. (8.11)

Note that a scalar stationary Gaussian process, whose autocorrelation function
is γkBTϕN (t)/m, can be constructed as the output of a linear system of stochastic
differential equations. Indeed, assume

γkBT

m
ϕ̂N (s) =

a1s
N−1 + a2s

N−2 + · · ·+ aN
sN + b1sN−1 + · · ·+ bN

,

where aj , bj are real constants. Define

dxj = [−bjxj(t) + xj+1(t)] dt+ aj dwj , j = 1, 2, . . . , N, (8.12)

where xN+1(t) = 0 and wj(t) are independent Brownian motions. The process
x(t) = x1(t) is the required scalar stationary Gaussian process, whose autocorrela-
tion function is (γkBT/m)ϕN (t) [213].



8. Diffusion Approximations to Langevin’s Equation 263

Exercise 8.3 (x1(t) is a scalar stationary Gaussian process). Write the system
(8.12) in matrix form and prove that x(t) = x1(t) is a scalar stationary Gaussian
process, whose autocorrelation function is (γkBT/m)ϕN (t). 2

If the memory function is exponential, ϕ(t) = αe−αt, the fluctuation-dissipation
principle (8.8) implies that the noise ξ(t) in the generalized Langevin equation (8.7)
is colored noise (the Ornstein–Uhlenbeck process, see Section 1.4).

Theorem 8.1.2 (Smoluchowski limit of the generalized Langevin equation with
colored noise). In the limit γ → ∞ the trajectories of the generalized Langevin
equation (8.7) with colored noise converge to these of the Smoluchowski equation
(8.2).

Proof. Scaling ξ(t) =
√
γαv(t), we find that v̇(t) = −αv(t) +

√
2kBT/m ẇ.

Defining

u = −γ
t∫

0

exp{−α(t− s)} v(s) ds+ v(t),

we transform (8.9) to the system

ẋ = v, v̇ =
√
γαu− U ′(x), u̇ = −√γv − αu+

√
2ε ẇ. (8.13)

Thus the system of integro-differential equations (8.9) for the non-Markovian pro-
cess (x, v) has been transformed into the system of stochastic differential equations
(8.13) for the Markov process (x, v, u).

To investigate (8.13) in the Smoluchowski limit of γ →∞, we change the time
according to eq. (8.5). This transforms the system (8.13) to

◦
x (s) = γv(s) (8.14)
◦
v (s) = γ3/2αu(s)− γU ′(x(s)) (8.15)
◦
u (s) = − γ3/2v(s)− γαu(s) +

√
2γε

◦
w (s), (8.16)

where w(s) is Brownian motion.
Equations (8.15), (8.16) can be solved for v(s) and u(s), as functions of x(s)

and s. Then x(s) is determined from eq. (8.14). In order to find the leading term in
the expansion of the process x(t) for large γ, we take the limit of (8.14) as γ →∞.
We first solve the system (8.15), (8.16) to find v(s). The fundamental matrix of the
system is given by

M =

 M11(s) M12(s)

M21(s) M22(s)


= e−αs/2

 (a/b)sin cs+ cos cs (2γ3/2a/b)sin cs

−(2γ3/2a/b)sin cs −(a/b)sin cs− cos cs

 ,
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where a = γα, b =
√

4γ3α− γ2α2, and c = b/2. Therefore v(s) is given by

v(s) =M11(s)A0 +M12(s)B0 − γ

s∫
0

M11(s− τ)U ′(x(τ)) dτ

+
(
2
√

2ε γ5/2α/b
) s∫

0

M12(s− τ)
◦
w (τ) dτ,

where A0 and B0 are constants determined by initial conditions. Because

lim
γ→∞

M11(s) = lim
γ→∞

M12(s) = 0, lim
γ→∞

γ2M11(s− τ) = δ(s− τ)

lim
γ→∞

γ3/2M12(s− τ) = δ(s− τ),

we obtain the limiting equation for the process from eq. (8.14), exactly as in the
non-memory case, in the form (8.6); hence (8.2) [61].

Exercise 8.4 (Convert memory into auxiliary variables). Consider the case

ϕ(t) =
1
2
[
α1e

−α1t + α2e
−α2t

]
.

Show that the fluctuation-dissipation principle (8.8) implies that

ξ(t) =
√
γ

2
α1v1(t) +

√
γ

2
α2v2(t),

where v1(t) and v2(t) are the colored noises defined by

v̇i(t) = −αivi(t) +

√
2kBT
m

ẇi for i = 1, 2

and wi(t) are independent Brownian motions. Define

ui = −
√
γ

2

t∫
0

exp{−αi(t− s)} v(s) ds+ vi(t)

and transform the generalized Langevin equation into the system

ẋ = v, v̇ =
√
γ

2
α1u1 +

√
γ

2
α2u2 − U ′(x)

u̇i = −
√
γ

2
v − αiui +

√
2kBT
m

ẇi (i = 1, 2).

Find the Smoluchowski limit of x(t). 2

Exercise 8.5 (Approximate kernels). Use the construction in Exercise 8.3 to con-
struct a sequence of generalized Langevin equations with memory kernels ϕN (t),
whose Laplace transforms are rational functions, and driving stationary Gaussian
noises ξN (t) that satisfy the fluctuation-dissipation principle eq. (8.8). Find the
Smoluchowski limit for each N . Can the limits N → ∞ and γ → ∞ be inter-
changed? (See [61]). 2
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8.2 Smoluchowski expansion in the entire space

The high damping limit of the Langevin equation can be studied through the Fokker–
Planck equation for the system (8.3), (8.4). The joint transition pdf of the pair
(x(t), v(t)) is the solution of the FPE (7.102) (see also (5.31))

∂p (x, v, t)
∂t

= − ∂vp (x, v, t)
∂x

+
∂

∂v
[γv + U ′(x)] p (x, v, t)

+
γkBT

m

∂2p (x, v, t)
∂v2

, (8.17)

where U(x) is potential per unit mass and kB is Boltzmann’s constant. We consider
first approximations of p (x, v, t) in the entire phase space in the more general case
of state-dependent damping

γ(x) = Γγ0(x), (8.18)

where Γ = maxx γ(x) � 1. Such state dependence is expected, for example, in
ionic channels, where the diffusion coefficient may vary along the pore [66].

Theorem 8.2.1 (Smoluchowski limit). If the initial value problem for the Smolu-
chowski equation

∂P 0(x, t)
∂t

=
∂

∂x

{
1

γ(x)

[
kBT

m

∂P 0(x, t)
∂x

+ U ′(x)P 0(x, t)
]}

(8.19)

P 0(x, 0) =ϕ(x) (8.20)

has a unique solution for ϕ(x) ∈ L1(R) ∩ L∞(R) such that

∂P 0(x, t)
∂x

+
mU ′(x)
kBT

P 0(x, t)

is bounded for all t > t0 and x ∈ R, then for all (x, v, t) such that

γ(x) �
∣∣∣∣v ∂ logP 0(x, t)

∂x
+
mU ′(x)
kBT

∣∣∣∣ , (8.21)

the pdf p (x, v, t) has the asymptotic representation

p (x, v, t) (8.22)

=
√

m

2πkBT
e−mv

2/2kBT

{
P 0(x, t)− v

γ(x)

[
∂P 0(x, t)

∂x
+
mU ′(x)
kBT

P 0(x, t)
]

+O
(

1
γ2(x)

)}
.

Proof. With the scaling t = Γs the Fokker–Planck equation (8.17) takes the form

1
Γ
∂p

∂s
= −v ∂p

∂x
+
∂ [Γγ0(x)v + U ′(x)] p

∂v
+

Γγ0(x)kBT
m

∂2p

∂v2
, (8.23)
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which can be written in operator form as

ΓL0p+ L1p+
1
Γ
L2p = 0, (8.24)

where

L0p = γ0(x)
[
∂

∂v
vp+

kBT

m

∂2p

∂v2

]
, L1p = −v ∂p

∂x
+

∂

∂v
U ′(x)p, L2p = −∂p

∂s
.

Assuming the expansion p = p0 + Γ−1p1 + Γ−2p2 + · · ·, we obtain from (8.24) the
hierarchy of equations

L0p
0 =0 (8.25)

L0p
1 = − L1p

0 (8.26)

L0p
2 = − L1p

1 − L2p
0 (8.27)

...

From eq. (8.25), we find that the only L1 (integrable) solution is p0(x, v, s) =
P 0(x, s)e−mv

2/2kBT , where P 0(x, s) is yet an undetermined function. Because
the homogeneous equation (8.25) has a nontrivial solution p0(x, v, s), a necessary
condition for the inhomogeneous equation (8.26) to have an integrable solution is
that the right-hand side, −L1p

0, satisfies the solvability condition
∫
L1p

0 dv = 0,
which is satisfied (see Section 7.3.1). The integrable solution of eq. (8.26) is given
by

p1(x, v, s) = − v

γ0(x)
e−mv

2/2kBT

[
∂P 0(x, s)

∂x
+
mU ′(x)
kBT

P 0(x, s)
]

+ P 1(x, s)e−mv
2/2kBT ,

where P 1(x, s) is yet an undetermined function. The solvability condition for eq.
(8.27) is that

∫ [
L1p

1 + L2p
0
]
dv = 0; that is,∫

exp
{
− mv2

2kBT

}{
−∂P

0(x, s)
∂s

+v2 ∂

∂x

1
γ0(x)

[
∂P 0(x, s)

∂x
+
mU ′(x)
kBT

P 0(x, s)
]}

dv −
∫
U ′(x)

∂p1

∂v
dv = 0,

or equivalently,

∂P 0(x, s)
∂s

=
∂

∂x

1
γ0(x)

[
kBT

m

∂P 0(x, s)
∂x

+ U ′(x)P 0(x, s)
]
. (8.28)

Scaling γ back into eq. (8.28), we obtain the Smoluchowski–Fokker–Planck equa-
tion (8.19). This is the Fokker–Planck equation corresponding to the Smoluchowski–
Langevin equation (8.2). Proceeding as above, we find that P 1(x, s) = 0 in one di-
mension, hence it follows that the Smoluchowski approximation is given by (8.22).
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The unidirectional probability flux density in the x-direction in phase space is
Jx(x, v, t) = vp (x, v, t) (see Exercise 5.20).

Corollary 8.2.1 (Unidirectional Smoluchowski flux). The probability flux densi-
ties in the x-direction are

JLR,RL(x, t) =

±∞∫
0

vp (x, v, t) dv (8.29)

=

±∞∫
0

√
m

2πkBT
e−mv

2/2kBT

{
vP 0(x, t)

− v2

γ(x)

[
∂P 0(x, t)

∂x
+
mU ′(x)
kBT

P 0(x, t)
]

+O

(
1

γ2(x)

)}
dv

=
kBT

m
P 0(x, t)∓ 1

2γ(x)

[
kBT

m

∂P 0(x, t)
∂x

+ U ′(x)P 0(x, t)
]

+O

(
1

γ2(x)

)
,

and remain finite in the diffusion limit γ(x) →∞.

The net flux density in the x-direction is given by

Jx(x, t) =JLR(x, t)− JR,L(x, t) =
∫
vp (x, v, t) dv

= − 1
γ(x)

[
kBT

m

∂P 0(x, t)
∂x

+ U ′(x)P 0(x, t)
]

+O

(
1

γ2(x)

)
, (8.30)

which agrees with the one-dimensional flux (8.32). Thus the Smoluchowski approx-
imation (8.22) can be written as

p (x, v, t)

=
√

m

2πkBT
e−mv

2/2kBT

{
P 0(x, t) +

m

kBT
Jx(x, t)v +O

(
1

γ2(x)

)}
. (8.31)

The Smoluchowski–Fokker–Planck equation (8.19) can be written in divergence
form (5.32) as P 0

t (x, t) = −∇ · J(x, t), where the flux density is given by

J(x, t) = − 1
γ(x)

[
kBT

m

∂P 0(x, t)
∂x

+ U ′(x)P 0(x, t)
]
. (8.32)

In higher dimensions, we obtain P 0
t (x, t) = −∇ · J(x, t), where

J(x, t) = − 1
γ(x)

[
kBT

m
∇P 0(x, t) + P 0(x, t)∇U(x)

]
. (8.33)
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The expansion (8.31) shows that away from equilibrium the probability density
function depends on flux, no matter what the friction is, so that the velocity dis-
tribution is not Maxwellian. When the flux is imposed, as in most experimental
situations, then both terms, viz. P 0(x, t) + (m/kBT )Jx(x, t)v, must be retained in
the expansion (8.31). The presence of both terms insures that (8.31) is valid for all
values of flux, thus for all barrier shapes.

8.3 Boundary conditions in the Smoluchowski limit

We consider a one-dimensional free Langevin particle diffusing in the interval [0, d],
starting at x0 with velocity v0, with a prescribed boundary behavior (see below).
The Langevin equation for its trajectory is

ẍ+ γẋ =
√

2γε ẇ, (8.34)

where γ is the friction parameter, ε is the noise strength, and w is independent white
(Gaussian) noise. The Langevin equation (8.34) is equivalent to the phase space
dynamics

ẋ = v, v̇ = −γv +
√

2γε ẇ, (8.35)

with the initial conditions x(0) = x0, v(0) = v0. The transition probability density
function of a free particle is the solution of the Fokker–Planck equation

∂p

∂t
= Lx,vp = −v ∂p

∂x
+
∂ (γvp)
∂v

+ εγ
∂2p

∂v2
, (8.36)

with the initial condition p (x, v, t = 0) = δ(x−x0)δ(v−v0). In the case of reflect-
ing boundaries at x = 0, d the probability density function satisfies the reflecting
boundary conditions

p (0, v, t) = p (0,−v, t) for v > 0, p (d, v, t) = p (d,−v, t) for v > 0, (8.37)

whereas in the case of absorbing boundaries at x = 0, d the probability density
function satisfies the absorbing boundary condition

p (0, v, t) = 0 for v > 0, p (d, v, t) = 0 for v < 0. (8.38)

The case of mixed boundaries, for example, an absorbing boundary at x = 0 and
reflecting boundary at x = d can be solved by the method of reflection; that is,
by solving the problem in an interval of twice the length [0, 2d] with absorbing
boundary conditions at both ends. Here we find the long- and short-time behavior
of the probability density function p (x, v, t | x0, v0).

Our aim is to find boundary conditions for the Smoluchowski limit of the FPE.
Boundary layers arise in the Smoluchowski expansion of the FPE and affect the cal-
culation of such important quantities as the probability density function, the MFPT
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to the boundary, and the probability density function of the recurrence time of the
(free) Brownian particle.

The solution of the initial boundary value problem (8.37) or (8.38) for the FPE
(8.36) is constructed by separation of variables in the infinite series form

p (x, v, t) =
∞∑
n=0

ane
−λntpn(x, v), (8.39)

where pn(x, v) are the eigenfunctions of the Fokker–Planck operator

Lx,vpn(x, v) + λnpn(x, v) = 0,

that also satisfy the boundary condition (8.37) or (8.38). We construct the eigen-
functions in the form pn(x, v) = e−v

2/2εqn(x, v), and we rescale the velocity
v̂ = v/

√
ε. Upon dropping the hat we obtain an eigenvalue equation for qn,

qvv − vqv −
√
ε

γ
vqx +

λ

γ
q = 0, (8.40)

with suitable boundary conditions.
In the case of reflecting walls the smallest eigenvalue is λ0 = 0, with the corre-

sponding eigenfunction q0(x, v) = 1 or p0(x, v) = e−v
2/2ε; that is, a Maxwellian

velocity distribution and a uniform displacement distribution, as expected in the
steady-state equilibrium. Finding the other eigenvalues and eigenfunctions is not as
straightforward a task.

It was shown in Section 8.2 that the Smoluchowski approximation of large
damping to the free particle Fokker–Planck equation (8.36) reduces to

papprox(x, v, t) = e−v
2/2εp (x, t),

where p (x, t) is the solution of the diffusion equation pt = Dpxx, and D = ε/γ is
the diffusion coefficient. The reflecting boundary conditions px(0, t) = px(d, t) =
0, or the absorbing boundary conditions p (0, t) = p (d, t) = 0, are overdetermined,
because the well-posed boundary conditions (8.38) are limited only to the half-lines
x = 0, v > 0 and x = d, v < 0 and not to the entire lines x = 0,−∞ < v < ∞
and x = d,−∞ < v <∞ that papprox(x, v, t) satisfies. This indicates the formation
of a boundary layer at the endpoints x = 0 and x = d.

It turns out that the determination of the boundary conditions for the Smolu-
chowski approximation and the analysis of the local behavior there is an extraor-
dinarily hard analytical problem. To determine these conditions, we note first that
separation of variables in the reduced Smoluchowski equation gives

pR(x, t) =
A0

2
+

∞∑
n=1

Ane
−Dn2π2t/d2 cos

nπx

d

pA(x, t) =
∞∑
n=1

Bne
−Dn2π2t/d2 sin

nπx

d
,
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where pR, pA are the solutions of the Smoluchowski equation with reflecting and ab-
sorbing boundaries, respectively. The long time behavior of solutions is determined
by the smallest (nonvanishing) eigenvalue Dπ2/d2 = O(γ−1). The Smoluchowski
approximation pR,Aapprox(x, v, t) = e−v

2/2εpR,A(x, t), however, does not satisfy the
boundary conditions (8.37) or (8.38), respectively.

Theorem 8.3.1 ([166], [96]). The smallest eigenvalue of the absorbing boundary
value problem (8.38) for the FPE (8.36) is given in the limit γd/

√
ε� 1 by

λ1 =
π2ε

γd2

[
1 + 2ζ

(
1
2

)√
ε/γd+O

(
ε

γ2d2

)]
,

where ζ(·) is Riemann’s zeta function. The first eigenfunction p1(x, v) is given up
to a transcendently small error by

p1(x, v)

= e−v
2/2ε

[
e
√
λ1/γv/

√
ε

α−0 N(α−0 )
e−i

√
λ1x/

√
ε +

e−
√
λ1/γv/

√
ε

α+
0 N(α+

0 )
ei
√
λ1x/

√
ε

]
=A−e

−(v−
√
λ1ε/γ)

2/2ε−i
√
λ1/ε x +A+e

−(v+
√
λ1ε/γ)

2/2ε+i
√
λ1/ε x, (8.41)

where A± are known constants.

Proof. We construct a boundary layer solution at the left boundary. We introduce a
boundary layer variable x̃ = γx/

√
ε, so eq. (8.40) is rewritten as

qvv − vqv − vqx̃ +
λ

γ
q = 0. (8.42)

Separation of variables in eq. (8.42); that is, q(x̃, v) = A(x̃)V (v), leads to an
eigenvalue problem V ′′−vV ′+(λ/γ)V = αvV , andA′ = αAwhich givesA(x̃) =
Ceαx̃. Substituting V (v) = ev

2/4f(v) in this equation results in the parabolic
cylinder equation for f [1],

f ′′ −
[
1
4
(v + 2α)2 −

(
1
2

+ α2 +
λ

γ

)]
f = 0. (8.43)

The solution of (8.43) with the appropriate asymptotic behavior as v → +∞ is

f1(v) = U

(
−
(

1
2

+ α2 +
λ

γ

)
, v + 2α

)
, (8.44)

where U(·, ·) is the parabolic cylinder function with index −( 1
2 + α2 + λ/γ). Sim-

ilarly, the appropriate solution as v → −∞ is

f2(v) = U

(
−
(

1
2

+ α2 +
λ

γ

)
,−(v + 2α)

)
. (8.45)
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We seek a solution that has the desired asymptotic behavior in both v → ±∞, there-
fore we require the two solutions f1 and f2 to be linearly dependent, which holds
whenever

α2 +
λ

γ
= n = 0, 1, 2, . . . . (8.46)

In this case the parabolic cylinder functions are closely related to the Hermite poly-
nomials

U

(
−
(
n+

1
2

)
, v + 2α

)
= e−(v+2α)2/4Hen(v + 2α), (8.47)

so that
V (v, α) = e−α

2
e−αvHen(v + 2α). (8.48)

The long-time decay behavior is determined by the smallest nonvanishing eigen-
value λ1 � 1, because it is of the order of γ−1. Therefore,

α±(0, λ1) = ±i

√
λ1

γ
, α±(n, λ1) = ±

√
n− λ1

γ
, n = 1, 2, 3, . . . , (8.49)

and the corresponding eigenfunctions are given by

V ±0 (v) = eλ1/γe∓
√
λ1/γ v

V ±n (v) = e−n+λ1/γe∓
√
n−λ1/γ vHen(v ± 2

√
n− λ1/γ), n = 1, 2, 3, . . . .

The boundary layer solution is given by the infinite superposition

q(x̃, v) =C+
0 V

+
0 (v)ei

√
λ1/γ x̃ + C−0 V

−
0 (v)e−i

√
λ1/γ x̃

+
∞∑
n=1

C+
n V

+
n (v)e

√
n−λ1/γ x̃ +

∞∑
n=1

C−n V
−
n (v)e−

√
n−λ1/γ x̃. (8.50)

For the boundary layer solution to match the outer solution, we must have C+
n = 0

for n = 1, 2, . . ., so that exponentially growing solutions in x̃ are ruled out

q(x̃, v) (8.51)

=C+
0 V

+
0 (v)ei

√
λ1/γ x̃ + C−0 V

−
0 (v)e−i

√
λ1/γ x̃ +

∞∑
n=1

C−n V
−
n (v)e−

√
n−λ1/γ x̃.

The coefficientsC+
0 , C

−
0 andC−n are determined from the boundary condition q(x̃ =

0, v)=C+
0 V

+
0 (v)+C−0 V

−
0 (v)+

∑∞
n=1 C

−
n V

−
n (v), so that in the case of a reflecting

boundary we get for v > 0

C+
0 V

+
0 (v) + C−0 V

−
0 (v) +

∞∑
n=1

C−n V
−
n (v)

=C+
0 V

+
0 (−v) + C−0 V

−
0 (−v) +

∞∑
n=1

C−n V
−
n (−v),
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and in the case of an absorbing boundary, for v > 0,

C+
0 V

+
0 (v) + C−0 V

−
0 (v) +

∞∑
n=1

C−n V
−
n (v) = 0.

This is a half-range expansion problem, as we are interested in an expansion of a
function defined on the semi-infinite axis by only half the eigenfunctions. We apply
the method of the half-range expansion [96] to solve the problem at hand.

Applying the Laplace transform with respect to the variable x̃ to eq. (8.51) gives

q̂(s, v) =
C+

0 V
+
0 (v)

s− i

√
λ1

γ

+
C−0 V

−
0 (v)

s+ i

√
λ1

γ

+
∞∑
n=1

C−n V
−
n

s+
√
n− λ1

γ

, (8.52)

which has simple poles atα±0 = ±i
√
λ1/γ andα−n = −

√
n− λ1/γ, n = 1, 2, . . . .

Doing the same with respect to x̃ to the problem (8.42) and solving it, leads to a
comparison of the solution with (8.52). We have

q̂vv − vq̂v − svq̂ +
λ1

γ
q̂ = 0, for v > 0, (8.53)

in the case of the absorbing boundary, and

q̂vv − vq̂v − svq̂ + vq(x̃ = 0, v) +
λ1

γ
q̂ = 0,

in the case of the reflecting boundary.
We confine the analysis to the case of an absorbing boundary. The solution of

eq. (8.53) is
q̂(s, v) = ev

2/4U(v + 2s)F (s), (8.54)

where U denotes the parabolic cylinder function of index −
(

1
2 + s2 + λ1/γ

)
, and

the function F (s) is yet undetermined. The two representations must have the same
singularities in s, because for v > 0, eqs. (8.52) and (8.54) represent the same
function. We also note that U is an entire function of s. Therefore

F (s) =
E(s)(

s2 +
λ1

γ

)
N(s)

, (8.55)

where E(s) is an entire function, and

N(s) =
∞∏
n=1

cn(s− α−n ), (8.56)

with coefficients cn chosen so the product (8.56) converges, and it has suitable be-
havior for s� 1,

N(s) =
∞∏
k=1

(√
1− λ1/γ

k
+

s√
k

)
e−2s(

√
k−

√
k−1)

(
k + 1
k

)(s2+λ1/γ)/2

. (8.57)
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Here the first factor gives N(s) a simple zero at s = −
√
k − λ1/γ = α−k , and

the last two terms are needed to make the product converge. (Note that the kth
term goes as 1 + O

(
k−3/2

)
.) These particular convergence factors were chosen

because they conveniently form a telescoping product. Clearly, N(s) is an entire
analytic function, because the product converges uniformly in every bounded region
in the complex s plane and the only zeros of N(s) are the simple zeros at s = α−n ,
n = 1, 2, . . . .

In order to determine E(s) we analyze (8.54) for |s| � 1. It can be shown
that the parabolic cylinder function and Hagan’s special function N(s) have the
asymptotic behavior [166], [96], [127], [221]

U(v + 2s) ∼
√

2π e−v
2/4s1/3+λ1/γexp

{
s2log s− 1

2
s2
}

Ai(s1/3v)

N(s) ∼ (2π)−1/4s−(1/2−λ1/γ)exp

{
s2log s− 1

2
s2

}

× exp


∞∑
j=1

(−1)j−1

jsj
ζ

(
1− λ1

γ
,−j/2

) ,

where Ai denotes the Airy function. Therefore

q̂(s, v) = ev
2/4U(v + 2s)F (s) ∼ (2π)3/4

s7/6
Ai(s1/3v)E(s). (8.58)

On the other hand, from eq. (8.52) it follows that

q̂(s, v) ∼ 1
s

{
C+

0 V
+
0 (v) + C−0 V

−
0 (v) +

∞∑
n=1

C−n V
−
n (v)

}
as |s| → ∞. (8.59)

For (8.58) to be consistent with (8.59), especially at v = 0, we must have |E(s)| ≤
constant · |s|1/6 as |s| → ∞. The Liouville theorem implies that it is a constant,
E(s) ≡ E, because E(s) is an entire analytic function. We have established, so far,
that q̂(s, v) = ev

2/4U(v + 2s)E/(s2 + λ1/γ)N(s). Next, we invert the Laplace
transform q̂(s, v) by integrating along the Bromwich contour B,

q(x̃, v) =
1

2πi

∫
B

esx̃q̂(s, v) ds for v ≥ 0.

Cauchy’s theorem shows that for any x̃ ≥ 0 we can deform B into the Hankel
contour H . This reduces the integral to the sum of residues at the poles. We find
that

q(x̃, v) (8.60)

=E

{
V −0 (v)

2α−0 N(α−0 )
eα

−
0 x̃ +

V +
0 (v)

2α+
0 N(α+

0 )
eα

+
0 x̃ +

∞∑
n=1

V −n (v)
nN ′(α−n )

eα
−
n x̃

}
,
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is the boundary layer solution near the left boundary, because

ev
2/4U(v + 2s)

∣∣∣∣
s=α−n

= V −n (v).

We construct the right boundary layer solution near x = d in a similar way. We
introduce a boundary layer variable x̄ = γ(d − x)/

√
ε, and reverse the velocity

v̄ = −v, so eq. (8.40) is rewritten as qv̄v̄ − v̄qv̄ − v̄qx̄ + (λ/γ)q = 0, with the
boundary condition q(x̄ = 0, v̄) = 0 for v̄ > 0. The previous analysis of this
section shows that the solution is given by

q(x̄, v) (8.61)

=M

{
V −0 (−v)

2α−0 N(α−0 )
eα

−
0 x̄ +

V +
0 (−v)

2α+
0 N(α+

0 )
eα

+
0 x̄ +

∞∑
n=1

V −n (−v)
nN ′(α−n )

eα
−
n x̄

}
.

Next, we construct a uniform approximation to the first eigenfunction. The
boundary layer solutions (8.60) and (8.61) have an oscillatory part in the form of
eα

±
0 x̃ and exponentially decaying part eα

−
n x̃(n ≥ 1). Outside the boundary layer,

the exponentially decaying part may be neglected (transcendently small error), so
only the oscillatory parts should be matched. Note that there is no need to construct
an outer solution, as it is just the oscillatory part of the boundary layer solutions.
The matching determines the first eigenvalue.

Matching the oscillatory parts of (8.60) and (8.61) gives the system of equations

E

2α−0 N(α−0 )
=
Meα

+
0 γd/

√
ε

2α+
0 N(α+

0 )
,

E

2α+
0 N(α+

0 )
=
Meα

−
0 γd/

√
ε

2α−0 N(α−0 )
,

which has a nontrivial solution if and only if

e2α
+
0 γd/

√
ε = N2(α+

0 )/N2(α−0 ),

or equivalently, if and only if

2α+
0 (γd/

√
ε) = 2

(
logN(α+

0 )− logN(α−0 )
)

+ 2πim

for m = 0, 1, 2, . . . . Using the leading-order approximation (8.65) (see Appendix),
we obtain √

λ1

γ

[
γd√
ε
− 2ζ

(
1
2

)]
= πm.

The smallest eigenvalue is obtained for m = 1 as

λ1 =
π2γ[

γd√
ε
− 2ζ

(
1
2

)]2 ,
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which gives for γd/
√
ε� 1

λ1 =
π2ε

γd2

[
1 + 2ζ

(
1
2

) √
ε

γd
+O

(
ε

γ2d2

)]
.

The leading-order term π2ε/γd2 = π2D/d2 is the first eigenvalue of Smoluchowski’s
approximating diffusion problem (8.19). Using only the oscillatory part, the first
eigenfunction p1(x, v) is obtained from (8.60) as (8.41).

Exercise 8.6 (The marginal density of the displacement [166], [96], [127]). Find
the boundary values of p (x, t) =

∫∞
−∞ p (x, v, t) dv (the marginal density) and their

Smoluchowski limit. 2

Exercise 8.7 (The MFPT [166], [96], [127]). Find the leading-order approximation
to the MFPT to the boundary of the interval. 2

Equation (8.41) can be interpreted as follows. The eigenfunction is a superpo-
sition of two “traveling waves”. The traveling waves have a shifted Maxwellian
velocity distribution, so their mean velocity is ±

√
λ1ε/γ which is to leading order

±πε/γd = ±πD/d, where the sign depends on the direction of wave propagation.
In the Smoluchowski diffusion approximation the velocity is no longer a state vari-
able and the spatial eigenfunctions are sinnπx/d, which is a standing wave. It is
obtained in the limit γ →∞, because the wave velocities tend to zero.

8.3.1 Appendix

This Appendix lists the results of [166], [250], [96], [94], [95], [128], [127], [221].
Hagan’s special function N(s) that appears in (8.57) in the proof of Theorem 8.3.1

is defined by N(s) = N
(
s, i
√
λ1/γ

)
, where

N(µ, ν) =
∞∏
k=1

e−2µ(
√
k−

√
k−1)

(
k + 1
k

)(µ2−ν2)/2
(√

1 +
ν2

k
+

µ√
k

)
. (8.62)

The function N , which appears in [96], is N(s, 0). Its asymptotic behavior is given
in the following

Theorem 8.3.2 (Asymptotics of Hagan’s function). The asymptotic behavior of
N(µ, ν) for large |µ| is given by

N(µ, ν) ∼ (2π)−1/4µ−(1/2+ν2) exp

{
µ2 logµ− 1

2
µ2

}

× exp


∞∑
j=1

(−1)j−1

jµj
ζ(1 + ν2,−j/2)

 , (8.63)
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where ζ(x, s) is the Hurwitz zeta function. Consequently,

N(s) ∼ (2π)−1/4s−(1/2−λ1/γ) × exp

{
s2 log s− 1

2
s2

}

× exp


∞∑
j=1

(−1)j−1

jsj
ζ(1− λ1/γ,−j/2)

 . (8.64)

For small µ = ±ν

logN(±ν, ν) = ±ζ
(

1
2

)
ν +O(ν3). (8.65)

8.4 Low-friction asymptotics of the FPE

The underdamped Langevin equation exhibits features much different from the mod-
erately or overdamped equation. For example, it can have steady-states far from
equilibrium, thus giving rise to fluctuations that cannot be described by the Boltz-
mann distribution. Actually, such systems do not necessarily have a well-defined
energy and thus defy physical intuition in a large measure. One such system is the
noisy physical pendulum forced by constant torque. Another is the point shunted
Josephson junction. Both are discussed below.

An underdamped Brownian particle in a potential well is described by the (di-
mensionless) Langevin equation

ẍ+ γẋ+ U ′(x) =
√

2γε ẇ, (8.66)

whereU(x) is a potential that forms a single well, for example, U(x) = x2/2−x3/3
(this is the potential in Figure 8.1 moved one unit to the left and scaled by the factor
1/6)). We assume that at the bottom of the well U(xW ) = 0 and at the top of the
barrier the energy is U(xB) = EB . The noiseless dynamics in phase plane, given
by

ẋ = y, ẏ = −γy − U ′(x), (8.67)

has a stable equilibrium point on the x-axis at the bottom of the well and its domain
of attraction D is bounded by the separatrix ΓB . Figure 8.2) shows the energy
contours y2/2 + U(x) = E for the potential U(x) = x2/2 − x3/3. The critical
energy contour E = EB = 0 closes at the saddle point B = (1, 0). The domain of
attraction D of the stable point W = (0, 0) is bounded by the separatrix G = ΓB
(the thick black curve G). The contour E = EC > EB can be chosen as any one
that intersects the x-axis at a point x < xW and the line x = x0 > xB outside D.
The closed curve ΓW can be chosen as any one of the contours about W inside D.

In the limit γ → 0 the phase plane trajectories of the system inside the well are
the closed contours

y2

2
+ U(x) = E, (8.68)
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Figure 8.2. The energy contours y2/2 + U(x) = E for the potential U(x) =
x2/2− x3/3.

where the energy E varies in the interval 0 < E < EB . In the limit of small γ, the
separatrix ΓB shrinks to the critical energy contour E = EB .

Obviously, the steady-state density vanishes on any compact subset of the phase
plane, because the trajectories of (8.67) leave the domain of attraction of the attractor
at the bottom of the well and drift to infinity. However, prior to their escape time,
their pdf can be approximate by the solution of a much simplified FPE.

The FPE is given by

γ
∂p (x, y, s)

∂s

= γε
∂2p (x, y, s)

∂y2
− y

∂p (x, y, s)
∂x

+
∂ [γy + U ′(x)] p (x, y, s)

∂y
, (8.69)

where the dimensionless time is s = tγ. The initial condition is

p (x, y, s) = δ(x− x0, y − y0). (8.70)

Theorem 8.4.1 (Low friction approximation). The low friction approximation of
the pdf p (x, y, s) inside the critical energy contour E = EB is given by

p (x, y, s) = p0(x, y, s) + γp1(x, y, s) + · · · , γ � 1, (8.71)

where the leading term is a function of energy, p0(x, y, s) = p0(E, s), and satisfies
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the reduced Fokker–Planck equation

T (E)
∂p0(E, s)

∂s
= ε

∂

∂E
I(E)

∂

∂E
p0(E, s) +

∂

∂E
I(E)p0(E, s) for E < EB ,

(8.72)

where the period of the undamped motion ẍ+U ′(x) = 0 on an energy contour (8.68)

is T (E) =
∮
E
dx/y and I(E) =

∫ T (E)

0
y2 dτ =

∮
E
y dx is the area enclosed by

the contour. The initial and boundary conditions for p0(E, s) are

p0(E, 0) dE = δ(E − E0) dE, where E0 =
y2
0

2
+ U(x0) < EB (8.73)

p0(EB , s) = 0.

Proof. We construct an asymptotic expansion of the solution for small γ, assum-
ing that this is the smallest parameter in the problem. Thus, we use the regular
expansion (8.71) in eq. (8.69) to obtain

L0p
0(x, y, s) = −y ∂p

0(x, y, s)
∂x

+ U ′(x)
∂p0(x, y, s)

∂y
= 0.

This first-order linear partial differential equation can be written as the directional
derivative

d

dτ
p0(x(τ), y(τ), s) = ẋ(τ)

∂p0(x, y, s)
∂x

+ ẏ(τ)
∂p0(x, y, s)

∂y

= y
∂p0(x, y, s)

∂x
− U ′(x)

∂p0(x, y, s)
∂y

= − L0p
0(x, y, s) = 0

on the trajectories of the noiseless dynamics (8.67). It follows that p0(x, y, s) is
constant on the contours (8.68), so that p0(x, y, s) = p0(E, s). The points where
the contour intersects the x-axis are denoted xL(E) and xR(E).

The next order equation is

L0p
1(x, y, s) =

∂p0(E, s)
∂s

− ∂yp0(E, s)
∂y

− ε
∂2p0(E, s)

∂y2
. (8.74)

The solvability condition for eq. (8.74) follows from the fact that the integral of the
total derivative of the periodic function p1(x(τ), y(τ), s) on every constant energy
contour vanishes; that is,

T (E)∫
0

dp1(x(τ), y(τ), s)
dτ

dτ = 0. (8.75)
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First, we note that

∂yp0(E, s)
∂y

= p0(E, s) + y
∂p0(E, s)

∂y
= p0(E, s) + y

∂E

∂y

∂p0(E, s)
∂E

= p0(E, s) + y2 ∂p
0(E, s)
∂E

and
∂2p0(E, s)

∂y2
=
∂p0(E, s)

∂E
+ y2 ∂

2p0(E, s)
∂E2

.

Now, applying the solvability condition (8.75) to each term on the right-hand side
of eq. (8.74), we obtain

T (E)∫
0

∂p0(E, s)
∂s

dτ =T (E)
∂p0(E, s)

∂s
,

T (E)∫
0

p0(E, s) dτ = T (E)p0(E, s)

T (E)∫
0

y2 ∂p
0(E, s)
∂E

dτ = I(E)
∂p0(E, s)

∂E
.

It follows that

T (E)∫
0

∂yp0(E, s)
∂y

dτ = T (E)p0(E, s) + I(E)
∂p0(E, s)

∂E
.

Similarly, we obtain

T (E)∫
0

∂2p0(E, s)
∂y2

dτ = T (E)
∂p0(E, s)

∂E
+ I(E)

∂2p0(E, s)
∂E2

.

Thus, the solvability condition (8.75) converts eq. (8.74) into

T (E)
∂p0(E, s)

∂s
= ε

[
T (E)

∂p0(E, s
∂E

) + I(E)
∂2p0(E, s)

∂E2

]
+ I(E)

∂p0(E, s)
∂E

+ T (E)p0(E, s). (8.76)

Note, however, that due to the fact that E − U(xR(E)) = y(xR(E)) = 0, we have

d

dE
I(E) = T (E). (8.77)

It follows that eq. (8.76) can be written as (8.72).
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Exercise 8.8 (Proof of (8.77)). Prove (8.77) by using the identities

d

dE
I(E) =

d

dE

∮
E

±
√

2 [E − U(x)] dx = 2
d

dE

xR(E)∫
xL(E)

√
2 [E − U(x)] dx

=
√

2 [E − U(xR(E))]
dxR(E)
dE

−
√

2 [E − U(xL(E))]
dxL(E)
dE

+ 2

xR(E)∫
xL(E)

dx√
2 [E − U(x)]

=
∮
E

dx

y

2

Exercise 8.9 (The averaged FPE in the action variable). Write the FPE (8.72) in
the action variable I = I(E). Show that dE/dI|E=EB

= 0. 2

Exercise 8.10 (Initial and boundary conditions for p0(E, s)). Prove that the ini-
tial and boundary conditions for p0(E, s) are given by (8.73). (HINT: Because
γT (E0) � 1, the energy on the trajectory (x(t), y(t)) does not deviate much from
E0 in short (dimensionless) “time" s). 2

Exercise 8.11 (Small noise asymptotics). Consider the damped dynamics driven
by state-dependent colored noise ẍ + βx + U ′(x) =

√
βα g(x)v(t), where v̇ =

−αv +
√

2εα ẇ, or equivalently, the three-dimensional system

ẋ = y, ẏ = −U ′(x)− βy +
√
βα g(x)v(t), v̇ = −αv +

√
2εα ẇ. (8.78)

The process
√
βαv(t) is a Gaussian colored noise of strength εβα and of correlation

time α. Find the asymptotic expansion of the stationary joint pdf of x, y, v for small
β and small α, assuming it exists. First expand for small α and then for small β. In
(vii) expand in the reverse order and show that the limits are interchangeable.

(i) Begin with the case of the harmonic potential (7.112) and g(x) = 1 and use the
explicit solution (7.114) to show that the stationary pdf is to leading order in α a
function of the energy

E = U(x) +
y2

2
(8.79)

only.

(ii) Use the transformations β → β2 and u =
√
βαv(t) to rewrite the system (8.78)

in the form

ẋ = y, ẏ = −U ′(x)− β2y +
√
βg(x)u(t), u̇ = −αu+

√
2εα ẇ (8.80)

and expand the solution of the stationary FPE corresponding to (8.80) in the WKB
form p = exp

{
−ψ/α2

}
, where ψ ∼ ψ0 + αψ1 + · · · . Expand ψ0 for small β as

ψ0 ∼ φ0 +
√
β φ1 + β φ2 + · · · , obtain for φ0 the equation yφ0,x − U ′(x)φ0,y =
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0, and conclude that φ0 = φ0(E, u) with φ0 as yet undetermined. Obtain φ1 =
−uG(x)φ0,E + f1(E, u), where φ0,E = ∂φ0/∂E and G′(x) = g(x).
(iii) Assume that U(x) → ∞ as |x| → ∞. Show that the solvability condition for
φ2 is that the function −g(x)uy [−uG(x)φ0,EE + f1,E ] − εφ2

0,u is orthogonal to
the function p = 1/T (E)y. Conclude that φ0 is a function of E only. Conclude that
φ2 = 1

2u
2G2(x)φ′′0 − uG(x)f1,E + f2(E, u).

(iv) Find φ3 and show that the solvability condition for φ4 is 1
T

∮
E

y(x,E) dx

φ′0 − ε

 1
T

∮
E

G2(x)
y

dx

φ′20 − εf2
1,u = 0.

Conclude that f1 must be a function of E only in order for φ0 to be a real function
for all values of E. Hence obtain

φ0 =

E∫
0

∮
E

y dx

ε
∮
E

G2(x)
y

dx

dE. (8.81)

(v) Denote by (x(t), y(t)) the closed trajectory (8.79) and note that these are pe-
riodic functions of t with period T (E). Expand the function g(x(t))y(t) in the
Fourier series g(x(t)y(t)) =

∑∞
n=1 an sinωt, where ω = ω(E) is the frequency of

the motion on the closed trajectory. Define the function

h(E) =
1

(T (E))

∮
E

y(x,E) dx

and rewrite (8.81) as

φ0 =

E∫
0

2h(E)∑∞
n=1

a2
n

n2ω2

dE.

(vi) Show that the leading-order approximation to the pdf is p ∼ exp{−Φ(E)/ε},
where Φ(E) =

∫ E
0

[h(σ)/f(σ)] dσ, and

f(E) = lim
N→∞

α

NT (E)

NT (E)∫
0

g(x(t))y(t)

t∫
0

e−a(t−s)g(x(s))y(s) ds dt

=
α2

2

∞∑
n=1

a2
n

α2 + n2ω2
.

(vii) Expand the pdf first for small β and then for small α and show that the limits
are interchangeable. 2
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Exercise 8.12 (Undamped nonlinear oscillator driven by small colored noise ).
Consider an undamped nonlinear oscillator driven by small colored noise,

ẋ = y, ẏ = −U ′(x) +
√
εα u(t), u̇ = −αu+

√
2α ẇ, (8.82)

and assume U(x) → ∞ as |x| → ∞. Find the leading-order approximation to the
stationary joint pdf of x, y, u for small ε. 2

Exercise 8.13 (Quasi-stationary density for E < EB). Show that p0(x, y, s) in
Theorem 8.4.1 satisfies for E < EB ,

lim
s→∞

p0(x, y, s)∫
E<EB

p0(x, y, s) dx dy
= N e−E/ε, (8.83)

where N is a normalization constant. What is the probabilistic interpretation of∫
E<EB

p0(x, y, s) dx dy? 2

The exit problem at low friction is to determine the mean time to escape the
domain of attraction of the stable equilibrium point of the noiseless dynamics at
the bottom of the potential well and the density of exit points on the stochastic
separatrix. A trajectory that originates inside the well is said to have escaped the
well when it reaches a line x = x0 for some x0 > xB (we assume the well is to the
left of xB , as in Figure 8.2).

Definition 8.4.1 (Stochastic separatrix). The stochastic separatrix is the locus of
initial points of trajectories whose probability to escape the well before reaching a
given small neighborhood of the well’s bottom is 1

2 .

Theorem 8.4.2 (The stochastic separatrix at low friction). The stochastic sepa-
ratrix y1/2(x) at low noise and low friction has the asymptotic representation

y1/2(x) = 2
[
U(xB)− U(x)− ε log 2 +O(ε2) +O(γ)

]
. (8.84)

Proof. First, we show that in the limit of small γ and for small ε the stochastic
separatrix is inside the separatrix of the noiseless dynamics; that is, that trajectories
starting inside the separatrix, but outside a boundary layer near the separatrix, reach
any neighborhood of the point (xW , 0) before they reach any neighborhood of a
point outside the separatrix with probability nearly 1. To do so, we consider a
neighborhood of the stable equilibrium point, NW , bounded by the contour ΓW =
{(x, y) |E = E0} for some positive E0, and any constant energy contour outside
the well, ΓC = {(x, y) |E = EC}, where EC > EB . It should be noted that there
are constant energy contours outside ΓW with energy lower than EB . For a point
(x0, y0) inside ΓC , but outside ΓW , we have E0 < E(x0, y0) < EB (see Figure
8.2).

Now, we consider the exit problem in the domain bounded between ΓW and ΓC .
The probability of reaching ΓW before ΓC is the total flux,

∮
ΓW
J ·ν (x, yW (x)) dσ
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on ΓW of the density p (x, y) = γ−1
∫∞
0
p (x, y, s) ds, where p (x, y, s) is the solu-

tion of the FPE (8.69) with the initial condition (8.70) and the absorbing boundary
conditions p|ΓW

= 0 and p|ΓB
= 0. Denoting by τW the time to reach ΓW and by

τB the time to reach ΓB , this can be written as

lim
γ→0

Pr {τW < τB | (x0, y0)} = −
∮

ΓW

ε
∂

∂y
p0(E) dx,

where p0(E) is the solution of

ε
∂

∂E
I(E)

∂

∂E
p0(E) +

∂

∂E
I(E)p0(E) = −δ (E − E(x0, y0))

with the boundary conditions p0(EW ) = p0(EB) = 0. The solution is given by

p0(E) = e−E/ε

C E∫
EW

ez/ε

εI(z)
dz −H (E − E(x0, y0))

E∫
E(x0,y0)

ez/ε

εI(z)
dz

 ,
where H(z) is the Heaviside step function and

C =

EC∫
EW

ez/ε

I(z)
dz
/ EC∫
E(x0,y0)

ez/ε

I(z)
dz.

Note that C ∼ 1 for ε� 1. It follows that the flux density on ΓW is

J · ν (x, yW (x)) dσ ∼ yW (x)
I(EW )

dx, (8.85)

where yW (x) = ±
√

2 [EW − U(x)], ν (x, yW (x)) is the unit outer normal to ΓW ,
and dσ is arclength element on ΓW . We find that for small ε

lim
γ→0

Pr {τW < τB | (x0, y0)} ∼
∮
EW

yW (x)
I(EW )

dx = 1.

Next, we show that trajectories that start on ΓC escape the well with probability
nearly 1, so that the stochastic separatrix is inside ΓC . Recall that a trajectory has
escaped the well when it reaches a line x = x0 for some x0 > xB . We denote by
τ0 the time to reach this line. Note that all constant energy contours with E > EB
intersect this line. To investigate trajectories that start on ΓC , we recall that the
function

P (x0, y0) = Pr {τW < τ0 | (x0, y0)}

is the solution of the equation

γε
∂2P (x, y)
∂y2

+ y
∂P (x, y)
∂x

− [γy + U ′(x)]
∂P (x, y)
∂y

= 0 (8.86)
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in the domain enclosed between the line x = x0 and the contour ΓW with the
boundary conditions P |ΓW

= 1 and P (x0, y) = 0 for all y. We construct an
approximate solution to this boundary value problem in the form of an asymptotic
series, as in (8.71), and find that outside ΓB we get Pout(E) = 0. Inside ΓB we
obtain the averaged equation

εI(E)P ′′in(E) + εI ′(E)P ′in(E)− I(E)P ′in(E) = 0 (8.87)

with the boundary condition Pin(EW ) = 1 and the matching condition Pin(EB) =
Pout(EB) = 0. The solution is given by

Pin(E) =

EB∫
E

ez/ε

I(z)
dz

/ EB∫
EW

ez/ε

I(z)
dz. (8.88)

It follows from (8.88) that Pin(E) = 1
2 for E = EB − ε log 2 + O(ε2), which is

(8.84).

Corollary 8.4.1. The stochastic separatrix is located inside ΓB , so trajectories that
reach the separatrix ΓB are practically sure to escape the well.

Exercise 8.14 (The separatrix at low friction). Find the asymptotic expansion
for small γ of the separatrix ΓB of the noiseless dynamics (8.67). Show that the
separatrix ΓB is given by yΓB

(x) = yB(x) − γ
∫ x
xB
yB(z) dz + o(γ), where

1
2y

2
B(x) + U(x) = U(xB). Is o(γ) = O(γ2)? 2

Exercise 8.15 (The exit energy). Show that the mean energy of trajectories on ΓB
is γI(EB)/2 above the barrier energy EB . 2

Theorem 8.4.3 (Kramers’ underdamped rate formula [140]). The escape rate of
an underdamped Brownian particle from a potential well at low noise is given by

κunderdamped =
1

τ̄(xW , yW )
∼ γI(EB)ωW

2πε
e−EB/ε. (8.89)

Proof. Keeping the notation of Theorem 8.4.2, we recall that the MFPT τ̄(x, y)
from a point (x, y) in D to ΓB is the solution of the backward equation

γε
∂2τ̄(x, y)
∂y2

+ y
∂τ̄(x, y)
∂x

− [γy + U ′(x)]
∂τ̄(x, y)
∂y

= −1

inside ΓB with the boundary condition τ̄(x, y) = 0 on ΓB . The asymptotic ex-
pansion of τ̄(x, y) is of the form τ̄(x, y) = γ−1τ̄0(x, y) + τ̄1(x, y) + · · · . The
leading-order equation gives τ̄0(x, y) = τ̄0(E) and the next order gives

L0τ̄1(x, y) =
d

dτ
τ̄1(x(t), y(t)) = −1− ε

∂2τ̄0(E)
∂y2

+ y
∂τ̄0(E)
∂y

.
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As above, the solvability condition is that the integral over a period vanishes; that
is,

εI(E)τ̄ ′′0 (E) + εI ′(E)τ ′0(E)− I(E)τ̄ ′0(E) = −T (E)

with the boundary conditions that τ̄0(0) < ∞ and τ0(EB) = 0. The solution is
given by

τ̄0(E) =

EB∫
E

es/ε

εI(s)

s∫
0

T (z)e−z/ε dz ds.

If ε is small, we obtain

τ̄0(E) =
εT (0)
I(EB)

eEB/ε (1 + o(1))

for all E < EB such that (EB − E) /ε >> 1. Recall that E = EW = 0 at the
bottom of the well.

The period of motion T (0) is the period of free oscillations at the bottom of
the well, given by T (0) = 2π/ωW , where ω2

W = U ′′(xW ). The leading-order
approximation to the mean lifetime in the well is

τ̄E =
2πε

γI(EB)ωW
eEB/ε, (8.90)

because trajectories that reach ΓB are almost sure to escape. Therefore, in view of
Corollary 8.4.1, the escape rate is given by (8.89).

Exercise 8.16 (Continuation of Exercise 8.13). Find an explicit expression for∫
E<EB

p0(x, y, s) dx dy. 2

8.5 The noisy underdamped forced pendulum

The noisy underdamped forced physical pendulum represents several important
physical systems, including the current-driven point Josephson junction, charged
density waves, and more [16]. It is an archetypical example of a multistable physi-
cal system that has many steady-states, some of which are equilibria and some are
not. In the context of the Josephson junction, there are stable thermodynamical
equilibrium states, in which no current flows through the junction, and a nonequi-
librium steady-state, in which the junction carries a steady current. Due to the noise
in the system, the current switches at random times between its two steady values,
giving rise to an average current proportional to the probability of the conducting
state. The random switching of the current on and off is analogous to gating in ionic
channels of biological membranes [102].

The main difficulty in analyzing the thermal fluctuations and activated transi-
tions between the steady-states is the fact that thermodynamics and the Boltzmann
distribution of energies apply to this system only near the stable equilibria, whereas
they do not apply near the nonequilibrium steady-state of the system. Thus the
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Figure 8.3. The washboard potential U(x) = cosx− Ix for I = 0.3.

Maxwell–Boltzmann distribution in phase space has to be replaced with a proba-
bility distribution in the space of the trajectories of the system. This section shows
how stochastic differential equations and the Fokker–Planck equation can supplant
the classical notions of energy and entropy in nonequilibrium statistical mechanics
of certain physical systems. Some of the predictions of this analysis were actually
discovered in laboratory experiments (see Section 8.5.4 below and [39]).

8.5.1 The noiseless underdamped forced pendulum

The stochastic dynamics of the noisy underdamped forced physical pendulum is
described by the Langevin equation (8.66) with the potential

U(x) = − cosx− Ix, (8.91)

where x represents the deflection angle and I represents an applied constant torque
(see Figure 8.3). To understand the behavior of the noiseless system, we examine
first the phase space dynamics of the forced pendulum. The dynamics of the pendu-
lum depend on the values of γ and I . There is a range of values of these parameters,
Imin(γ) < I < 1 and γ < π/4, for which both stable equilibria and nonequilib-
rium stable steady-state solutions coexist. In the latter running state ẋ is a periodic
function of x and x(t) →∞ as t→∞.

To explore this range of parameters, we represent the phase space trajectories by

dy

dx
= −γ +

I − sinx
y

. (8.92)
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Figure 8.4. The stable running solution (top) and separatrices, 2π apart in the phase
space (x, y), for γ = 0.1 and I = 0.3. The thick curve is the critical trajectory
S = SC that touches the x-axis. The energy of the system on the running solution
slides to −∞ down the washboard potential in Figure 8.3.

Obviously, the system has stable equilibrium points on the x-axis, where U ′(x) =
sinx− I = 0, at distances 2π apart, if |I| < 1. For |I| > 1 no such equilibria exist.

Exercise 8.17. (A stable periodic solution).

(i) Show that a stable periodic solution of eq. (8.92) can be constructed for small γ
and |I| < 1 in the form

y ∼ y−1

γ
+ y0 + γy1 + · · · . (8.93)

(ii) Use (8.93) into (8.92), compare coefficients of like powers of γ and use the
periodicity condition to find the coefficients y−1, y0, y1, .... Obtain

yS(x) =
I

γ
+
γ

I
cos
(
x+

γ2

I

)
− 1

4

(γ
I

)3

cos 2x+O

(
γ5

I5

)
. (8.94)

(iii) Show that the domains of attraction DS of the two types of stable states of the
system are separated by separatrices.

(iv) Draw the phase plane trajectories of the system (see Figure 8.4).

(v) Show that the running solution (8.94) disappears if γ is not sufficiently small.

(vi) Scale I = γI0 and expand y ∼ y0 + γy1 + · · · in (8.92) and then show that
the first term, y0, satisfies the undamped and unforced pendulum equation, so that



288 8. Diffusion Approximations to Langevin’s Equation

Figure 8.5. In the limit γ →∞ the stable running solution of Figure 8.4 disappears
to infinity and the critical energy contour S = SC and the separatrices coalesce.

y0 =
√

2 + 2 cosx = 2 |cosx/2|. Finally, obtain at the next order the periodicity
condition 2πI0 =

∫ 2π

0
y0 dx = 8. 2

Exercise 8.18. (The critical trajectory).

(i) Show that I0 = 4/π on the critical trajectory S = SC that touches the x-axis.
Conclude that the maximal value of γ for which the running solution (8.94) exists,
for given |I| < 1, is γM (I) = πI/4 and the minimal value of I for which the run-
ning solution exists, for a given value of γ, is Imin(γ) ≈ 4γ/π.

(ii) Show that as γ ↑ γM , the minimum of the periodic trajectory (8.94) approaches
the x-axis. The critical trajectory SC touches the separatrix at the unstable equilib-
rium point and has a cusp there. To this end set γ = γM in eq. (8.92) and take the
limit x→ x0, where I−sinx0 = 0 (x0 is the coordinate of the unstable equilibrium
point). Obtain

y′(x0) = −γM − cosx0

y′(x0)
= −γM −

√
1− I2

y′(x0)
.

(iii) Show that the critical trajectory has two different slopes at the point x0 it
touches the x-axis, by proving that

y′(x0) =
−γM ±

√
γ2
M + 4

√
1− I2

2
. (8.95)

(iv) Show that in the limit γ → 0 Figure 8.4 collapses to Figure 8.5 2

Exercise 8.19. (Loss of bistability).
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(i) Show that if |I| > 1, then there is a stable running solution for all values of γ.

(ii) Show that for γ >> 1 and |I| > 1 an expansion in powers of 1/γ gives

y(x) =
1− sinx

γ
+
I cosx− 1

2 sin 2x
γ3

+O

(
1
γ5

)
. (8.96)

(iii) Obtain a uniform expansion of y(x), valid for all γ and |I| > 1, by truncating
the Fourier expansion of y, as

y(x) =
1
γ

+
Iγ cosx
I2 + γ4

− γ3 sinx
I2 + γ4

+ · · ·.

Show that this expansion reduces to (8.94) and (8.96) in the appropriate limits.

(iv) Show that on this trajectory x(t) increases in time and y(t) is a periodic func-
tion. Show that the time average of y(t) = ẋ(t) is not zero. 2

For γ < γM and Imin(γ) < I < 1, stable equilibrium solutions and the stable
nonequilibrium solution (8.94) can coexist and the system can exhibit hysteresis. In
this range of parameters, phase space is divided into a basin of attraction DS of the
stable nonequilibrium steady-state S and a basin of attraction of each of the stable
equilibrium states E, denoted generically by DE . The basins are separated from
each other by separatrices, which correspond to solutions of (8.92) that converge
asymptotically to the unstable equilibrium points at y = 0 and the local maxima of
U(x).

For given values of γ < γM , as I is decreased toward Imin(γ), the separatrices
and the nonequilibrium steady-state S approach each other. When I = Imin(γ),
these curves coalesce, leading to the curve (8.75). Alternatively, for a given value of
|I| < 1, when γ increases toward γM , the separatrices and S approach each other,
as above. However, in this case, the unstable equilibrium points, which lie on the
separatrices, do not move.

The phase space trajectory S can be characterized as the only periodic solution
of the differential equation (8.92). For I = Imin(γ), a first approximation to the
critical stable periodic trajectory SC ; that is, the steady-state that has just coalesced
with the separatrix, is given by

y(t) = ẋ(t) = 2
∣∣∣∣cos

x(t)−∆
2

∣∣∣∣ ,
where ∆ = − arcsin Imin(γ).

If the phase plane is wrapped on a cylinder; that is, the x-axis is reduced mod(2π),
the stable nonequilibrium S becomes a stable limit cycle and the stable equilibria
coalesce into a single stable equilibrium point. The domains of attraction of these
stable states are separated by a separatrix. The noise-induced fluctuations about the
limit cycle and rate of noise-induced transitions over the separatrix are the object of
interest in the next sections.
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8.5.2 Local fluctuations about a nonequilibrium steady state

The noisy forced pendulum is described by the Langevin equation (8.66) with the
potential (8.91), so the stable states of the noiseless dynamics (8.67), now

ẋ = y, ẏ = −γy − sinx+ I, (8.97)

as described above, become meta-stable due to noise-induced fluctuations and tran-
sitions between the domains of attraction of these states. Although the noisy system
reaches steady-state, it is never in equilibrium, because it carries a steady current.
Therefore, as mentioned above, its fluctuations and noise-induced transitions cannot
be described by thermodynamics, which is an equilibrium theory. The absence of
well-defined energy renders Kramers’ formula (8.89) (see Exercise 6.4) inapplica-
ble for transitions from the running state to equilibrium, although it applies in the
reverse direction.

Specifically, the Fokker–Planck equation (8.69) with the potential (8.91) has the
stationary solution

c = Ce−E/ε. (8.98)

This density actually represents the probability density function of fluctuations about
an equilibrium state. It does not, however, represent the probability density function
of fluctuations about nonequilibrium steady-states, because (8.98) is unbounded on
S, and is not periodic in x. The phase space probability current density

J =

 yp

−U ′(x)p− γyp− γε
∂p

∂y


vanishes for p = pB , whereas in the nonequilibrium steady-state, we expect a
nonzero probability current flowing in the direction of decreasing U(x). Therefore,
instead of (8.98), we seek a solution of the Fokker–Planck equation that is bounded,
periodic in x with the same period as U(x), and produces a nonzero current in
the appropriate direction. Thus the Maxwell–Boltzmann distribution of steady-state
fluctuations, in which velocity and displacement are statistically independent, has
to be replaced with a different steady-state distribution in phase space.

For small ε we seek the steady-state distribution in phase space as a periodic
density of local fluctuations about the nonequilibrium steady-state in the WKB form

pS = p0e
−W/ε, (8.99)

where the functions W (x, y) and p0(x, y, ε) remain to be determined. The periodic
density of pS(x, y) is normalized over [0, 2π]×R. The eikonal functionW replaces
the notion of energy, which is not well defined for this damped not isolated system;
W plays a role similar to that of energy in (8.98). Both W and p0 must be periodic
on S, and p0 is assumed a regular function of ε at ε = 0. Substituting (8.99) into
the stationary Fokker–Planck equation and expanding in powers of ε, we find that
W satisfies the Hamilton–Jacobi–(eikonal-type) equation

γ

(
∂W

∂y

)2

+ y
∂W

∂x
− [γy + U ′(x)]

∂W

∂y
= 0. (8.100)
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At the same time, to leading order in ε, p0 is the 2π-periodic (in x) solution of the
transport equation[

2γ
∂W

∂y
− γy − U ′(x)

]
∂p0

∂y
+ y

∂p0

∂x
+ γ

[
∂2W

∂y2
− 1
]
p0 = 0. (8.101)

This approximation is valid throughout the basin of attractionDS , as long as ε� 1;
that is, as long as the usual Boltzmann thermal energy ε = kBT is much less than
the potential barrier.

We first show that the contours of constant W in phase space correspond to the
deterministic nonequilibrium steady-state trajectories of (8.67) for 0 ≤ γ ≤ γM (I).
Using this property, we determine the function W (x, y). To this end we consider
the following equations in the phase space (x, y): the equations of motion (8.97),
the parametric equations for the constant-W contours

ẋ = y, ẏ = − γy − U ′(x) + γWy, (8.102)

and the parametric equations for the characteristic curves of the eikonal equation

ẋ = y, ẏ = −γy − U ′(x) + γWy (8.103)

Ẇy = −Wx + γWy, Ẇx = U ′′(x)Wy, Ẇ = γW 2
y .

Lemma 8.5.1. W = const. and ∇W = 0 on S.

Proof. Calculating the total derivative Ẇ on S from (8.97) and the eikonal equation
(8.100), we find that Ẇ = −γW 2

y ≤ 0. Hence, to keep W periodic on S the right-
hand side must vanish identically, renderingW = const. on S. Now it follows from
(8.100) that Wx = 0 on S as well, hence ∇W = 0 on S.

Lemma 8.5.2 (W -contours). The W -contours are the family of steady-state tra-
jectories of

ẋ = y, ẏ = −Γ(W )y − U ′(x), (8.104)

where Γ(W ) = γ [1−K(W )], where K(W ) is given in (8.106) for 0 ≤ Γ(W ) ≤
γM (I), and they are given by the approximate expression (8.94) with γ replaced by
Γ.

Proof. First, we express Wy on the W -contours in terms of W . Consider the func-
tion

H(x, y) =
y2

2
+ U(x) + γ

x∫
x0

(y −Wy ) dx,

where the integral is a line integral along the W -contour that passes through the
point (x, y). From eq. (8.102), it is easy to see that H = const. on any W -
contour. The rate of change of H(W ) on a characteristic curve (8.103) is Ḣ =
γyWy + γ2

∫ x
x0
Wy (1−Wyy ) dx. It follows that

H ′(W ) =
dH

dW
=
Ḣ

Ẇ
=

y

Wy
+

γ

W 2
y

x∫
x0

Wy (1−Wyy ) dx. (8.105)
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It is shown below that Wyy = 1 +O(γ) for small γ (see (8.113)), so (8.105) gives

H ′(W ) =
y

Wy
+O(γ2) =

1
K(W )

+O(γ2). (8.106)

Using this result, we can rewrite (8.102) for small γ as (8.104), which has the same
form as (8.97), except that γ has been replaced by Γ.

Note that (8.106) is actually valid only for values ofK which areO(1) for small
γ, whereas for large values of K, for example, for K corresponding to the critical
contour, the O(γ2) estimate of the integral in (8.105), which leads to (8.106), is no
longer valid. However, the contribution of the integral to (8.104) is O(1) only on
short time intervals, because most of the time on the critical contour is spent near
the stable equilibrium point. The influence of the integral on the solution of (8.104)
is therefore negligible.

Theorem 8.5.1 (Nonequilibrium steady-state fluctuations). The stationary prob-
ability density of fluctuations about S is given by

pS(x, y) ≈ exp
{
− (∆A)2

2ε

}
for γ � 1. (8.107)

where the generalized action A(Γ) of the steady-state trajectory through (x, y)
(which corresponds to a different value of the friction constant Γ instead of γ) is
given by

A(Γ) =
1
2π

2π∫
0

y dx ∼ I

Γ
(8.108)

and ∆A = A(Γ)−A(γ).

Proof. In view of (8.99), we need to evaluateW (x, y). We begin by determining its
relation to Γ. First, we map the x, y plane to the W,x plane. Employing the relation
Wy = Ky +O(γ2) and Γ = γ(1−K), we obtain to leading order in γ,

WΓ =

(
1− Γ

γ

)
y

Γy
. (8.109)

Hence, to leading order in γ, we have

W (Γ) =
1
2

Γ∫
0

(
1− Γ

γ

)(
y2
)
Γ
dΓ.

Integrating by parts, we obtain

W (Γ) =
1
2

(1− Γ
γ

)
y2(Γ, x) +

1
γ

Γ∫
0

y2(Γ, x) dΓ

 . (8.110)



8. Diffusion Approximations to Langevin’s Equation 293

The asymptotic expression (8.94) for y(γ, x) gives in (8.110)

W (Γ) =
1
2

(
I

Γ
− I

γ

)2

, γ ≤ Γ ≤ γM , (8.111)

because the right-hand side of (8.110) is independent of x on a W -contour. Thus
eq. (8.111) can be written in the form

W (Γ) ∼ 1
2

[A(Γ)−A0]
2
, (8.112)

where A0 = A|Γ=γ .
Next, we show that for small γ the solution p0 of (8.101) is to leading order a

constant. Choosing p0 to have the average value 1 on S and employing (8.103) in the
transport equation (8.101), we see that ṗ0 = −γ(Wyy−1)p0 along the characteristic
curves. Differentiating (8.111) and employing (8.94) differentiated with respect to
y, we find that

Wyy = 1 +O(γ), (8.113)

so that p0 = 1 +O(γ2).

Note that the quantity ∆A is the difference between the action associated with
S and the action associated with the steady-state trajectory through (x, y). A finer
resolution of the local fluctuations about S can be achieved by considering the prob-
ability density function pS in local coordinates near S.

Theorem 8.5.2 (The pdf of local fluctuations). The probability density function of
the local fluctuations about S is given by

pS(x, y) ∼ exp

{
−α(x) [y − yS(x)]2

2ε

}
for

γ

I
� 1, (8.114)

where

α(x) = 1 +
(γ
I

)2

(Iπ + cosx) +O

(
γ4

I4

)
. (8.115)

The variance of the local fluctuations is

σ2
y = ε

[
1− 2π

γ2

I
+O

(
γ3

I3

)]
. (8.116)

Proof. We introduce the variable δ = yS(x) − y, where yS(x) is given by (8.94).
Recall that

W (x, yS(x)) = Wx(x, yS(x)) = Wy(x, yS(x)) = 0. (8.117)
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It follow that Taylor’s expansion of W near S, given in powers of δ, is

W (x, y) =
1
2
α(x)δ2 +

1
6
β(x)δ3 + · · · , (8.118)

where α(x), β(x), . . . , are yet undetermined functions. It follows that Taylor’s
expansions of Wx(x, y) and Wy(x, y) are given by

Wx(x, y) = −νx(x, y)
νy(x, y)

α(x)δ +
1
2

[
α′(x)− νx(x, y)

νy(x, y)
β(x)

]
δ2 + · · · (8.119)

and

Wy(x, y) = α(x)δ +
1
2
β(x)δ2 + · · ·. (8.120)

The functions νx(x, y) and νy(x, y) are the components of the unit normal vec-
tor ν(x, y) to S at (x, yS(x))T . The vector ν(x, y) is orthogonal to the vector
(yS(x),−γyS(x)− U ′(x)), which defines the flow (8.97). Hence,

νx(x, y) =
− [γyS(x) + U ′(x)]√

y2
S(x) + [γyS(x) + U ′(x)]2

νy(x, y) =
−γyS(x)√

y2
S(x) + [γyS(x) + U ′(x)]2

. (8.121)

We substitute the expansions (8.119) and (8.120) ofWx(x, y) andWy(x, y), respec-
tively, into the eikonal equation (8.100) to get

δ

νy(x, y)

[
α(x) +

1
2
β(x)δ

]
{νy(x, y) [γyS(x) + U ′(x)]− νx(x, y)γyS(x)}

+ δ2
{

1
2
α′(x)yS(x) +

[
−νx(x, y)
νy(x, y)

− γ

]
α(x) + γα2(x)

}
= O

(
δ3
)
.

We have {νy(x, y) [γyS(x) + U ′(x)]− νx(x, y)γyS(x)} = 0, because this is the
scalar product of the flow on S with its normal. Note that the function β(x) is no
longer needed for the calculation of α(x). It follows that α(x) satisfies the Bernoulli
equation

1
2
α′(x)yS(x) +

[
−νx(x, y)
νy(x, y)

− γ

]
α(x) + γα2(x) = 0. (8.122)

We first convert eq. (8.122) into a linear equation by the substitution α(x) = 1/β(x)
to get

β′(x)− r(x)β(x) = t(x). (8.123)

Here the coefficients are given by

r(x) =
2

yS(x)

[
νx(x, y)
νy(x, y)

+ γ

]
=

2U ′′(x)
y2
S(x)

, t(x) =
2γ

yS(x)
. (8.124)
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The 2π-periodic solution of (8.123) is

β(x) =
1

R(x)

 R(0)
1−R(0)

2π∫
0

t(z)R(z) dz +

x∫
0

t(z)R(z) dz

 , (8.125)

where R(z) = exp
{∫ 2π

z
r(u) du

}
.

The variance of the steady-state local fluctuations about S can be calculated
from the above analysis. Noting that the function α(x) is the local frequency of the
quasi-potential W (x, y) in the y direction, we find that in the limit γ/I << 1, the
variance of the local fluctuations of y, at fixed x, is given by

σ2
y(x) =

∫
δ2exp

{
−α(x)δ2/2ε

}
dδ∫

exp
{
−α(x)δ2/2/ε

}
dδ

=
ε

α(x)
.

The average fluctuation of y is given by

σ2
y =

∫
dx

∫
δ2exp

{
−α(x)δ2/2ε

}
dδ∫

dx

∫
exp
{
−α(x)δ2/2ε

}
dδ

= ε

∫
α−3/2(x) dx∫
α−1/2(x) dx

.

An expansion of α(x) in powers of γ/I yields (8.115), hence we obtain (8.116) for
γ/I << 1 and the pdf of the local fluctuations about S is given by (8.114).

8.5.3 The FPE and the MFPT far from equilibrium

We consider now the underdamped pendulum mod 2π in x; that is, we wrap the
phase space on a cylinder of radius 1 about the y-axis. The domain DS becomes
one period of Figure 8.4 (and in the limit γ → 0− of Figure 8.5). Note that the
tails of the domains of attraction of the stable equilibria form a long ribbon wrapped
around the cylinder. We retain the notation DS for the domain of attraction on the
cylinder. The periodic solution of the FPE in the phase plane can be now normalized
on the cylinder (on a single period). The nonequilibrium steady-state S becomes a
stable limit cycle on the cylinder and the stable equilibria coalesce into a single one.

The lifetime of the nonequilibrium steady-state S is the first passage time from
DS to the separatrix. The mean lifetime is sufficiently long to establish a quasi-
stationary probability density function in DS . This pdf, pS , is (8.99) mod 2π in
x and as seen above, it is essentially constant on W -contours. Thus the process
can be considered as a one-dimensional stationary diffusion process in the space
of W -contours. The range of attraction DS of S corresponds to Γ in the range
0 ≤ Γ ≤ γM .
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Theorem 8.5.3 (The averaged FPE far from equilibrium). The leading term in
the low-friction expansion of the stationary pdf in DS is the solution of the one-
dimensional FPE

∂p

∂s
=

∂

∂A

{
[A−A0] p+ ε

∂p

∂A

}
for A > A(γM ),

γ

I
� 1, (8.126)

where A = A(Γ) is defined in (8.108) and s = γt.

Proof. The average of a function F (x, y) over a W -contour is defined as

F (W ) =
1
TS

TS∫
0

F (x(t), y(t)) dt, (8.127)

where t is the parameter of eq. (8.104), which represents time along the steady-state
trajectory corresponding to Γ(W ), and TS = TS(W ) is the period of y(t) on the
trajectory.

We introduce W and x as coordinates in the FPE (8.69) and use the eikonal
equation (8.100) to reduce it to

γ
∂p

∂s
= −y ∂p

∂x
+ γεW 2

y

∂2p

∂W 2
+ γ

(
W 2
y + εWyy

) ∂p

∂W
+ γp. (8.128)

An expansion in powers of γ leads to averaging (8.128) on W -contours, as defined
in 8.127), as a solvability condition, because

〈
W 2
y

〉
∼ 2W and 〈Wyy〉 ∼ 1. We

obtain for an x-independent solution the averaged equation

∂p

∂s
= 2

{
εW

∂2p

∂W 2
+
(
W +

1
2
ε

)
∂p

∂W
+
p

2

}
. (8.129)

A considerable simplification of (8.129) is achieved if we choose the action A =
A(Γ) as the independent variable in (8.129), rather than W . Using the relation
W ∼ 1

2 [A(Γ)−A0]
2 (see (8.112)) in (8.129), we obtain (8.126).

From Theorems 8.4.1, 8.5.3, and Exercise 8.13, we have the following

Corollary 8.5.1. In the limit γ → 0 the global stationary pdf in one period of the
stationary underdamped dynamics is the stationary solution of the FPE

∂

∂A

{
Φ′(A)p+ ε

∂p

∂A

}
= 0 for A > 0, (8.130)

where

Φ(A) =

 (A−A0)2

2
for A > A(γM )

E(A) for 0 < A < A(γM ),
(8.131)
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Figure 8.6. The effective global potential Φ(A) (8.131) in the steady-state FPE
(8.130).

and where A = I/4π for 0 < A < A(γM ) (in the domain E < EB), E(A) =
E(I)− E0, I = I(E) is the action on the closed E contour, and

E0 = EB −
1
2

(
I(EB)

4π
−A0

)2

.

The connection of two local stationary WKB solutions of the FPE across the
separatrix to form a global pdf is in general not a trivial matter, because the sep-
aratrix can be a caustic for the eikonal equation and the eikonal function may be
discontinuous there. An obvious necessary connection criterion is that the net to-
tal probability flux across the separatrix vanishes [77], [90]. In the case at hand
the fluxes of the WKB solutions on both sides of the separatrix vanish, so choos-
ing A on either side so that its unilateral limits there are the same connects Φ(A)
continuously, although not smoothly.

Exercise 8.20 (The critical W -contour). Show that

(i) The critical W -contour that first touches the separatrix does so at the unstable
equilibrium point C of the noiseless dynamics (8.97). (HINT: C is a saddle point
for W because Wy(x0, 0) = 0 (see (8.109)), so Wx → 0 as (x, y) → (x0, 0). Thus
W achieves its maximal value at (x0, y) along any curve that reaches that point from
the side of SC that includes S, and W achieves its minimum value there along the
separatrix.)

(ii) Show that the criticalW -contour has a cusp atC and that∇W = 0 there (HINT:
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Recall that this contour has two different slopes at this point and the slope q of the
separatrix at this point is different from either slope of the W -contour, because q is
given by (8.95) with the negative square root, and with γM replaced by γ.)

(iii) Show that W attains its minimum value along the separatrix at C, so that C is a
saddle point of W . (HINT: Note that Ẇ = −γW 2

y for motion on the separatrix, so
the minimum of W on the separatrix is achieved at the unstable equilibrium point,
toward which the separatrix converges.)

(iv) Show the characteristic curve through C is the most probable path out of DS

[77]. 2

In addition to fluctuations about the nonequilibrium steady-state S, thermal
noise can also cause transitions from the basin of attraction DS of S, into one of
the basins of attraction DE of a stable equilibrium state.

Theorem 8.5.4 (The MFPT to SC). For γ < γM and Imin(γ) < I < 1 the MFPT
from S to SC is

τ̄S ≈
√
π

γ

√
ε

∆W
exp
{

∆W
ε

}
for

ε

∆W
� 1, (8.132)

where

∆W =
1
2

(
I

γ
− I

γM (I)

)2

≈ 1
2

(
I

γ
− 4
π

)2

for
γ

I
� 1. (8.133)

Proof. We use (6.18) to evaluate the MFPT. The solution of the boundary value
problem

∂

∂A

{
Φ′(A)p+ ε

∂p

∂A

}
= −δ(A−A0) for A > 0, p (A(γM )) = 0, (8.134)

is given by

p (A) =
1
ε
e−Φ(A)/ε

A∫
A(γM )

H(A0 − z)eΦ(z)/εdz.

The boundary flux is F = −εp′(A(γM )) = 1 and the population is

N=

∞∫
A(γM )

p (A) dA =
√

2πε
A(γM )−A0

exp
{

(A(γM )−A0)2

2ε

}
(1 + o(1)) as ε→ 0,

hence, using (8.112) we obtain (8.132).

Exercise 8.21 (Numerical solution of the eikonal equation). Integrate numeri-
cally the characteristic equations (8.103) to construct the solution of the eikonal
equation (8.100), which is a 2π-periodic function of x.
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(i) Explain why initial conditions have to be given at a finite distance from S. (HINT:
The initial conditions for (8.103) are given by eq. (8.117) on S, however, S is a char-
acteristic curve and a caustic; that is, an attractor of the characteristic curves.)

(ii) Use the expansion (8.118)–(8.120) of W,Wx, and Wy as initial conditions for
(8.103) near S. For a given x0, take the value of yS(x0) as the approximation (8.94).
Then use yS(x) in (8.94) and (8.121) to calculate r(x) and t(x) in (8.124) and cal-
culate α(x) from (8.125) on a lattice x0 < x1 < · · · < xn = 2π + x0. Note
that although the lattice (xi, yS(xi) − δ), for i = 0, 1, . . ., n, which is parallel to
the contour W = 0, can be used for assigning initial conditions, the vertical lattice
(x0, yS(x0)−δ(1+ i∆)), for i = 1, . . ., k with small δ and ∆, is more efficient for
covering DS with characteristics uniformly. Determine the initial values of W,Wx,
and Wy on this lattice from (8.118)–(8.120).

(iii) Evaluate the function W numerically to confirm the validity of the asymptotic
approximations given above over a wide range of values of I and γ [142]. 2

8.5.4 Application to the shunted Josephson junction

The shunted Josephson junction is often described, in dimensional units, by the
phenomenological equation

C
dV

dt
+
V

R
+ Ij sin θ = Idc, (8.135)

where C,R, and Ij are the capacitance, resistance, and the critical current of the
junction, respectively. Idc is the external current source, whereas θ and V are
the phase difference and voltage across the junction, respectively. Employing the
Josephson relation

θ̇ =
2e
~
V, (8.136)

the circuit equation (8.135) reduces to (8.97) with

I =
Idc

Ij
, γ =

1
ωjRC

, (8.137)

where the Josephson plasma frequency ωj is given by

ω2
j =

2eIj
~c

(8.138)

and the time is measured in units of ω−1
j . Here e is the electronic charge, c is the

velocity of light propagation in vacuum, and ~ is Planck’s constant divided by 2π.
The stable equilibrium state corresponds to θ̇ = 0; that is, to V = 0; that

is, there is no voltage across the junction while a current I is flowing through it.
Thus the junction is in a superconducting state. In contrast, on the nonequilibrium
steady-state S the mean voltage is not zero so the junction has normal resistance.
In a typical measurement of the lifetime of each state the driving external current
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Idc is swept repeatedly through a certain range at relatively slow rate and the I − V
response is recorded.

When γ > γM (I) and |I| < 1 there is no running state so the junction is su-
perconducting and the I − V characteristic lies on the I-axis. As I exceeds 1 the
stable equilibrium disappears and the characteristic begins to grow and converges
to the ohmic line. In the hysteretic regime, when γ < γM (I) and |I| < 1, the
average characteristic is detached from the I-axis and increases at a high slope and
gradually converges to the ohmic line as I exceeds 1. This is interpreted as follows.
During each sweep the response curve stays on the I-axis, in a superconducting
state with zero voltage, for random times that are the lifetimes of the stable equilib-
rium state, as calculated above for the given potential (8.91), and in the conducting
state, with finite voltage VS , for times that are the lifetimes of the running state S.
The superconducting and the conducting characteristics are averaged with weights
τ̄E/(τ̄E + τ̄S) and τ̄S/(τ̄E + τ̄S), respectively, to give the experimentally observed
response curve [15],

V =
0τ̄E + VS τ̄S
τ̄E + τ̄S

. (8.139)

In [39] the value of τ̄E was calculated from Kramers’ underdamped rate formula
(8.89) and τ̄S was calculated from the measured eq. (8.139) and compared with the
theoretically predicted value (8.132) with (8.133) and gave reasonable agreement
between the theoretical and experimental values of τ̄S .

To understand the different approaches to the calculation of τ̄E and τ̄S it should
be noted that the range of values of γ for which the system is underdamped in DE

is different from that in DS . In DS (8.132) is valid in practically the entire range of
|I| < 1 and γ < γM (I), for which the system is bistable.

The results of this section can be used to calculate the fluctuation in voltage
across the Josephson junction for a given current Idc. The voltage is related to the
dimensionless velocity by

V = IjRγy (8.140)

(see (8.136)), hence, using (8.116) and (8.140), and substituting (8.137) and (8.138),〈
∆V 2

〉
=
kBT

C

[
1− 2π

γ2

I
+O

(
γ3

I3

)]
,

where kB is Boltzmann’s constant and T is absolute temperature in degrees Kelvin.
This fluctuation is a measurable quantity. It corresponds to the width of error bars
when measuring the voltage across the junction at a given current Idc.

A measure of the relative stability of S and the stable equilibrium state E is the
ratio of their expected lifetimes, τ̄S and τ̄E , respectively. We have

lim
ε→0

log
τ̄S
τ̄E

= Wmax − EB =
1
2

[
I

γM (I)
− I

γ

]2
− 2 arcsin I − πI + 2

√
1− I2,

so that τ̄S/τ̄E ∝ exp{−[Wmax − EB ]/2ε}. The measurements in [39] were done
with the parameters C = 7.2nF, Ij = 4µA, and T = 4.2K. For these parameters,
if Wmax − EB = 1, then the measure of relative stability is e26, hence the region
where the hysteresis can be observed experimentally is very narrow.
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8.6 Annotations

Theorem 8.1.1 about pathwise convergence in the Smoluchowski limit was proved
for finite time intervals in [213]. The GLE has been derived from statistical me-
chanics in [141], [177], [23], [170], [123], [91], [92], [93]. Theorem 8.1.2 about the
Smoluchowski limit of the GLE was proved in [61] and more recently in [75].

Continuum theories of diffusive systems describe the concentration field by the
Nernst–Planck equation with fixed boundary concentrations [102], [65], [64], [24],
[191], [189], [190], [188], [219]. In these theories there is no time-dependence of
the macroscopic boundary concentrations. The force field does not fluctuate and is
usually calculated from a Poisson equation coupled to the Nernst–Planck equations.
The huge voltage fluctuations in the salt solution and in the channel are averaged
out in these theories.

The question of the boundary behavior of the Langevin trajectories, correspond-
ing to fixed boundary concentrations, arises both in theory and in the practice of
molecular simulations of diffusive motion [22], [29], [12], [181], [179], [180],
[104]. The boundary behavior of diffusing particles in a finite domain has been stud-
ied in various cases, including absorbing, reflecting, sticky boundaries, and many
other modes of boundary behavior [161], [117]. In [212] a sequence of Markovian
jump processes is constructed such that their transition probability densities con-
verge to the solution of the Nernst–Planck equation with given boundary conditions,
including fixed concentrations and sticky boundaries.

The Smoluchowski boundary layer was studied in [166], [250], [96], [94], [95],
[128], [127]. The study of the relevant special functions, and especially of the Hur-
witz zeta function was done in [221].

The results of Section 8.4, about thermal activation of an underdamped Brown-
ian particle over a potential barrier, go back to Kramers [140], [100]. The thermal
activation of a steady-state system far from equilibrium, from a stable limit cy-
cle across the separatrix, remained an open problem because Kramers’ 1940 paper
[140]. The need to find the expected time of the running state of the Josephson junc-
tion (the underdamped physical pendulum) arose with the advent of cryogenic de-
vices based on the Josephson effect and related problems. The problem was solved
in [15]–[19], [142], which are the basis for Section 8.5, and in the work of Risken
and Vollmer [206], and [42].



Chapter 9

Large Deviations of Markovian
Jump Processes

The diffusion approximations to Markovian jump processes, which are obtained by
truncating the Kramers–Moyal expansion of the master equation after two terms,
are often valid only on time scales that are significantly shorter than stochastic time
scales of the jump process, such as the time to a rare event. These approxima-
tions may be useful as local approximations, but are not useful for estimating the
probability of a large deviation or the mean first passage time to the boundary of a
domain of attraction of a stable or meta-stable state. It is the purpose of this chapter
to develop a methodology for constructing analytical approximations to the pdf of
Markovian jump processes that are valid also in the tail regions and to mean first
passage times to tail regions.

9.1 The WKB structure of the stationary pdf

We consider again the random walk (7.80),

xn+1 = xn + εξn, (9.1)

where
Pr {ξn = ξ |xn = x, xn−1 = y, . . .} = w(ξ |x, ε)

ε is a small parameter, and x0 is a random variable with a given pdf p0(x). As the
scale of the jumps ε becomes smaller, a larger number of steps are required for the
process xn to reach a fixed point y, so visits to such a point become rare events
and the probability of such a visit becomes a tail event. This is more the case if
the averaged dynamics (9.1) has a stable attractor x̃. It becomes harder to get away
from x̃ as ε decreases so that reaching a fixed point y becomes a large deviation.

The transition pdf pε(y, n |x,m) = Pr{xn = y |xm = x} satisfies the master

© Springer Science+Business Media, LLC 2010
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equation (forward Kolmogorov equation)

pε(y, n+ 1 |x,m)− pε(y, n |x,m) (9.2)

=
∫
R

[pε(y − εξ, n |x,m)w(ξ | y − εξ, ε)− pε(y, n |x,m)w(ξ | y, ε)] dξ

=Lεpε(y, n |x,m)

and the backward master equation

pε(y, n |x,m)− pε(y, n |x,m+ 1) (9.3)

=
∫
R

[pε(y, n |x+ εξ,m+ 1)− pε(y, n |x,m)]w(ξ |x, ε) dξ

=L∗εpε(y, n |x,m),

with the initial or terminal condition

pε(y,m |x,m) = δ(y − x). (9.4)

To determine the probability of a large deviation, we denote the conditional mo-
ments of the jump process

mn(x, ε) = E [ξn |xn = x] =
∫
R

ξnw(ξ |x, ε) dξ

and instead of the diffusion scaling n = t/ε2, used in Section 7.3, we scale n = t/ε
to obtain the drift equation x(t + ε) − x(t) = εm1(x) + O

(
ε2
)
, which is the

discretized ordinary differential equation

ẋ(t) = m1(x). (9.5)

We consider the case that there exists at least one stable equilibrium point x̃ such
thatm1(x̃) = 0 andm′

1(x̃) < 0. Setting ∆t = ε, we write the master equation (9.2)
in the form

pε(y, t+ ∆t |x,m)− pε(y, t+ ∆t |x,m)

=
∫
R

pε(x− εξ, t)w(ξ |x− εξ, ε) dξ (9.6)

and assume that it has a unique integrable solution satisfying the given initial con-
dition (9.4). If there is a stationary solution,

pε(y) = lim
n→∞

pε(y, n |x,m),
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independent of the initial variables (x,m), it satisfies the stationary forward Kol-
mogorov equation

Lεpε(y) =
∫
R

[pε(y − εξ)w(ξ | y − εξ)− pε(y)w(ξ | y, ε)] dξ = 0. (9.7)

We assume, for simplicity, that w(ξ | y, ε) is independent of ε and write

w(ξ | y, ε) = w(ξ | y). (9.8)

For small ε, we seek an asymptotic solution to (9.7) in the WKB form

pε(y) ∼ [K0(y) + εK1(y) + · · · ]e−ψ(y)/ε, 0 < ε� 1. (9.9)

The WKB approximation (9.9) is the large deviations expansion of the stationary
pdf, because it approximates the pdf for all values of y.

To determine the components of the expansion (9.9), we substitute (9.9) in (9.7)
and compare the coefficient of each power of ε to zero We obtain at the leading
order the Hamilton–Jacobi type (eikonal) equation for ψ(y), given by∫

R

[
eξψ

′(y) − 1
]
w(ξ | y, 0) dξ = 0. (9.10)

At the next order we find the K0(y) is the solution of the “transport" equation∫
R

{
∂

∂y
[w(ξ | y)K0(y)] +

ξw(ξ | y)
2

ψ′′(y)K0(y)
}
ξeξψ

′(y) dξ = 0. (9.11)

Lemma 9.1.1. If

(y − x̃)m1(y) < 0 for y 6= x̃, (9.12)

then the eikonal equation (9.10) has a unique solution ψ = ψ(y) satisfying ψ(x̃) =
0, and ψ(y) > 0 for y 6= x̃.

Proof. The moment generating function My(θ) of the conditional jump density
w(ξ | y) is defined by

My(θ) =
∫
R

eξθw(ξ | y) dξ.

equation (9.10) can be written in terms of My(θ) as

My(ψ′(y)) = 1. (9.13)

The condition (9.12) implies that (y − x̃)M ′
y(0) < 0 and because M ′′

y (θ) > 0 and
My(0) = 1, the eq.(9.13) has a unique nonzero solution θ(y) for y 6= x̃, such that
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(y − x̃)θ(y) > 0. Therefore m1(x̃) = 0 implies that the solution θ(x̃) is unique. It
follows that the function

ψ(y) =

y∫
x̃

θ(s) ds (9.14)

is well defined and has an absolute minimum at x̃.

Given the solution ψ(y) of the eikonal equation (9.10), the solution of the trans-
port equation (9.11) is

K0(y) (9.15)

=

∫
R

ξw(ξ | y)eξψ
′(y) dξ


−1/2

exp


−1

2

y∫
0

∫
R

ξ
∂w(ξ | η)

∂η
eξψ

′(η) dξ

∫
R

ξw(ξ | η)eξψ
′(η) dξ

dη


.

Higher order corrections Ki(y) can be obtained in a straightforward manner.

Exercise 9.1 (Further expansion). Assume that

w(ξ |x, ε) ∼
∞∑
i=0

εiwi(ξ |x), (9.16)

mn(x, ε) ∼
∞∑
i=0

εimn,i(x) for all n > 0, (9.17)

where wi(ξ |x), mn,i(x) are regular functions. Write down the hierarchy of trans-
port equations for Ki(y). 2

A local analysis of the eikonal equation (9.10) near x̃ implies that ψ′(x̃) = 0,
which implies that the WKB solution (9.9) is peaked about x̃ and locally has the
form

plocal(y) = K0(x̃) exp
{
−ψ

′′(x̃)(y − x̃)2

2ε

}
. (9.18)

Exercise 9.2. (Local solution).

(i) Find the local behavior (9.18) by introducing the scaled variable ζ = (y− x̃)/
√
ε

into the stationary forward equation (9.7) and expanding the solution in powers of ε.
Obtain the leading-order approximation as the solution to the Ornstein–Uhlenbeck
type equation

Lζpouter(ζ) = −m′
1(x̃)

∂ζpouter(ζ)
∂ζ

+
1
2
m1(x̃)

∂2pouter(ζ)
∂ζ2

= 0. (9.19)
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Show that the solution of (9.19) is (9.18) with ψ′′(x̃) = −2m′
1(x̃)/m2(x̃) and

K0(x̃) is a normalization constant.

(ii) Explain why the local solution (9.18) is a good approximation to the solution
pε(y) only for y − x̃ = O(

√
ε).

(iii) Show that truncating the Kramers–Moyal expansion of the forward equation
(9.7) after the second term gives the diffusion approximation

LdiffpKM(y) = −[m1(y)pKM(y)]′ +
ε

2
[m2(y)pKM(y)]′′ = 0, (9.20)

whose WKB solution

pKM(y) ∼ H0(y)e−ϕ(y)/ε, (9.21)

leads to the eikonal equation

m1(y)ϕ′(y) +m2(y)[ϕ′(y)]2 = 0. (9.22)

Show that the eikonal function ϕ(y) is different from the eikonal function ψ(y) of
(9.10).

(iv) Conclude that the diffusion approximation is a good approximation to pε(y)
only for y − x̃ = O(

√
ε) (HINT: Expand both eikonal functions in Taylor’s series

about x̃.) 2

Exercise 9.3 (A drift-jump process with small rapid jumps). Instead of the dif-
fusion scaling of the jump rate λ(x)/ε2 in the continuous time Markov drift and
jump process described in Example 7.10, scale

xε(t+ ∆t) =



xε(t) +A(xε(t))∆t+ o(∆t)

w.p. 1− λ(xε(t))
ε

∆t+ o(∆t)

xε(t) +A(xε(t))∆t+ εξ(t) + o(∆t)

w.p.
λ(xε(t))

ε
∆t+ o(∆t),

(9.23)

where for t > t1 > · · ·,

Pr {ξ(t) = ξ |xε(t) = x, xε(t1) = x1, . . .} = w̃(ξ |x, ε).

The process xε(t) makes small jumps with the large rate λ(x)/ε.
(i) Show that the pdf pε(y, t |x, s) of xε(t) satisfies master equation

∂pε(y, t |x, s)
∂t

(9.24)

= − ∂A(y)pε(y, t |x, s)
∂y

+
1
ε

∫
R

λ(y − εξ)pε(y − εξ, t |x, s)w̃(ξ | y − εξ, ε) dξ − λ(y)pε(y, t |x, s)


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and the backward master equation

∂pε(y, t |x, s)
∂s

=A(x)
∂pε(y, t |x, s)

∂x

+
λ(x)
ε

∫
R

[pε(y, t |x+ εξ, s)− pε(y, t |x, s)]w̃(ξ |x, ε) dξ,

with the initial or terminal condition

pε(y, s |x, s) = δ(y − x). (9.25)

(ii) Show that the scaling of the rate λ(x)/ε in (9.23) gives the drift equation

ẋ(t) = A(x) + λ(x)m̃1(x), (9.26)

where

m̃k(x) =
∫
R

zkw̃(x |x, ε) dz.

(iii) Construct a WKB type approximation (9.9) to the solution of the stationary
forward equation (9.24). Derive the eikonal and transport equations

A(y)ψ′(y) + λ(y)
∫
R

[
eξψ

′(y) − 1
]
w̃(ξ | y, 0) dξ = 0

(9.27)

∂[A(y)K0(y)]
∂y

+
∫
R

{
∂[λ(y)w̃(ξ | y)K0(y)]

∂y
+
ξw(ξ | y)λ(y)

2
ψ′′(y)K0(y)

}

× ξeξψ
′(y) dξ = 0.

(iv) Prove a lemma analogous to Lemma 9.1.1 for xε(t). 2

In cases where the process is restricted to an interval D, such as the interval of
attraction of the stable equilibrium of (9.5) or (9.26), the WKB solution (9.9) is a
good approximation to pε(y) only on a subset of D, up to a small neighborhood
of ∂D. In this case the stationary WKB approximation does not necessarily rep-
resent the stationary solution of the forward equation, which may in fact not exist.
The stationary WKB solution may approximate the n- or t-dependent solution of
the forward equation on finite, though long time intervals (e.g., of order O

(
ε−1
)
),

which are, however, shorter than the mean exit time from D. This solution may be
interpreted in this case as a quasi-stationary approximation.
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9.2 The mean time to a large deviation

We now construct asymptotic approximations, for ε � 1, to the mean number of
steps of the process xn in (9.1) to exit the interval of attraction D = (−A,B) of
the equilibrium point x̃ of (9.5). Similar analysis applies to the asymptotic approx-
imation of the mean exit time of the process xε(t) in (9.23) from the interval of
attraction of the stable equilibrium of (9.26). The random number of steps to exit D
is

ñD = min{n : xn 6∈ D} (9.28)

and the mean number is

nD(x) = E[ñD |x0 = x]. (9.29)

The mean number satisfies the equation

L∗εnD(x) =
∫
R

[nD(x+ εξ)− nD(x)]w(ξ |x) dξ − nD(x) = −1 (9.30)

with the condition

nD(x) = 0 for x 6∈ D. (9.31)

Here L∗ε is the backward Kolmogorov operator defined in (9.3). Equation (9.30) is
derived as in the proof of Theorem 7.1.4, by noting that the pdf of the first exit time,

Pr{̃̃nD = k |x0 = x} =
∫
D

[pε(y, k |x, 0)− pε(y, k + 1 |x, 0)] dy, (9.32)

satisfies the integrated backward master equation (9.3) with respect to y with k =
n − m. Summing over n gives (9.30). The condition (9.31) reflects the fact that
the mean time to exit D from a point x outside D is zero. We note that the bound-
ary condition nD(−A) = nD(B) = 0 is incorrect, because nD(x) may suffer a
discontinuity at ∂D, as shown in Theorem 7.4.1.

To construct an asymptotic expansion of nD(x) for x ∈ D for ε � 1, we
consider first the case A = ∞ and assume that nD(x) < ∞ and that x̃ is a global
attractor for (9.5) in D. We assume that w(ξ |x) is a regular function of x. The
following theorem generalizes Theorem 7.4.1.

Theorem 9.2.1 (The mean time to a large deviation). Under the above assump-
tions, the expected number of steps nD(x) for the process xn to leave D, has the
asymptotic expansion

nD(x) ∼C1(ε)U0

(
B − x

ε

)
if m1(B) < 0, (9.33)
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where

C1(ε) ∼

√
2π

ψ′′(x̃)
K0(x̃)
K0(B)

eψ(B)/ε

0∫
−∞

eηψ
′(B)

η∫
−∞

w(ξ |B)U0(η − ξ) dξ dη

, (9.34)

U0(η) is the solution of the Wiener–Hopf equation

U0(η) =

∞∫
0

w(η − ζ |B)U0(ζ) dζ for η > 0, (9.35)

subject to

U0(η) = 0 for η ≤ 0. (9.36)

and

lim
η→∞

U0(η) = 1. (9.37)

If m1(B) = 0, then

nD(x) (9.38)

∼C2(ε)


2

√
m′

1(B)
πm2(B)

(B−x)/
√
ε∫

0

exp
{
−m

′
1(B)u2

m2(B)

}
du for

B − x

ε
� 1

U0

(
B − x

ε

)
for

B − x

ε
= O(1),

where

C2(ε) ∼
π

ε

K0(x̃)
K0(B)

eψ(B)/ε

√∣∣∣∣m′
1(x̃)m

′
1(B)

m2(x̃)m2(B)

∣∣∣∣ 1
m2(B)

. (9.39)

The function ψ(y) is the solution of the eikonal equation (9.10), and K0(y) is given
in (9.15).

Proof. The proof is quite similar to that of Theorem 7.4.1. Using (9.31), we rewrite
(9.30) as

(B−x)/ε∫
−∞

[nD(x+ εξ)]w(ξ |x) dξ − nD(x) = −1. (9.40)

For x away from the boundary, we extend the upper limit of integration to infinity
and then use the Kramers–Moyal expansion of (9.40) to obtain the outer expansion
of nD(x). That is, we expand nD(x+ εξ) in powers of ε to get

∞∑
k=1

εkmk(x)
k!

dknD(x)
dxk

= −1. (9.41)
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Clearly, as ε→ 0, we expect nD(x) to become infinite. Thus we scale

nD(x) = C(ε)u(x), (9.42)

where C(ε) → ∞ as ε → 0 and supx<B u(x) = 1. We obtain from (9.41) and
(9.42)

∞∑
k=1

εkmk(x)
k!

dku(x)
dxk

∼ 0 for ε→ 0. (9.43)

The regular expansion

u(x) ∼ u0(x) + εu1(x) + · · · (9.44)

gives the reduced equation

m1(x)u′0(x) = 0, (9.45)

which implies u0(x) = 1. The approximation

nD(x) ∼ C(ε)u0(x) = C(ε) (9.46)

satisfies (9.40) asymptotically for x bounded away from the boundary; that is, when
the upper limit of integration can be extended to infinity, but fails to satisfy the
condition (9.31). For x near B it is therefore necessary to construct a boundary
layer correction to u0(x). We begin with the case m1(B) < 0. We introduce the
stretched variable

η =
B − x

ε
(9.47)

and the scaled boundary layer function

U(η) = u(B − εη) (9.48)

into (9.40) to obtain

η∫
−∞

U(η − ξ)w(ξ |B − εη) dξ − U(η) ∼ 0 (9.49)

Under the assumptions of the theorem, w(ξ |x − εη) can be expanded in powers
of ε, and in particular, w(ξ |B − εη) = w(ξ |B) + o(1) as ε → 0. The regular
expansion

U(η) ∼ U0(η) + εU1(η) + · · · (9.50)

and the change of variables ζ = η − ξ in (9.49) gives the Wiener–Hopf equation

U0(η) =

∞∫
0

w(η − ζ |B)U0(ζ) dζ for η > 0, (9.51)
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subject to

U0(η) = 0 for η ≤ 0. (9.52)

In addition, U0(η) must match with the outer solution u0(x), so the matching con-
dition is

lim
η→∞

U0(η) = 1. (9.53)

If m1(B) < 0, the Fourier transform of U0(η) has a simple pole at the origin and
therefore limη→∞ U0(η) = const., which satisfies the matching condition (9.53).
In certain cases (see examples and exercises below) an explicit solution can be
found. The uniform expansion of nD(x) now is

nD(x) ∼ C(ε)U0

(
B − x

ε

)
, (9.54)

where C(ε) is yet an unknown constant. To determine its value, we multiply (9.40)
by the stationary solution pε(x) of the forward equation (9.7) and integrate over D,
to obtain

B∫
−∞

pε(x) dx =

B∫
−∞

nD(x)pε(x) dx

−
B∫

−∞

(B−x)/ε∫
−∞

nD(x+ εξ)w(ξ |x) dξpε(x) dx. (9.55)

Now we interchange the order of integration on the right-hand side of (9.55) and
change variables, x+ εξ = z, to obtain

B∫
−∞

pε(x) dx =

0∫
−∞

B−εξ∫
B

pε(z)w(ξ | z)nD(z + εξ) dx dξ

−
B∫

−∞

nD(x)Lεpε(x) dx, (9.56)

where Lε is the forward operator defined in (9.7). Finally, using Lεpε(x) = 0 and
converting back to the original variables, (9.56) yields the identity

B∫
−∞

pε(x) dx =

∞∫
B

(B−x)/ε∫
−∞

nD(x+ εξ)w(ξ |x) dξ pε(x) dx. (9.57)

Now we replace pε(x) in (9.57) by its WKB approximation (9.9)

pε(x) ∼ [K0(x) + εK1(x) + · · · ] e−ψ(x)/ε (9.58)
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and nD(x) by its uniform approximation (9.54). Then, noting that the major con-
tribution to the integral comes from the point x = B, where pε(x) is maximal in
[b,∞), we again introduce the stretched variable η = (B − x)/ε and expand pε(x)
and w(ξ |x) near η = 0. Finally, using the Laplace expansion of the integral on the
left-hand side of (9.57) about the stable rest point at x = x̃ and solving for C(ε),
we find that

C(ε) ∼

√
2π

ψ′′(x̃)
K0(x̃)
K0(B)

eψ(B)/ε

0∫
−∞

eηψ
′(B)

η∫
−∞

w(ξ |B)U0(η − ξ) dξ dη

. (9.59)

Hence the first part of (9.15) follows.
Next, we turn to the case that m1(B) = 0. Again, a boundary layer analysis

is required. As in the proof of Theorem 7.4.1, we introduce the scaled variable
η = (B − x)/ε and the boundary layer function U(η) = u(B − εη) into (9.51) to
obtain the boundary layer equation (9.49), subject to the boundary condition (9.52)
and to the matching condition (9.53). The solution, however, cannot satisfy the
matching condition (9.53), because due to the assumption m1(B) = 0, the Fourier
transform of the leading term U0(η) in the regular expansion (9.50) of U(η) has a
double pole at the origin, hence U0(η) grows linearly for η � 1; that is,

U0(η) ∼ ĉη as η →∞. (9.60)

Therefore an intermediate boundary layer correction is necessary to bridge between
the original boundary layer U0(η) and the outer expansion u0(x) = 1. We now
introduce the new scaling and boundary layer function

ξ =
B − x√

ε
, nD(x) = C(ε)V (ξ), (9.61)

where C(ε) →∞ as ε→ 0. Using (9.61) in (9.49), we obtain

V (ξ) =

ξ/ε∫
−∞

w(z |B −
√
εξ)V (ξ −

√
εz) dz, (9.62)

subject to the matching condition to the outer solution

lim
ξ→∞

V (ξ) = 1. (9.63)

The second matching condition of the intermediate layer V (ξ) is that for ξ � 1 it
matches with U0(η) for η � 1 (see (9.60). For ξ = O(1) we extend the upper limit
of integration to infinity in (9.62) and expand all functions in powers of

√
ξ,

V (ξ) = V0(ξ) +
√
εV1(ξ) + · · · .
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We obtain at the leading order

1
2
m2(B)V ′′0 (ξ) +m′

1(B)ξV ′0(ξ) = 0. (9.64)

The solution of (9.64), (9.63) is given by

V0(ξ) = ˆ̂c

√
m′

1(B)
πm2(B)

ξ∫
0

exp
{
−m

′
1(B)u2

m2(B)

}
du+ 1− ˆ̂c. (9.65)

The approximation (9.65) is uniformly valid for B − x � ε � 1. To satisfy the
second matching condition for ξ � 1, we note that

V0(ξ) ∼ 1− ˆ̂c+ 2

√
m′

1(B)
πm2(B)

√
εηˆ̂c, (9.66)

so to match (9.60) with (9.66), we have to choose

ˆ̂c = 1, ĉ = 2
√
ε

√
m′

1(B)
πm2(B)

. (9.67)

Thus a uniform asymptotic expansion of the solution of (9.40) is given by

nD(x) (9.68)

∼C(ε)


2

√
m′

1(B)
πm2(B)

(B−x)/
√
ε∫

0

exp
{
−m

′
1(B)u2

m2(B)

}
du for

B − x

ε
� 1

U0

(
B − x

ε

)
for

B − x

ε
= O(1),

where U0(η) is the solution of (9.51), (9.52). Finally, we evaluate C(ε) by the pro-
cedure described above. Using the WKB expansion (9.9) and (9.68) in the identity
(9.57), we obtain

C(ε) ∼ π

ε

K0(x̃)
K0(B)

eψ(B)/ε

√∣∣∣∣m′
1(x̃)m

′
1(B)

m2(x̃)m2(B)

∣∣∣∣ 1
m2(B)

. (9.69)

Equations (9.68) and (9.69) are (9.38) and (9.39), respectively.
IfD = (−A,B) is a finite interval and x̃ ∈ D is the only attractor of the dynam-

ics (9.5) in the interval, then boundary layers have to be constructed at both ends to
obtain a uniform asymptotic expansion of nD(x) in the interval. The constant C(ε)
is then determined by the procedure described above. If ψ(B) < ψ(−A), the con-
stant is given by (9.59) when m1(B) < 0, and by (9.69) when m1(B) = 0. If
ψ(B) > ψ(−A), then B has to be replaced by −A in (9.59) when m1(−a) > 0
and in (9.69) when m1(−A) = 0. Also the boundary layer equations (9.51) and
(9.62) have to be modified appropriately. The case ψ(−A) = ψ(B) is left as an
exercise.
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Remark 9.2.1. For processes xn that must hit the boundary point x = B to exit the
interval (−∞, B) (i.e., processes that do not jump over the boundary), the Kramers–
Moyal expansion (9.41) is valid up to the boundary and the solution nD(x) is con-
tinuous up to the boundary. Therefore the boundary condition (9.31) can be replaced
by the simpler boundary condition nD(B) = 0, as in the diffusion approximation.

Example 9.1 (The MFPT of a birth-death process). Consider the random walk
(7.80), which jumps ε to the left and to the right at every point x with probabilities
l(x) and r(x), respectively, where l(x) + r(x) = 1; that is,

w(ξ |x) = r(x)δ(ξ − ε) + l(x)δ(ξ + ε) + [1− r(x)− l(x)]δ(ξ). (9.70)

The conditional moments mn(x) are given by

mn(x) = r(x) + (−1)nl(x)

so that

m1(x) = r(x)− l(x) = −1 + 2r(x), m2(x) = r(x) + l(x) = 1.

This means that
xm1(x) < 0;

that is, at each point the drift points toward the origin. The fluid approximation (9.5)
indicates that the origin is an attractor for the averaged dynamics. In addition, we
assume that the process is not trapped at the origin; that is, r(0) = l(0) 6= 0. Using
(9.70) in the forward equation (9.2), we obtain the master equation

pε(x, n+ 1) = pε(x− ε, n)r(x− ε) + pε(x+ ε, n)l(x+ ε),

which can be written in the stationary regime as

Lεpε(x) = r(x− ε)pε(x− ε) + l(x+ ε)pε(x+ ε)− [r(x) + l(x)]pε(x)
= 0. (9.71)

Assume that for x > 0, we have r(x) < l(x) (or r(x) < 1
2 ) and for x < 0, we have

l(x) < r(x) (or r(x) > 1
2 ). The eikonal equation for the WKB solution (9.9) is

r(y)eψ
′(y) + l(y)e−ψ

′(y) − [r(y) + l(y)] = 0 (9.72)

with solution

ψ(y) =

y∫
0

log
l(s)
r(s)

ds. (9.73)

The transport equation (9.11) becomes[
r(y)eψ

′(y) − l(y)e−ψ
′(y)
]
K ′

0(y) (9.74)

+
{
r′(y)eψ

′(y) − l(y)e−ψ
′(y) +

ψ′′(y)
2

[
r(y)eψ

′(y) − l(y)e−ψ
′(y)
]}

K0(y) = 0,
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and the solution is given by

K0(y) =
C√

r(y)l(y)
, (9.75)

with C a normalization constant. The WKB solution,

pε(y) ∼
C√

r(y)l(y)
exp

−1
ε

y∫
0

log
l(s)
r(s)

ds

 , (9.76)

is the leading term in the asymptotic expansion of the exact solution as ε→ 0, given
in Exercise 7.11.

To calculate the MFPT of xn from an interval D = (−A,B), where A,B > 0,
whose boundary consists of lattice points, we use (9.70) to write (9.30) as

L∗εnD(x) = r(x)nD(x+ ε) + lo(x)nD(x− ε)− [l(x) + r(x)]nD(x)
= − 1. (9.77)

Because xn can jump one lattice point to the left or to the right, it has to hit the
boundary to exit. It follows from Remark 9.31 that the boundary condition (9.31)
can be replaced by the simpler condition

nD(−A) = nD(B) = 0. (9.78)

In this case, the Kramers–Moyal expansion is valid up to the boundary and we write
(9.77) as

∞∑
k=1

εk[r(x) + (−1)kl(x)]
k!

nkD(x) = −1. (9.79)

Equation (9.46) is

nD(x) ∼ C(ε), (9.80)

where C(ε) → ∞ as ε → 0. We construct the boundary layers at −A and B for
the two cases mentioned in Theorem 9.2.1, l(B) > r(B), l(−A) < r(−A) and
l(B) = r(B), l(−A) = r(−A). In the former case, we seek a local solution

N(x) ∼ C(ε)U(η), (9.81)

where η = (B−x)/ε. Substituting (9.81) into the Kramers–Moyal equation (9.79),
we obtain that the leading order boundary layer equation is

∞∑
k=1

[r(B) + (−1)kl(B)]
k!

U
(k)
0 (η) = 0 (9.82)
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with the boundary condition (cf. (9.78))

U0(0) = 0 (9.83)

and the matching condition

lim
η→∞

U0(η) = 1. (9.84)

The solution of (9.82)–(9.84) is

U0(η) = 1− e−βη, (9.85)

where β = ψ′(B) = log[l(B)/r(B)]. A similar expansion holds locally near −A.
Thus the uniform expansion of the MFPT in D is

nD(x) ∼ C(ε)
[
1− e−α(x+A)/ε − e−β(B−x)/ε

]
, (9.86)

where α = ψ′(−A). The undetermined constant C(ε) is determined by a procedure
analogous to that used in the proof of Theorem 9.2.1, with Lε and L∗ε given in (9.71)
and (9.77), respectively, and integration is replaced by summation over the lattice
points. We then obtain

C(ε) ∼

√
2π

εr(0)[l′(0)− r′(0)]
|l(−A)− r(−A)|√

r(−A)l(−A)
e−ψ(−A)/ε +

|l(B)− r(B)|√
r(B)l(B)

e−ψ(B)/ε

. (9.87)

The MFPT is given by (9.86) with (9.87).
If l(B) = r(B), l(−A) = r(−A), then the analysis is modified, as in the proof

of Theorem 9.2.1, to obtain the uniform expansion

nD(x)

∼C(ε)

[
erf

(
B − x√

ε

√
r′(B)− l′(B)

2r(B)

)
+erf

(
A+ x√

ε

√
l′(−A)− r′(−A)

2r(A+ x)

)
−1

]

and C(ε) is found from (9.39) as

C(ε) ∼

π

ε
√
r(0)[l′(0)− r′(0)]√

|l′(−A)− r′(−A)|
r(−A)

e−ψ(−A)/ε +

√
|l′(B)− r′(B)|

r(B)
e−ψ(B)/ε

.

2

Exercise 9.4 (Calculation of the MFPT). Carry out the missing calculations in
Example 9.1. 2
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Example 9.2 (A state-dependent M/M/1 queue). The unfinished work U(t) in
a queueing system was defined in Example 7.7 as the time it takes the queue to
empty, if the arrival of new customers is stopped at time t. In an M/M/1 queue
with discouraged arrivals customers arrive at exponential waiting times with rate
λ = λ(U(t)), which decreases as the unfinished work in the queue increases, and
demand work ξ, whose pdf is exponential with constant service rate µ. We assume
that the queue is observed over a long time period of order O

(
ε−1
)
, where ε is a

small parameter. Thus, we scale time so that the arrival and the service rates appear
to be fast and are given by λ(U(t))/ε and µ/ε, respectively. The density of the
interarrival times is exponential,

Pr{arrival in (t, t+ ∆t), U(t) = x} =
λ(x)
ε

∆t+ o(∆t) as ∆t→ 0, (9.88)

and the density of the demanded service time sn of the nth customer is given by

d

ds
Pr{sn ≤ s} =

µ

ε
e−µs/ε. (9.89)

Because the work is measured in units of time, the server works at fixed rate 1. The
dynamics (9.23) of the unfinished work is given by

U(t+ ∆t) =


U(t)−∆t w.p. 1− λ(U)

ε
∆t+ o(∆t)

U(t) + εξ w.p.
λ(U)
ε

∆t+ o(∆t),

where

Pr {ξ = y |U(t) = x, U(t1) = x1, . . ., U(tn) = xn}=µe−µyH(y) = w̃(y |x)

and H(y) is the Heaviside step function. Thus the drift is

A =
{
−1 if x > 0
0 if x = 0,

so that for x > 0 the drift equation (9.26) is

ẋ = −1 +
λ(x)
µ

, (9.90)

which we assume as a unique stable equilibrium point at x = x̃ > 0. This condition
also implies that the queue is stable in the sense that that there exists a stationary
probability density for U(t) (i.e., the traffic intensity, r(x) = λ(x)/µ < 1 for
x > x̃).

To calculate the stationary density of U(t), we note that there is a positive prob-
ability that the queue is empty; that is, the density has a probability mass, A, at
y = 0 so that

pε(y) = p (y) +Aδ(y). (9.91)
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The regular part of the pdf, p (y), satisfies the stationary forward equation (9.24) for
y > 0, which is the stationary Takács equation in Example 7.7

Lεp (y)

=
dp (y)
dy

− λ(y)
ε
p (y) +

1
ε

y/ε∫
0

p (y − εξ)λ(y − εξ)µe−µξ dξ +
Ap (0)
ε2

µe−µy/ε

=0. (9.92)

The normalization of pε(y) and boundary condition imply that

∞∫
0

p (y) dy +A = 1 (9.93)

and

λ(0)
ε
A = p (0). (9.94)

The nonhomogeneous term in the Takács equation (9.92) is due to customers ar-
riving at an empty queue with y units of unfinished work. The boundary condi-
tion (9.94) represents the steady-state balance between the probability flux into the
boundary (emptying the queue) and the probability flux of customers arriving at an
empty queue.

The eikonal equation (9.27) for the stationary Takács equation (9.92) is

ψ′(y) + λ(y) =
λ(y)µ

µ− ψ′(y)
, (9.95)

so that choosing ψ(x̃) = 0, we obtain the solution

ψ(y) =

y∫
x̃

[µ− λ(ξ)] dξ. (9.96)

The transport equation (9.28) for (9.92) gives

K0(y) = const. = K0, (9.97)

which is determined by normalization. Evaluating the integral in the normalization
condition (9.93) by the Laplace method and taking into consideration the fact that
A = o(1) as ε→ 0, we find that

p (y) ∼
√
−λ′(x̃)

2πε
exp

−1
ε

y∫
x̃

[µ− λ(ξ)] dξ

 . (9.98)
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The boundary layer analysis of pε(y), as given in the proof of Theorem 9.2.1 has
to be modified, because (9.98) does not describe the behavior or pε(y) near the
boundary y = 0. We introduce the local variable η = y/ε into the stationary Takács
equation (9.92) and define P (η) = p (y/ε) to obtain the boundary layer equation

P (η)− λ(0)P (η) + λ(0)

η∫
0

P (η − ξ)µe−µξ dξ + p (0)µe−µη = 0. (9.99)

The boundary layer equation (9.99) is solved by applying the Laplace transform
and then matching for large η with the outer solution expanded near y = 0. The un-
known constant p (0) in the Laplace transform of P (η) is determined by the match-
ing procedure as

p (0) ∼
√
−λ′(x̃)

2πε
exp

1
ε

x̃∫
0

[µ− λ(ξ)] dξ

 .

Using the boundary condition (9.94) we find that

A = Pr{U(t) = 0} =

√
−λ′(x̃)ε
2πλ2(0)

exp

1
ε

x̃∫
0

[µ− λ(ξ)] dξ

 . (9.100)

Thus the uniform expansion of the stationary pdf pε(y) of U(t) is

pε(y) ∼

√
−λ′(x̃)ε
2πλ2(0)

exp

1
ε

x̃∫
0

[µ− λ(ξ)] dξ

 δ(y)

+

√
−λ′(x̃)

2πε
exp

−1
ε

y∫
x̃

[µ− λ(ξ)] dξ

 .

Note that the probability of finding an empty queue decays exponentially fast as
ε→ 0, which means that the queue is “busy".

Next, we compute the mean time τ̄K(x) for U(t) to reach a specified capac-
ity K > x̃, given x units of unfinished work remaining in the queue. This can be
interpreted as the mean time to lose a customer, if no more customers can be ac-
cepted into the queue once the workload exceeds the capacity K. The MFPT τ̄K(x)
satisfies the backward master equation

L∗ε τ̄K(x) = −τ̄ ′K(x)− λ(x)
ε

τ̄K(x)

(K−x)/ε∫
0

τ̄K(x+ εξ)µe−µξ dξ = −1 (9.101)

with the boundary condition at x = 0

−λ(0)τ̄K(0)
ε

+
λ(0)
ε

K/ε∫
0

τ̄K(εξ)µe−µξ dξ = −1 (9.102)
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and the condition

τ̄K(x) = 0 for x > K. (9.103)

The latter was used to cut off the upper limit of integration in (9.101) and (9.102).
As in the proof of Theorem 9.2.1, we find that away from the boundary x = K

τ̄K(x) ∼ C(ε) →∞ as ε→ 0. (9.104)

We introduce into the backward master equation (9.101) the boundary layer variable
η = (K − x)/ε and the boundary layer function T (η) = τ̄K(K − εη) and expand

T (η) ∼ T0(η) + εT1(η) + · · · (9.105)

to obtain the boundary layer equation

T ′0(η)− λ(K)T0(η)

η∫
0

T0(η − ξ)µe−µξ dξ = 0 (9.106)

and the matching condition

lim
η→∞

T0(η) = 1. (9.107)

The solution of (9.106), (9.107) is

T0(η) = 1− λ(K)
µ

e[λ(K)−µ]η. (9.108)

Note that T0(0) = 1− λ(K)/µ = 1− r(K) 6= 0, and (9.103) gives τ̄K(K+) = 0.
The procedure for determining the constant C(ε) in the proof of Theorem 9.2.1
also has to be modified. We multiply the backward master equation (9.101) by the
continuous part p (y) of pε(y), given in (9.98), and integrate over the interval (0,K)
to obtain

K∫
0

p (x) dx = τ̄K(K)p (K)− ε

λ(0)
p (0). (9.109)

Because
∫K
0
p (x) dx ∼ 1 − A and the boundary condition (9.94) gives A =

εp (0)/λ(0), the identity (9.109) becomes

τ̄K(K) ∼ 1
p (K)

. (9.110)

Locally, we have τ̄K(K) ∼ C(ε)[1− t(K)], so that

C(ε) ∼ 1
p (K)

1
1− r(K)

. (9.111)
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Finally, the value of p (K) is found from (9.98) and the MFPT is given by

τ̄K(x) ∼
√
−2πε/λ′(x̃)
1− r(K)

exp

1
ε

K∫
x̃

[µ− λ(ξ)] dξ

 . (9.112)

For a generalization to state-dependent M/G/1 queues see [134]. 2

Exercise 9.5 (Exit from a finite interval). (i) Fill in the details of the proof for the
case that D = (−A,B) is a finite interval.

(ii) Find the asymptotic expansion of nD(x) if there is more than one attractor inD.
2

Exercise 9.6 (The mean exit time of a jump-drift process). Prove a theorem anal-
ogous to Theorem 9.2.1 for the jump-drift process (9.23). 2

Exercise 9.7 (Unimolecular dissociation). Consider the following Markovian model
of thermal excitation of large molecules, where the quantity of interest is the dis-
sociation rate, which is the reciprocal of the mean number of collisions until dis-
sociation [240], [35], [134]. In this model dissociation occurs when the molecule’s
energy E exceeds a certain threshold energy E0. The molecule undergoes random
collisions, which cause an increase or decrease in its energy. The Markov process
is defined in terms of dimensionless energy x = E/E0, whose jumps are scaled to
ξ = (E1−E2)/kT , where k is Boltzmann’s constant and T is absolute temperature.
The conditional jump density function of the jump process ξn is modeled by

w(ξ |x) = K


eaξ for − x

ε
< ξ < 0[

1
K
− a− b+ ae−x/aε

]
δ(ξ) for ξ = 0

e−ξ/b for ξ > 0.

The assumption of high activation energy E0 is expressed by the assumption that
the dimensionless parameter ε = kT/E0 is small (relative to 1). The parameter K
is the collision frequency and the parameters a and b are defined by a = α/kT and
β/kT , where α and β are the average energy loss and gain per collision, respec-
tively. Assume that the stationary distribution is Boltzmannian, pε(x) ∝ e−x/ε,
which requires that 1/b− 1/a = 1.
(i) Show that m1(x) ≈ b− a for x/ε� 1.
(ii) Show that the mean number of collisions to dissociation, n(x), satisfies the con-
dition n(x) = 0 for x 6∈ (0, 1).
(iii) Derive the backward master equation

0∫
−x/ε

n(x+ εξ)eξ/a dξ +[−a− b+ ae−x/aε]n(x) +

(1−x)/ε∫
0

n(x+ εξ)e−ξ/b dξ

= − 1
K
.



322 9. Large Deviations of Markovian Jump Processes

(iv) Solve the backward master equation exactly by converting it to the ordinary
linear differential equation

[a+ b− ae−x/aε]n′′(x) +
1
ε
[−a− b+ (a+ 2)e−x/aε]n′(x) = − 1

ε2abK

with the boundary conditions

n′(0) = − 1
εab2K

, [a+ b− ae−1/aε]n′(1) +
a+ b

εa
n(1) = − 1

εabK
.

(v) Prove that when (1− x)/ε� 1, the asymptotic expansion

n(x) ∼ e1/ε

Kb2(a+ b)

is a valid approximation to n(x).
(vi) Use the proof of Theorem 9.2.1 to construct a uniform asymptotic expansion of
n(x) [137]. 2

9.3 Asymptotic theory of large deviations

The estimation of the probability of rare events, what amounts to an asymptotic
expansion of the tails of the pdf of a given random variable or stochastic process,
is the subject of large deviation theory. For examples, the expansion of the pdf
of a diffusion process with small noise and the exit problem are all problems of
large deviations. Another class of large deviations is that of an ergodic1 stationary
Markov chain, {Xn}, with zero mean, and its sample averages

Yn ≡
1
n

n∑
j=1

Xj . (9.113)

The problem of large deviations here is to determine the uniform asymptotic be-
havior of the PDF of Yn and the joint PDF of (Xn, Yn) for large n. The case of
independent i.i.d. {Xn} falls into this category as a particular case. The central
limit theorem, which applies in this case, gives a correct estimate of the tail proba-
bility of Yn only for small deviations and misses tail events by orders of magnitude
(see discussion in Sections 9.3.2 and 9.4). The purpose of this section is to develop a
straightforward method for the explicit calculation of the full formal asymptotic ex-
pansion of the pdfs pn(y) and pn(x, y) for a discrete or continuous state stationary
Markov chain.

The analysis of this problem is based on the observation that the pair {Xn, Yn} is
a Markov chain so that its joint pdf (whenever it exists) satisfies the master equation
(forward Kolmogorov) equation. The construction of an asymptotic solution to this

1That is, all its multidimensional densities can be determined from a single sample path of the process.
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equation is based on the WKB method that was employed for the analysis of the
Fokker–Planck equation in the case of diffusion with small noise.

We assume that {Xn} is an ergodic stationary Markov process with zero mean,
stationary pdf φ0(x), and a finite moment generating function. The master equation
for the transition probability density function of Xn is

pn+1(y |x) =
∫
ρ(y, t)pn(t |x) dt ≡ Lpn(y |x), (9.114)

where

ρ(y, t) ≡ ∂

∂y
Pr{Xn+1 ≤ y |Xn = t}. (9.115)

We use the term pdf in the sense of distributions and the partial derivative in eqs.
(9.178) and (9.115) is understood in this sense as well. Thus the pdf of a discrete
variable is a sum of delta functions. The initial condition for (9.114) is

p0(y |x) = δ(x− y). (9.116)

The first two stationary moments are denoted

m1 ≡
∫
tφ0(t) dt = 0, m2 ≡

∫
t2φ0(t) dt. (9.117)

The operator L is bounded in L1(R) with ||L||1 ≤ 1 and the stationary pdf, φ0(x),
is an eigenfunction of L corresponding to the eigenvalue µ0 = 1.

The transition density ρ(x, t) defines a one parameter family of operators,M(θ),
acting on functions of x in L1(R), is defined for any fixed θ by

M(θ)f(x) ≡ exθ
∫
ρ(x, t)f(t) dt ≡ exθLf(x).

We assume that the integral operator has the greatest positive eigenvalue µ(θ) with
geometric multiplicity one, because the operator M(θ) has a nonnegative kernel,
and we also assume that the corresponding eigenfunction q0(x, θ) is the only posi-
tive eigenfunction up to normalization ([40, p. 287], [72, vol. 2, p. 271], [105]),

q0(x, θ)µ(θ) =
∫
ρ(x, t)q0(t, θ) exθ dt. (9.118)

Setting in eq. (9.118) θ = ψ′(y), we can define a function ψ(y) as the solution of
the first-order differential equation

µ(ψ′(y)) = e−ψ(y)+yψ′(y) , (9.119)

or equivalently,

−ψ(y) + yψ′(y) = logµ(ψ′(y)) . (9.120)
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Equation (9.120) can be reduced to an implicit equation for ψ′(y) by differentiating
(9.120) with respect to y,

y =
µ′(ψ′(y))
µ(ψ′(y))

. (9.121)

The case of independent random variables can be recovered from (9.121) as
follows. If Xn are i.i.d. random variables, then ρ(x, t) is independent of t. There-
fore, integrating (9.128) with respect to x, it is found that µ(ψ′(y)) is the moment
generating function of ρ(x) (which is the pdf of Xn); that is,

µ(ψ′(y)) =
∫

eψ
′(y)xρ(x) dx .

Thus (9.120) reduces to the well-known result of large deviations theory [47].

Exercise 9.8 (Convexity of the ψ(y)). Prove that ψ(y) is a convex function of y.
2

Due to convexity, ψ′(y), wherever it exists, is an increasing function and thus
has an inverse in its range. It follows that µ(y) can be considered a function of
ψ′(y). We use interchangeably, with some abuse of notation, both µ(ψ′(y)) and
µ(y).

Theorem 9.3.1 (Asymptotic expansion of the joint and marginal pdf). The joint
pdf of {Xn, Yn} has the asymptotic representation

pn(x, y) ∼

{√
nψ′′(y)

2π
q̃(x, y)e−F (y)

}
e−nψ(y) for n� 1 (9.122)

and the marginal density of Yn has the asymptotic representation

pn(y) ∼

{√
nψ′′(y)

2π
e−F (y)

}
e−nψ(y) for n� 1. (9.123)

The functions q̃(x, y) and F (y) are defined in equations (9.134), (9.135), (9.144),
and (9.145) below.

Proof. First, we note that Yn satisfies the stochastic equation

Yn+1 =
n

n+ 1
Yn +

1
n+ 1

Xn+1, (9.124)

which implies that the pair (Xn, Yn) is Markovian. It follows from (9.114) and
(9.124) that the joint pdf of {Xn, Yn} satisfies the master equation (forward Kol-
mogorov equation)

pn+1(x, y) =
n+ 1
n

∫
ρ(x, ξ)pn

(
ξ, y +

y − x

n

)
dξ. (9.125)
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An asymptotic solution of (9.125) is constructed in the WKB form

pn(x, y) = Kn(x, y)e−nψ(y), (9.126)

where

Kn(x, y) =
√
n

[
q0(x, y) +

1
n
q1(x, y) +

1
n2

q2(x, y) + · · ·
]
. (9.127)

Substituting (9.126) and (9.127) in (9.125) and expanding in negative powers of n,
it is found at the leading order that

q0(x, y) e−ψ(y)+yψ′(y) =
∫
ρ(x, t)q0(t, y) exψ

′(y) dt, (9.128)

which is (9.118). The eigenfunction q0(x, y) is determined up to a normalization
factor that is a function of y. This function is usually found from the next order
equation, obtained by comparing the coefficients of n−1/2 in the expansion (9.126),
(9.127) on both sides of the master equation (9.125). The resulting equation degen-
erates to 0 = 0, as can be seen from eq. (9.141) below. To remove the degeneration,
we define an approximate sample average

Y εn+1 =
n+ ε

n+ 1
Y εn +

1
n+ 1

Xn+1, (9.129)

where ε is a small parameter, ultimately to be set equal to zero. The master equation
(9.125) now takes the form

pεn+1(x, y) =
n+ 1
n+ ε

∫
ρ(x, ξ) pεn

(
ξ, y +

(1− ε)y − x

n+ ε

)
dξ .

Consequently, the eikonal equation (9.128) takes the form

{µ(y)−M(y)} q0ε(x, y) = 0, (9.130)

where

µ(y) = e−ψε(y)+(1−ε)yψ′ε(y),

and eq. (9.121) becomes

(1− ε)y − µ′(ψ′ε(y))
µ(ψ′ε(y))

=
εψ′ε(y)
ψ′′ε(y)

.

To simplify notation, we drop the ε in the notation for functions of the perturbed
process (9.129).

The next order equation can be written as{(
1
2
− ε

)
+ ε[(1− ε)y − x]ψ′(y)− 1

2
ψ′′(y)[(1− ε)y − x]2

}
µ(y)q0(x, y)

+ [(1− ε)y − x]M(y)q0y(x, y) = [µ(y)−M(y)]q1(x, y) . (9.131)



326 9. Large Deviations of Markovian Jump Processes

Equation (9.131) is handled by considering the adjoint operator to M(y), denoted
M∗(y). The operator M∗(y) acts on functions in L∞(R) and is defined by the
pairing

〈f, g〉 =
∫
f(x)g(x) dx, f ∈ L∞(R), g ∈ L1(R)

as

M∗(y)f(t) ≡
∫
ρ(x, t) exψ

′(y)f(x) dx.

The eigenvalue µ(y) is also the greatest positive eigenvalue ofM∗(y) with a corre-
sponding positive eigenfunction of multiplicity one, denoted p̃(x, y). We conclude
from eq. (9.128) that

M∗(y)p̃(t, y) ≡
∫
ρ(x, t) exψ

′(y)p̃(x, y) dx = e−ψ(y)+yψ′(y) p̃(t, y). (9.132)

By orthogonality considerations∫
p̃(x, y) [M(y)− µ(y)] f(x) dx = 0 (9.133)

for any function f(x) in the domain ofM(y). We write q0(x, y) as

q0(x, y) = k0(y)q̃(x, y) , (9.134)

where q̃(x, y) is normalized by ∫
q̃(x, y) dx = 1, (9.135)

and k0(y) is determined from (9.131). We normalize p̃(x, y) by∫
q̃(x, y)p̃(x, y) dx = 1. (9.136)

Multiplying eq. (9.131) by p̃(x, y) and integrating with respect to x, we obtain
the differential equation(

1
2
− ε

)
µ(y)k0(y) + εψ′(y)

∫
[(1− ε)y − x]µ(y)q0(x, y)p̃(x, y) dx

− 1
2
ψ′′(y)

∫
[(1− ε)y − x]2µ(y)q0(x, y)p̃(x, y) dx

+
∫

[(1− ε)y − x]M(y)q0y(x, y)p̃(x, y)dx = 0. (9.137)

Equation (9.137) is used to determine the factor k0(y).
We need the following two identities. By differentiating eq. (9.130) with respect

to y, multiplying the result by p̃(x, y), and integrating with respect to x, we get∫
[(1− ε)y − x]µ(y)q0(x, y)p̃(x, y)dx = ε

ψ′(y)
ψ′′(y)

µ(y)k0(y) . (9.138)
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For ε = 0, this identity reduces to∫
(y − x)µ(y)q0(x, y)p̃(x, y) dx = 0 . (9.139)

Next, differentiating eq. (9.130) with respect to y twice, multiplying the result by
p̃(x, y), integrating with respect to x, and applying eq. (9.138), we get the identity∫

[(1− ε)y − x]p̃(x, y)M(y)q0y(x, y) dx

− 1
2
ψ′′(y)

∫
[(1− ε)y − x]2µ(y)q0(x, y)p̃(x, y) dx

= ε
ψ′(y)
ψ′′(y)

∫
p̃(x, y)M(y)q0y(x, y)dx+

ε

2

∫
xψ′(y)µ(y)q0(x, y)p̃(x, y) dx

+
{
ε(ε− 1)

2
yψ′(y)− εψ′′′(y)ψ′(y)

2(ψ′′)2
− (1− 2ε)

2

}
µ(y)k0(y) . (9.140)

Now, substituting eqs. (9.138) and (9.140) in eq. (9.137), we get∫
εψ′(y)
ψ′′(y)

p̃(x, y)M(y)q0y(x, y)dx+
∫

ε

2
ψ′(y)xµ(y)q0y(x, y)p̃(x, y) dx

=
{
ε

2
yψ′(y) +

ε

2
ψ′′′(y)ψ′(y)

[ψ′′(y)]2
− ε2

2
ψ′(y)y − ε2ψ′2(y)

ψ′′(y)

}
µ(y)k0(y). (9.141)

Dividing eq. (9.141) by ε, taking the limit ε→ 0, and applying (9.139), we obtain

1
2
ψ′′′(y)
ψ′′(y)

µ(y)k0(y)−
∫
p̃(x, y)M(y)q0y(x, y) dx = 0 , (9.142)

for which the notation without ε is correct. We observe that by eq. (9.133)∫
p̃(x, y)M(y)q0y(x, y) dx =

∫
µ(y)q0y(x, y)p̃(x, y) dx . (9.143)

Finally, using eq. (9.134) and eq. (9.143) in eq. (9.142), we obtain a simplified
equation for k0(y),

k′0(y)
k0(y)

=
1
2
ψ′′′(y)
ψ′′(y)

−
∫
q̃y(x, y)p̃(x, y) dx. (9.144)

We denote

f(y) ≡
∫
q̃y(x, y)p̃(x, y) dx, F (y) ≡

y∫
0

f(z) dz. (9.145)

Then the solution of eq. (9.144) is

k0(y) = C
√
ψ′′(y)e−F (y) ,
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where C is a constant. By the normalization requirement of
√
nk0(y)e−nψ(y) in the

limit of large n, using Laplace’s method for the asymptotic evaluation of integrals,
one obtains that

k0(y) =

√
ψ′′(y)

2π
e−F (y). (9.146)

In the special case where Xn are i.i.d. random variables the expression (9.146) is
simplified. By eq. (9.132) p̃(x, y) = 1, resulting in

f(y) =
∫
q̃y(x, y)p̃(x, y)dx = 0,

in agreement with [133]. It is also found by (9.128) that for the i.i.d. case

q̃(x, y) =
ρ(x)eψ

′(y)x

µ(ψ′(y))
.

9.3.1 More general sums

Next, we consider the more general case of the sum

Yn =
1
n

n∑
i=1

f(Xi),

where f(x) is a measurable bounded function. The schemes (9.124) and

Yn+1 =
n

n+ 1
Yn +

1
n+ 1

f(Xn+1) (9.147)

are particular cases of stochastic approximation [184], [144]. The master equation
is given by

pn+1(x, y) =
n+ 1
n

∫
ρ(x, ξ)pn

(
ξ, y +

y − f(x)
n

)
dξ. (9.148)

We assume that {f(Xn)} is an ergodic stationary process for which the first two
moments exist. The asymptotic expansion for eq. (9.148) is constructed as above.
The eikonal equation is

q0(x, y) e−ψ(y)+yψ′(y) =
∫
ρ(x, t)q0(t, y) ef(x)ψ′(y) dt. (9.149)

We find that M(y) ≡ ef(x)ψ′(y)L(y), its greatest eigenvalue µ(y), the normalized
eigenfunctions q̃(x, y) and p̃(x, y), and the rate function ψ(y) are all dependent on
the function f(x). We obtain

pn(x, y) ∼

{√
nψ′′(y)

2π
q̃(x, y)e−F (y)

}
e−nψ(y), (9.150)
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and

pn(y) ∼

{√
nψ′′(y)

2π
e−F (y)

}
e−nψ(y), (9.151)

where

F (y) ≡
y∫

0

∞∫
−∞

q̃z(x, z)p̃(x, z) dx dz.

The explicit form of the pre-exponential factor in the expansion (9.151) can be
used to improve the large deviations theory estimate of the sample size needed to
achieve a given significance level in statistical tests or of the word length required
to ensure a given bound on the decoding error in block coding.

The results obtained in the previous section can be generalized by considering
{Xn} to be an N -dimensional ergodic stationary Markov process with stationary
probability density function (pdf) φ0(x) ≡ φ0(x1, . . . , xN ). The moments of the
stationary pdf, up to second order, are denoted

mk1···kN
≡
∫
· · ·
∫
zk11 · · · zkN

N φ0(z1 . . . zN ) dz1 · · · dzN , k1 + · · ·+ kN ≤ 2.

The master equation for the transition probability density function pn(y |x) is given
by

pn+1(y |x) =
∫
ρ(y,z)pn(z |x) dz ≡ Lpn(z |x) , p0(y |x) = δ(x− y),

where

ρ(y,z) ≡ ∂N Pr{Xn+1 ≤ y |Xn = z}
∂y1 · · · ∂yN

.

We consider the average

Y n ≡
1
n

n∑
j=1

f(Xj),

where f is a bounded measurable function on RM
, for any natural M and we as-

sume that {f(Xn)} is an ergodic and stationary process for which the stationary
moments up to second order exist. As in the scalar case, for a small parameter ε an
average Y ε

n is constructed as above and we obtain the master equation for the joint
pdf of the pair {Xn,Y

ε
n},

pεn+1(x,y)

=
(
n+ 1
n+ ε

)N ∫
· · ·
∫
ρ(x, ξ)pεn

(
ξ,y +

(1− ε)y − f(x)
n+ ε

)
dξ1 · · · dξN .
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The asymptotic solution now takes the form

pn(x,y) = Kn(x,y) e−nψ(y),

where

Kn(x,y) = (
√
n)N

[
q0(x,y) +

1
n
q1(x,y) +

1
n2
q2(x,y) + · · ·

]
.

To simplify notation, we denote

∂ψ(y)
∂yj

≡ ψj(y) ≡ ψj

and summation over repeated indices is assumed. Approximation at leading order
leads to the equation

q0(x,y)e−ψ(y)+(1−ε)y·∇ψ(y)

=
∫
· · ·
∫
ρ(x, ξ)q0(ξ,y)ef (x)·∇ψ(y) dξ1 · · · dξN . (9.152)

For ε = 0 it reduces to

q0(x,y)e−ψ(y)+y·∇ψ(y) =
∫
· · ·
∫
ρ(x, ξ)q0(ξ,y)ef (x)·∇ψ(y) dξ1 · · · dξN .

We set
θ ≡ ∇ψ(y)

and consider a one parameter family of operators defined by

M(θ)φ(x,y) ≡ ef (x)·θ
∫
· · ·
∫
ρ(x, t)φ(t,y) dt1 · · · dtN ≡ ef (x)·θLφ(x,y).

By the same considerations as in the scalar case, the operator M(θ) possesses a
positive largest eigenvalue, denoted µ(θ). Thus ψ(y) is a solution of the first-order
partial differential equation

µ(θ) = e−ψ(y)+(1−ε)y·∇ψ(y).

The function q0(x,y) is a positive eigenfunction of M(θ) determined up to a
factor k0(y), which is found from the next order equation

[µ(θ)−M(θ)]q1(x,y)

=
{
N

(
1
2
− ε

)
+ ε[(1− ε)yi − fi(x)]ψi(y)

− 1
2
[(1− ε)yi − fi(x)]ψij(y) [(1− ε)yj − fj(x)]

}
µ((θ))q0(x,y)

+ [(1− ε)yi − fi(x)]M(θ)q0i (x,y)
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To determine k0(y), we follow the considerations used in the scalar case. The
eigenfunction of the adjoint operatorM∗(θ) is denoted p0(x,y) and is normalized
together with the eigenfunction q0(x,y) to q̃(x,y) and p̃(x,y) as in (9.135) and
(9.136). The differentiation of eq. (9.152) yields two identities, as above. All these
lead to the equation (summation over repeated indices)

(ψlk)−1ψl

[∫
q̃k(x,y)p̃(x,y) dx+

∂

∂yk
log k0(y)− 1

2
ψikj(ψij)−1

]
= 0. (9.153)

The following property of the Hessian matrix can be easily verified(
∂ψij
∂yk

)
(ψij)−1 ≡ ∂ [log (det [ψij ] )]

∂yk
. (9.154)

Using (9.154) in eq. (9.153) yields

(ψlk)−1ψl
∂

∂yk

(
log

[
k0(y)√
det[ψij ]

])

= − (ψlk)−1ψl

∫
∂

∂yk
q̃(x,y)p̃(x,y) dx. (9.155)

A normalized solution for (9.155) is

k0(y) =
(

1
2π

)N/2√
det[ψij(y)]

× exp

−
N∑
k=1

yk∫
0

(∫
· · ·
∫
p̃(x,y)

∂

∂yk
q̃(x,y) dx

)
dyk

 .

The large deviations result for the joint pdf of {Xn,Y n} is

pn(x,y) ∼ nN/2k0(y)q̃(x,y)e−nψ(y),

where q̃(x,y) is the eigenfunction of the operator M(θ), corresponding to the
largest eigenvalue µ(θ), normalized by (9.135). The asymptotic representation of
the pdf of Y n is given by

pn(y) ∼ nN/2k0(y)e−nψ(y). (9.156)

Example 9.3 (A two-states Markov chain). We consider a Markov process Xn

that stays at −1 with probability p1 and jumps to 1 with probability 1 − p1, stays
at 1 with probability p2 and jumps to −1 with probability 1 − p2. The one step
transition density is given by

ρ(x, t) = {p1δ(x+ 1) + (1− p1)δ(x− 1)} δ(t+ 1)
+ {(1− p2)δ(x+ 1) + p2δ(x− 1)} δ(t− 1).
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Hence L can be represented as the matrix(
p1 1− p2

1− p1 p2

)
,

operating on column vectors. The stationary pdf of Xn is given by

p (x) =
1− p2

2− p1 − p2
δ(x+ 1) +

1− p1

2− p1 − p2
δ(x− 1).

The assumption (9.117) is p2 = p1 ≡ p, hence the stationary pdf of Xn is p (x) =
1
2 δ(x+ 1) + 1

2 δ(x− 1).
We denote θ = ψ′(y) and write the eikonal equation (9.128) in the form

µ(θ)
[
q0(−1, y)
q0(1, y)

]
=
[

e−θp e−θ(1− p)
eθ(1− p) eθp

] [
q0(−1, y)
q0(1, y)

]
,

and obtain that

µ(θ) = p cosh(θ) +
√

(p− 1)2 + p2 sinh2 θ . (9.157)

The normalized eigenfunctions, with some abuse of notations, are given by

q̃(x, y) ≡ q̃(−1, y) δ(x+ 1) + q̃(1, y) δ(x− 1)
p̃(x, y) ≡ p̃(−1, y) δ(x+ 1) + p̃(1, y) δ(x− 1),

where [
q̃(−1, y)
q̃(1, y)

]
=
[

e−θ(1− p)
µ(θ)− e−θp

]
1

e−θ(1− 2p) + µ(θ)

and [
p̃(−1, y)
p̃(1, y)

]
=
[

eθ(1− p)
µ(θ)− e−θp

]
e−θ(1− 2p) + µ(θ)

(1− p)2 + (µ(θ)− e−θp)2
.

Next, we determine ψ′(y). We write eq. (9.121) in the form√
(p− 1)2 + (2p− 1)tanh2 θ (p tanh θ − yp)

= y
(
(p− 1)2 + (2p− 1)tanh2 θ

)
− p2tanh θ,

and solve it with respect to the variable tanh θ to obtain

tanh θ =
y(1− p)√

y2(1− 2p) + p2
,

so we get that

ψ′(y) ≡ θ = tanh−1

[
y(1− p)√

y2(1− 2p) + p2

]
. (9.158)
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The rate function ψ(y) is

ψ(y) = yψ′(y)− 1
2

log[(1− y2)p2(1− 2p)2]

+
1
2

log
∣∣∣p2 + y(1− 2p) + (p− 1)

√
p2 + y2(1− 2p)

∣∣∣
+

1
2

log
∣∣∣p2 − y(1− 2p) + (p− 1)

√
p2 + y2(1− 2p)

∣∣∣ .
To determine the factor k0(y) from eq. (9.146), we find the function

√
ψ′′(y)/2π

by differentiating (9.158) with respect to y, which yields√
ψ′′(y)

2π
=

√
1− p

2π(1− y2)
1

[y2(1− 2p) + p2]1/4
.

Differentiating q̃(x, y) with respect to y, we get that[
q̃y(−1, y)
q̃y(1, y)

]
=
[
−1

1

]
ψ′′(y)e−θ (1− p) µ(θ) (1 + y)

[e−θ (1− 2p) + µ(θ)]2

and thus

f(y) =

∞∫
−∞

q̃y(x, y)p̃(x, y)dx ≡ 〈q̃y(x, y), p̃(x, y)〉

=
[e−θ(1− p)ψ′′(y)µ(θ)(1 + y)][µ(θ)− eθ(1− p)− e−θp]

[e−θ(1− 2p) + µ(θ)][θ(1− p)2 + (µ(θ)− e−θp)2]
.

The function f(y) vanishes only for p = 1
2 and then our approximation is the same

as that for i.i.d. Bernoulli random variables. 2

9.3.2 A central limit theorem for dependent variables

When y is sufficiently small, the large deviations results reduce to central limit theo-
rem type (CLT) results. It should be borne in mind, however, that the standard form
of the CLT requires Xn to be i.i.d. random variables. When they are correlated, as
is the case at hand, a more refined version of the CLT is given in the following

Theorem 9.3.2 (CLT for a Markov chain). If {Xn} is an ergodic stationary
Markov process with zero mean, with stationary pdf φ0(x) and a finite moment
generating function, then the asymptotic forms of the pdf of the average and of the
joint pdf of the process and its average are given by

pn(y) ∼
√

n

2πS(0)
e−ny

2/2S(0)

pn(x, y) ∼
√

n

2πS(0)
φ0(x) e−ny

2/2S(0) , (9.159)

where S(0) is the spectral density of Xn at ω = 0.



334 9. Large Deviations of Markovian Jump Processes

Proof. We can change y to a new variable θ = ψ′(y), which is zero when y is zero.
Then eq. (9.128) can be solved for small y by expanding the eigenvalue µ(θ), the
corresponding eigenfunction f(x, θ), and the exponential function in powers of θ.
We apply only quadratic-order Taylor expansion, so that small values of y are such
that higher-order terms in Taylor’s expansion are negligible relative to the terms
retained. Thus, writing

µ(θ) =µ0 + θµ1 + θ2µ2 + o
(
θ2
)
,

f(x, θ) = f0(x) + θf1(x) + θ2f2(x) + o
(
θ2
)
,

exθ =1 + θx+
θ2x2

2
+ o

(
θ2
)
,

and equating coefficients of like powers of θ in (9.128), we obtain

(µ0I −L)f0(x) = 0 , (9.160)

(µ0I −L)f1(x) = − (µ1I − xL)f0(x) , (9.161)

(µ0I −L)f2(x) = − (µ1I − xL)f1(x)− (µ2I −
x2

2!
L)f0(x) . (9.162)

From (9.160) it follows that µ0 = 1 and f0(x) = φ0(x). Integrating (9.161)
with respect to x it is found from (9.117) that µ1 = 0 and that

(I −L)f1(x) = xφ0(x).

Then, if xφ0(x) is in the range of I − L, we can consider the operator (I − L)−1

on a subspace containing xφ0(x) to obtain

f1(x) = (I −L)−1xφ0(x) ≡
∞∑
i=0

Lixφ0(x) + cf0(x), (9.163)

where c is an arbitrary constant. Integrating (9.162) with respect to x, and using
(9.163), it is found that

µ2 =
m2

2
+
∫
xLf1(x) dx =

m2

2
+
∫ ∞∑

i=1

xLixφ0(x) dx. (9.164)

Next, the exponent in (9.119) is expanded in Taylor series in y,

e−ψ(y)+yψ′(y) = 1 +
1
2
ψ′′(0) y2 + o

(
y2
)
. (9.165)

Setting θ = ψ′(y) = ψ′′(0) y+o(y) in (9.165), we obtain µ(θ) = 1+θ2/2ψ′′(0)+
o
(
θ2
)

and thus 2µ2 = 1/ψ′′(0) and by (9.164), we conclude that

ψ′′(0) =
1

2
∞∑
i=1

∫
xLixφ0(x) dx+m2

. (9.166)
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It can be easily found that the denominator in (9.166) is the spectral density of
the process {Xn} at frequency 0, denoted S(0). Indeed, the autocorrelation function
of {Xn} is given by

R(n) =
∫ ∫

xyφ0(x)pn(y |x) dx dy.

From (9.114) and (9.116) it follows that pn(y |x) = ρn(y, x), for n ≥ 1, where
ρ1(y, x) = ρ(y, x) and ρn+1(y, x) =

∫
ρn(y, t)ρ(t, x) dt. With this notation the

integrals in the denominator of (9.166) can be written as∫
xLixφ0(x) dx =

∫ ∫
xyφ0(x)ρi(y, x) dx dy. (9.167)

For n ≥ 1 the autocorrelation function can be written as

R(n) =
∫ ∫

xyφ0(x)ρn(x, y) dx dy, (9.168)

whereas for n < 0 we have R(n) = R(−n) and for n = 0

R(0) = m2. (9.169)

Applying (9.167)–(9.169), we write (9.166) as

ψ′′(0) =
1

∞∑
n=−∞

R(n)

≡ 1
S(0)

,

where S(0) is the spectral density at frequency 0. The asymptotic pdf of Yn for
small deviations is found by integrating (9.126) with respect to x and expanding
for small y. Thus Yn is asymptotically a zero mean normal variable with variance
S(0)/n; that is, (9.159).

Equations (9.159) generalize the standard CLT to the case of correlated random
variables that form a stationary Markov process, as described above (see [25]).

Exercise 9.9. (Analysis of the next order terms).

(i) Find the full asymptotic expansion for pn(x, y) (9.126) in the form of an infinite
series. Show that if the relations qi+1(x, y)/qi(x, y) are bounded uniformly in x
and y, the expansion (9.126) is indeed an asymptotic series and the leading-order
approximation for pn(x, y) can be limited to only the first terms ψ(y) and q0(x, y).
(ii) Show that in certain cases (e.g., when Xn have bounded support) the WKB
expansion may fail at the boundary of the support and must be fixed there by a
boundary layer (this problem was extensively studied in [48] for the case of i.i.d.
random variables).

(iii) To evaluate the next term q1(x, y), show that the quotients qi+1(x, y)/qi(x, y)
are asymptotically similar to q1(x, y)/q0(x, y). Substitute the approximation (9.126)
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in (9.125) and expand it in negative powers of n. Show that the zeroth-order equa-
tion is (9.128) and that the first-order equation is an equation for q1(x, y),

[µ(y)−M(y)]q1(x, y)

= {1− ψ′′(y)(y − x)2}1
2
µ(y)q0(x, y) + (y − x)M(y)q0y(x, y), (9.170)

which is eq. (9.131) for ε = 0.

(iv) Solve q1(x, y) by differentiating eq. (9.128), to obtain the two identities

[M(y)− µ(y)] q0y(x, y) = (y − x)ψ′′(y)µ(y)q0(x, y) (9.171)

[M(y)− µ(y)] q0yy(x, y) =
{
ψ′′(y) + (y − x)ψ′′′(y) + (y − x)2ψ′′2(y)

}
× µ(y)q0(x, y) + 2(y − x)ψ′′(y)µ(y)q0y(x, y).

Hence obtain

q1p(x, y) =
ψ′′′(y)

2ψ′′2(y)
q0y(x, y)−

1
2ψ′′(y)

q0yy(x, y)

as a particular solution for eq. (9.170). Conclude that

q1(x, y) = A(y)q0(x, y) + q1p(x, y), (9.172)

where A(y) is determined from the next order equation (9.173) below.

(v) Show that the second-order equation is

[µ(y)−M(y)]q2(x, y)

=µ(y)
[
1
8
q0(x, y) +

1
2
q1(x, y)

]
+
[
1
8
(y − x)4ψ′′2(y)− 1

6
(y − x)3ψ′′′(y)− 1

2
(y − x)2ψ′′(y)

]
µ(y)q0(x, y)

+
[
(y − x)− 1

2
(y − x)3ψ′′(y)

]
M(y)q0y(x, y) +

1
2
(y − x)2M(y)q0yy(x, y)

+ (y − x)M(y)q1y(x, y) +
[
1− 1

2
(y − x)2ψ′′(y)

]
M(y)q1(x, y). (9.173)

In order to determine A(y), multiply eq. (9.173) by p̃(x, y) and integrate with re-
spect to x. Then simplify it by differentiating eq. (9.170) up to second order and
eq. (9.128) up to fourth order. Substitute (9.172) for q1(x, y) (use Mathematica or
Maple) to find that

A(y) =
1
8
ψ(iv)(y)
ψ′′2(y)

− 5
24
ψ′′′

2(y)
ψ′′3(y)

,
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and thus

q1(x, y) =

{
1
8
ψ(iv)(y)
ψ′′2(y)

− 5
24
ψ′′′

2(y)
ψ′′3(y)

}
q0(x, y)

+
ψ′′′(y)

2ψ′′2(y)
q0y(x, y)−

1
2ψ′′(y)

q0yy(x, y). (9.174)

(vi) Substitute (9.134) in (9.174) and apply (9.135). Note that (9.135) also means
that ∫

q̃y(x, y) dx =
∫
q̃yy(x, y) dx = 0.

Obtain that

k1(y) ≡
∫
q1(x, y) dx (9.175)

=
1
8
k0(y)

ψ(iv)(y)
ψ′′2(y)

− 5
24
k0(y)

ψ′′′
2(y)

ψ′′3(y)
+ k′0(y)

ψ′′′(y)
2ψ′′2(y)

− 1
2ψ′′(y)

k′′0 (y).

Finally, apply (9.146) in (9.175) and get that

k1(y)
k0(y)

=
1
6
ψ′′′

2(y)
ψ′′3(y)

− 1
8
ψ(iv)(y)
ψ′′2(y)

+
1

2ψ′′(y)

∫
q̃y(x, y)p̃y(x, y) dx (9.176)

+
1

2ψ′′(y)

[∫
q̃yy(x, y)p̃(x, y) dx−

(∫
q̃y(x, y)p̃ (x, y) dx

)2
]
.

Show that the expansion for pn(y) remains asymptotic as long as this quotient is
bounded. 2

9.4 Annotations

The problem of large deviations arises in many problems in statistical decision the-
ory, communications, information theory, and statistical physics [32], [54]. The
large deviations principle [54], [68], [55], [234] characterizes the exponential decay
of the tails of these PDFs by a rate function. The rate function controls the logarith-
mic asymptotics of the PDFs, but does not provide a full asymptotic expansion. In
the case of i.i.d. {Xn} a full asymptotic expansion was formulated by H. Cramér
in [47] under the assumption that the moment generating function exists near zero.
The expansion for the complementary PDF of Yn was given in the form

1− Fn(y) ∼
1√
2πn

e−nψ(y)

[
K0(y) +

1
n
K1(y) +

1
n2
K2(y) + · · ·

]
. (9.177)

The exponential rate function ψ(y) was determined as the solution of a differential
equation. The explicit expressions for the higher-order functions Kj were later cal-
culated in [8], [48], [9], [133] by different methods. In this case, the joint probability
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density function of {Xn, Yn}, can be obtained from the pdfs ρ(x) and pn(y) of Xn

and Yn, respectively, as

pn(x, y) =
∂ Pr(Yn ≤ y |Xn = x)

∂y
ρ(x)

=
(

n

n− 1

)
ρ(x)pn−1

(
ny − x

n− 1

)
. (9.178)

For Markovian {Xn} the joint pdf is not such a simple function of the marginals.
The Edgeworth expansion [72] is essentially a small deviations approximation

in the sense that its asymptotic validity is limited to the region y = o(n−1/3) [72]
and thus can lead to a significant relative error in the tail region. For example, if Xn

is supported in the interval [−1, 1], the Edgeworth expansion results in an infinite
relative error for |y| > 1.

The construction of a full asymptotic expansion in the case where Xn is a
Markov process is a considerably harder problem than that for the i.i.d. case. The
case of a finite state Markov chain was solved in [173] and [110] (see also [32]),
and [110] also considers the general case. In [173] a restricted case of a continuous
state space is considered and a full asymptotic expansion of the pdf of Yn is given,
but not that of the joint pdf of the pair {Xn, Yn}. The expansions depend on the
initial distribution of the chain.

The main results of this chapter are eq. (9.122) and eq. (9.123) for the leading
terms in the asymptotic expansion of the pdfs. The calculations can be extended to
higher-order terms in the expansion (see Appendix). These results reduce to those
of [173], [109], [110] for a finite-state stationary Markov chain. The formulas eq.
(9.122) and eq. (9.123) are convenient for calculations and give an explicit expres-
sion for the pre-exponential factor in the case of an asymmetric telegraph process.
The expansion is formal and no proof of asymptotic convergence is presented.

The routine application of the WKB technique leads to a breakdown of the ex-
pansion scheme given in [133] so that a modification is introduced to remove the
degeneration. The large deviations principle (9.126) with (9.119)–(9.121) is equiv-
alent to that mentioned in [55, Ch. 4, Sect. 1] in the sense that ψ(y) is the Legendre
transform of the spectral radius of the operatorM(y).



Chapter 10

Noise-Induced Escape From an
Attractor

10.1 Asymptotic analysis of the exit problem

The analysis of the exit problem, as defined in Section 6.4 and analyzed in Chapter
6, was based on explicit integral representations of solutions to the one-dimensional
Andronov–Vitt–Pontryagin boundary value problems (6.33) for the exit distribution
and for the MFPT. Such representations are in general unavailable in higher dimen-
sions so that there is no obvious generalization of these methods for the exit problem
in higher dimensions. Another approach, that is based on constructing an asymptotic
solution to the boundary value problems by the methods of singular perturbations,
can be generalized to higher dimensions (see Section 10.2).

We begin with a primer of matched asymptotics. The approximations obtained
in Section 6.4.2 can be derived directly from the equation by the method of sin-
gular perturbations [195], [121], [20]. The method is described in several texts on
asymptotic methods and singular perturbation and only relevant topics of singular
perturbation theory are reviewed here. We begin with a short primer on matched
asymptotics through an example of an initial value problem for a first-order linear
ordinary differential equation. Then, the second-order equations for the exit proba-
bility and for the FPT are analyzed.

Consider the problem

εy′ε + a (x) yε = f (x) for x > 0 (10.1)

y(0) = y0. (10.2)

It can, obviously, be solved explicitly and evaluated asymptotically for small ε by
the Laplace method, as described in Section 6.4.2 (see Exercise 10.2 below). How-
ever, a direct and simpler method exists for the construction of a uniform asymptotic
approximation for the solution, as described below. We assume that all functions are
regular in x and that a (x) > δ > 0, where δ is a constant. A naïve approximation
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is obtained by postulating that the solution has a regular asymptotic power series
expansion of the form

youter (x) ∼ y0 (x) + εy1 (x) + · · · , (10.3)

where yj (x) are regular functions of x, independent of ε. Substituting the asymp-
totic series (10.3) in eq. (10.1) and comparing coefficients of like powers of ε on
both sides of the equation, we obtain the hierarchy of equations

a (x) y0 (x) = f (x) (10.4)

and
a (x) yj (x) = −y′j−1 (x) for j ≥ 1. (10.5)

Under the above regularity assumptions, the recurrence relation (10.5) defines all
terms in the asymptotic series (10.3). The resulting series is not necessarily con-
vergent, however, it can be shown (see Exercise 10.1 below) to be asymptotic to
the solution yε(x) for all x >> ε. In general, the asymptotic series youter(x)
cannot satisfy the initial condition (10.2). This is due to the reduced order of eq.
(10.4) relative to that of eq. (10.1). This fact indicates that the solution yε (x) un-
dergoes a sharp change near x0 that bridges the gap between the different values
y0 (0) = f (0) /a (0) and yε (0) = y0. To bridge this gap both terms in eq. (10.1)
have to be of the same order of magnitude when ε is small, unlike the case in the
asymptotic series (10.3). To resolve the behavior of the solution in the region of
rapid change the scaled variables ξ = xε−κ, Yε (ξ) = yε (x) are introduced, with
the positive constant κ chosen in such a way that all terms in eq. (10.1) become of
comparable magnitude. With the variable ξ eq. (10.1) becomes

ε1−κY ′ε (ξ) + a(εκξ)Yε(ξ) = f (εκξ) , Yε (0) = y0. (10.6)

The small region x = O (εκ) is stretched into the region ξ = O(1). Clearly, the
three terms in eq. (10.6) become comparable if κ = 1. Expanding in asymptotic
power series,

a (εξ) ∼ a0 (ξ) + εa1 (ξ) + · · · (10.7)

f (εξ) ∼f0 (ξ) + εf1 (ξ) + · · · (10.8)

Yε (ξ) ∼Y0 (ξ) + εY1 (ξ) + · · · , (10.9)

we obtain the hierarchy of equations

dY0(ξ)
dξ

+ a0(ξ)Y0(ξ) = f0(ξ), Y0(0) = x0 (10.10)

dY j(ξ)
dξ

+ a0(ξ)Yj(ξ) = fj(ξ)−
j−1∑
k=0

aj−k(ξ)Yk(ξ) (10.11)

Yj(0) = 0, for j ≥ 1.
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Note that the series (10.7), (10.8) are regular Taylor expansions of regular functions
and the sign ∼ (asymptotic to) can actually be replaced with = (equals). This is,
however, not necessarily so for the series (10.9). The solution of (10.10) is

Y0 (ξ) = e−A(ξ)y0 +

ξ∫
0

e−[A(ξ)−A(σ)]f0 (σ) dσ,

where A (ξ) =
∫ ξ
0
a0 (η) dη. The equations (10.11) are readily solved in a similar

manner. In terms of the original variable, we have A (ξ) = a (0)x/ε, so we obtain

Y0

(x
ε

)
= e−a(0)x/εy0 +

x/ε∫
0

e−a(0)(x/ε−s)f (0) ds

= e−a(0)x/εy0 + f (0)
1− e−a(0)x/ε

a (0)
.

Note that although Y0 (ξ) is a regular function of ξ, it has an essential singularity as
a function of ε at the point ε = 0 for all x > 0.

It is apparent that limξ→0 Y0 (ξ) = y0 and limξ→∞ Y0 (ξ) = f (0) /a (0). We
also observe that limξ→∞ Y0 (ξ) = f (0) /a (0) = y0 (0) = limξ→0 youter (x). Thus
the outer solution youter (x) matches the boundary layer solution Y0 (ξ) in the match-
ing region between x = O (ε) and x = O (1). A uniform approximation is obtained
by simply adding the two solutions and subtracting their common limit f (0) /a (0);
that is

yunif (x) ∼ e−a(0)x/εy0 −
f (0)
a (0)

e−a(0)x/ε +
f (x)
a (x)

+ · · · , (10.12)

or yunif (x) ∼ yb.l. (x)+youter (x)−`,where yb.l. (x) = Yε (x/ε) and ` is the common
limit

` = lim
ξ→∞

yb.l. (x) = lim
ξ→0

youter (x) . (10.13)

The first limit ξ → ∞ in eq. (10.13) means that x is kept fixed and ε → 0 whereas
the limit ξ → 0 means that ε is kept fixed and x→ 0. Equation (10.13) is called the
matching condition. It means that the boundary layer approximation yb.l. (x) and the
outer solution youter (x) match as functions of the scaled variable ξ in the matching
region between x = O (ε) and x = O (1).

Example 10.1 (uniform expansion). Consider the initial value problem

0.1y′ + (x+ 1)y = 1 for x > 0, y(0) = 1. (10.14)

The first three terms of the outer expansion are

youter (x) =
1

x+ 1
+

0.1
(x+ 1)3

+
3× 0.12

(x+ 1)5
+

15× 0.13

(x+ 1)7
+ · · ·
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Figure 10.1. The three-term outer solution (dashed line), the uniform expansion
(dotted line), and the exact solution (solid line).

(dashed line in Figure 10.1). The uniform expansion (10.12) that satisfies the match-
ing condition (10.13) is given by

yunif (x) = −1.145e−x/0.1 +
1

x+ 1
+

0.1
(x+ 1)3

+
3× 0.12

(x+ 1)5
+

15× 0.13

(x+ 1)7

(dotted line), includes the leading term of the boundary layer, and the exact solution
is

y(x) = 10

x∫
0

exp
{
− (x+ 1)2 + (s+ 1)2

0.2

}
ds

(solid line). 2

Exercise 10.1 (Convergence of the asymptotic expansion). Construct the full
asymptotic series (10.9) and determine the nature of its convergence. 2

Exercise 10.2 (Expansion of the explicit solution). Construct an explicit solution
of eq. (10.1), expand it by the Laplace method, and compare the obtained expansion
with that obtained in Exercise 10.1. 2

Next, we turn to the exit problem eqs. (6.44). We begin with the construction of
the outer solution in the form of a regular asymptotic power series uouter ∼ u0 (x)+
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εu1 (x) + · · · . The reduced problem is

L∗0u0 (x) = a(x)u′0(x) = 0 for α < x < β (10.15)

u0 (α) = gα, u0 (β) = gb (10.16)

and the higher-order terms satisfy the equations

L∗0uj (x) = −σ (x)u′′j (x) for j ≥ 1, uj (α) = uj (β) = 0.

The solution of the reduced equation is u0 (x) = u0 = const. and the higher-order
terms vanish. Both boundary conditions (10.16) cannot possibly be satisfied, unless
gα = gβ . Thus boundary layers have to be constructed at both ends of the interval
and the unknown constant u0 has to be determined.

10.1.1 The exit problem for small diffusion with the flow

We consider first the case that the drift in the stochastic equation (6.35) carries
the trajectories across the interval, from left to right, say. That is, we assume that
a (x) > δ > 0, σ (x) > δ > 0. In this case the potential Φ (x) (see eq. (6.45)) is
a monotone decreasing function. In this case the stochastic dynamics represents a
particle sliding down an incline with slightly fluctuating velocity.

We construct a boundary layer approximation near x = α. Introducing the
scaled variables ξ = (x − α)/ε and Uε (ξ) = uε (x), the interval [α, β] is mapped
onto the interval [0, (β − α)/ε], which is approximated by the entire positive axis.
Equation (6.44) becomes

σ (α+ εξ)U ′′ε (ξ) + a (α+ εξ)U ′ε (ξ) = 0.

Expanding the coefficients in Taylor’s series and looking for a boundary layer ap-
proximation in the form Ub.l. (ξ) ∼ U0 (ξ) + εU1 (ξ) + · · · , we find that U0(ξ)
satisfies the equation

σ(α)U ′′0 (ξ) + a(α)U ′0(ξ) = 0

with the boundary condition
lim
ξ→0

U0(ξ) = gα

and the matching condition
lim
ξ→∞

= u0.

The general solution is

U0 (ξ) = A exp{−a (α) ξ/σ (α)}+B,

where A and B are constants to be determined by the boundary and matching con-
ditions. The matching condition gives B = u0 and the boundary condition gives
A = gα − u0, because a(α)/σ(α) > 0. Thus the boundary layer function is to
leading order

Ubl (ξ) ∼ (gα − u0) exp{−a (α) ξ/σ (α)}+ u0.

Yet, the constant u0 is still undetermined.
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Similar analysis at the other boundary involves the variables η = (β − x)/ε
and Vε (η) = uε (x) and gives V0 (η) = C exp{a (β) η/σ (β)} +D, where C and
D are constants. The boundary condition is limη→0 V0 (η) = gβ and the matching
condition is limη→∞ V0 (η) = u0. Because a(β)/σ(β) > 0, the matching condition
can be satisfied only if C = 0 and D = u0. The boundary condition then implies
that u0 = gβ . Thus V0 (η) = gβ and there is no boundary layer at the right endpoint.

A uniform approximation to uε (x) is obtained by adding the boundary layer to
the outer solution and subtracting their common limit in the matching region. This
gives the uniform approximation

uε (x) ∼ uunif (x) = gβ + (gα − gβ)exp
{
−a (α) (α− x)

εσ (α)

}
+O (ε) , (10.17)

where O (ε) is uniform in the interval [α, β].
Returning to the exit problem, Green’s function is approximated by

G (x, y) ∼ δ (y − α)exp
{
−a (α) (α− x)

εσ (α)

}
+ δ (y − β)

(
1− exp

{
−a (α) (α− x)

εσ (α)

})
+O (ε)

and the exit probability is

Pr {τβ < τα |x(0) = x} =
(

1− exp
{
−a (α) (α− x)

εσ (α)

})
+O (ε)

Pr {τα < τβ |x(0) = x} = exp
{
−a (α) (α− x)

εσ (α)

}
+O (ε) .

This result agrees with eq. (6.60).

Exercise 10.3 (Full asymptotic expansion of the exit probability for positive
drift). Obtain a full asymptotic expansion of the exit probability for the case a(x) >
δ > 0, σ(x) > δ > 0. 2

Exercise 10.4 (Asymptotics for drift that vanishes on the boundary). Consider
the exit probability for the case a(x) > 0 for x > α, but a (α) = 0 and σ(x) > δ >
0. 2

A particular case of small diffusion with the flow is that of a flow directed toward
the boundary with an unstable equilibrium point inside the interval, at a point ζ (α <
ζ < β), say. This is represented by a drift such that (x− ζ) a (x) > 0 for x 6= ζ. In
this case the potential Φ (x) has a maximum at ζ (like an inverted parabola) so that a
particle placed anywhere in the interval slides down an incline toward the boundary,
except at the point ζ, where it is at an unstable equilibrium. The outer solution may
be discontinuous, because a (x) changes sign at ζ and a (ζ) = 0; that is, the solution
to the reduced problem (10.15) may be one constant, uα, say, for α ≤ x < ζ, and
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another constant, uβ , say, for ζ < x ≤ β. In this case an internal layer at ζ has to
be constructed to connect the two constants smoothly.

To do that, we assume that the local Taylor expansion of a (x) near ζ is

a (x) = a′ (ζ) (x− ζ) +O
(
|x− ζ|2

)
(10.18)

with a′ (ζ) > 0 and introduce near ζ the scaled local variables ξ = (x− ζ)/
√
ε and

Uε (ξ) = uε(x). Equation (6.44) becomes

σ
(
ζ +

√
εξ
)
U ′′ε (ξ) +

1√
ε
a
(
ζ +

√
εξ
)
U ′ε (ξ) = 0.

Expanding Uε (ξ) ∼ U0 (ξ) +
√
εU1 (ξ) + · · · and Taylor’s expansion for the coef-

ficients, we obtain the internal layer equation

σ (ζ)U ′′0 (ξ) + ξa′ (ζ)U ′0 (ξ) = 0 (10.19)

whose general solution is

U0 (ξ) = A

ξ∫
0

exp
{
−s

2a′ (ζ)
2a(s)

}
ds+B,

where A and B are constants. The matching conditions for the internal layer func-
tion Uε(ξ) are limξ→−∞ Uε (ξ) = uα and limξ→∞ Uε(ξ) = uβ . Because

±∞∫
0

exp
{
−s

2a′ (ζ)
2σ (s)

}
ds = ±

√
πσ (ζ)
2a′ (ζ)

,

we find that

A =
uβ − uα

2

√
2a′(ζ)
πσ(ζ)

, B =
uβ + uα

2
.

Under the given conditions, local boundary layer analysis indicates that there are
no boundary layers so that the outer solution must satisfy the boundary conditions.
That means that uα = gα, uβ = gβ so that the leading term in the expansion of the
internal layer function is

U0 (ξ) =
gβ − gα

2

√
2a′ (ζ)
πσ (ζ)

ξ∫
0

exp
{
−s

2a′ (ζ)
2a(s)

}
ds+

gβ + gα
2

and this is also the uniform approximation to the solution. Thus

uε (x) ∼ gβ − gα
2

√
2a′ (ζ)
πσ (ζ)

(x−ζ)/
√
ε∫

0

exp
{
−s

2a′ (ζ)
2a(s)

}
ds+

gβ + gα
2

.
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It follows that in this case the exit probability is

Pr {τβ < τα|x(0) = x} =
1
2

+
1
2

√
2a′ (ζ)
πσ (ζ)

(x−ζ)/
√
ε∫

0

exp
{
−s

2a′ (ζ)
2a(s)

}
ds+O (ε)

(10.20)

Pr {τα < τβ |x(0) = x} =
1
2
− 1

2

√
2a′ (ζ)
πσ (ζ)

(x−ζ)/
√
ε∫

0

exp
{
−s

2a′ (ζ)
2a(s)

}
ds+O (ε) .

We conclude that a trajectory that starts on top of the potential barrier at x = ζ has
about equal chances to reach either boundary, but if it starts at a point on the left of
ζ its probability to reach α is nearly 1.

The mean first passage time from a point x in the interval to the boundary, de-
noted τ̄ε(x), can be evaluated directly from the Andronov–Vitt–Pontryagin equation
(4.70)

εσ(x)τ ′′ε (x) + a(x)τ ′ε(x) = −1, τ̄ε(α) = τ̄ε(β) = 0. (10.21)

The equation can be integrated by quadratures and the integrals expanded for small
ε (see Exercise 6.4). Alternatively, for α << x ≤ β the solution can be expanded
in a regular asymptotic power series

τ̄ε(x) ∼ T0(x) + ετ̄1(x) + · · · (10.22)

where

T0(x) =

β∫
x

ds

a(s)
, τ̄1(x) =

β∫
x

σ(s)a′(s) ds
a3(s)

,

and so on. A boundary layer is required near x = α.

Exercise 10.5 (Construction of a boundary layer). Construct a boundary layer
near x = α for the expansion (10.22). 2

Exercise 10.6 (Asymptotics inside the boundary layer ). Consider now the case
that the maximum of the function Φ(x) = −

∫ x
α

[a(s)/σ(s)] ds is achieved at an in-
ternal point ζ and Φ(x) is monotonically increasing in the interval [α, ζ] and mono-
tonically decreasing in the interval [ζ, β]. For any point outside an ε-neighborhood
of ζ the analysis of the previous case applies. However, for trajectories that start in
an ε-neighborhood of ζ the situation is different. Find the asymptotic expansion of
the MFPT for this case. 2

Example 10.2 (The stochastic separatrix in one dimension and the transition
state). The long time behavior of the deterministic dynamics

ẋ = −U ′(x), x(0) = x0, (10.23)
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where U(x) is a smooth potential in R such that for each x0 ∈ R the solution of
(10.23) exists for all t > 0, is quite simple [97]. A set A ⊂ R is an invariant set
for (10.23), if x(t) ∈ A for all t > 0 whenever x0 ∈ A. The set A is a maximal
invariant set if it is invariant, but x(t) 6∈ A for all t > 0 whenever x0 6∈ A. For
example, every critical point z of U(x) (i.e., a point z such that U ′(z) = 0) is an
invariant set. A maximal invariant set that does not contain any proper maximal
subsets is called a proper maximal invariant set. A proper maximal invariant set can
be a point or an open (finite or infinite) interval. The entire line R is a (countable or
uncountable) union of disjoint proper maximal invariant sets.

If U(x) has a local minimum at x = xm, the domain of attraction of xm is the
proper maximal invariant set that contains xm; it is the potential well defined by
xm. The potential well consists of all points x0 such that limt→∞ x(t) = xm. If
the domain of attraction has a boundary point xb, then necessarily U ′(xb) = 0. If
xm < xb, the domain of attraction may consist of half the line x < xb, or of an
interval xa < x < xb, where U ′(xa) = 0. The boundary of the domain of attraction
is called the separatrix of the well. Thus the separatrix may consist of one or two
points. If U(x) has more than one local minimum, each one has its own domain of
attraction.

According to Section 4.4.3, if the dynamics (10.23) is driven by small white
noise,

ẋ = −U ′(x) +
√

2ε ẇ, x(0) = x0, (10.24)

almost all trajectories of (10.24), regardless of the initial value x0, will reach every
point in R in finite time. However, according to Section 10.1.1, the trajectories
that start in the domain of attraction of the local minimum xm will converge to xm
with overwhelming probability before they leave the domain of attraction. Consider,
for example, the case that U(x) has a single local minimum xm and a single local
maximum xM > xm. Then, for any δ �

√
ε, trajectories with x0 < xM − δ

will reach xm before reaching xM + δ with overwhelming probability. Setting τ̄xm

to be the FPT to xm and τ̄xM+δ to xM + δ, we define the stochastic separatrix
of the domain of attraction of xm, for this case, as the point x0 = xSS such that
Pr{τxm

< τxM+δ |x(0) = xSS} = 1
2 . Thus the stochastic separatrix is the starting

point for trajectories that are equally likely to reach the bottom of the well first as
they are to reach a point outside the well first.

Note that xM is not necessarily the boundary of the domain of attraction of xm
for the deterministic dynamics (10.23), becauseU ′(x) can have any number of zeros
in the ray x < xM , which are not local minima of U(x). Although the deterministic
dynamics (10.23) gets stuck at these zeros, the stochastic dynamics (10.24) simply
slides past them, because of the noise.

We consider the exit problem from the interval [xm + δ, xM − δ] in order to
determine the stochastic separatrix. This is the problem of exit with the flow dis-
cussed in Section 10.1.1. Note that the location of the point δ does not affect the
location of the stochastic separatrix to leading order.

The transmission coefficient is the probability that a trajectory that reaches the
top of the barrier (the point xM , say) will reach xm before xM + δ; that is, that a
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Figure 10.2. A potential U(x) with two wells separated by a sharp barrier at xC .

trajectory that reached the top actually exits the well. According to eq. (10.20), the
transmission coefficient is to leading order frac12. The top of the barrier is often
called the transition state. 2

Exercise 10.7 (The stochastic separatrix). Expand the stochastic separatrix, de-
noted S, in the form S = α+

√
εS1 + εS2 + · · · ; that is, calculate S1, S2, · · · from

the equation Pr {τβ < τα |x(0) = S} = 1
2 . 2

Exercise 10.8 (The first correction). Find the first correction to the transmission
coefficient. 2

10.1.2 Small diffusion against the flow

First, we consider the case of sharp boundaries. That is, we assume that the drift
points toward ζ at every point in the interval. That is, for all x in the domain of
attraction

(x− ζ) a (x) < 0 for x 6= ζ. (10.25)

This is the case, for example, of a particle in a double well potential as in Figure
10.2. The attractor is ζ = xA and the drift a(x) = −U ′(x) is positive for x < xA
and negative for xA < x < xC (see Figure 10.3).

The exit problem in this case is that of small diffusion against the flow. In this
case the potential U (x) has a minimum at ζ and a maximum at one of the bound-
aries. Thus U (x) in eq. (6.45) forms a well in with sharp boundaries. To escape
the interval a particle trapped in the well has to acquire from the noise sufficient
energy to overcome the potential barrier. It is clear intuitively that it is more likely
to escape the well at the side where the barrier is the lowest. If both barriers are of
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Figure 10.3. At the barrier of the left well of the potential in Figure 10.2 the (nega-
tive) drift a(xC−) = −U ′(xC−) points into the well (toward the attractor xA).

equal height, a closer analysis is needed. To resolve this case, we assume the ex-
pansion (10.18) with a′ (ζ) < 0 and obtain an outer solution of the boundary value
problem (6.44) as above. In this case, however, the internal layer function diverges
to infinity on either side of ζ so that there is no internal layer and the outer solution
is a constant throughout the interval. In this case there are boundary layers at both
ends of the interval so that the uniform expansion has the form

uunif (x) ∼u0 + (ga − u0) exp
{
−a (α) (x− α)

εσ (α)

}
+ (gβ − u0) exp

{
a (β) (β − x)

εσ (β)

}
. (10.26)

Note that a(α) > 0 > a(β). Note, further, that although the boundary and match-
ing conditions are satisfied by uunif (x) the constant u0 is still undetermined. To
determine u0 we use the following identity.

Lemma 10.1.1 (The Lagrange identity). let L∗ε be the operator defined in eq.
(6.44), if vε is a solution of Lεvε = 0 and uε is the solution of the adjoint equation
L∗εuε = 0, then

β∫
α

vL∗εu dx = ε σ (x) vε (x)u′ε (x)|βα − ε [σ (x) vε (x)]′ uε (x)
∣∣β
α

= 0. (10.27)

Proof. This identity is obtained by straightforward integration by parts.

Choosing the solution vε = e−U(x)/ε and using the approximation (10.26) in



350 10. Noise-Induced Escape From an Attractor

(10.27), we obtain

u0 ∼
e−U(α)/εa (α) ga − e−U(β)/εa (β) gβ
e−U(α)/εa (α)− e−U(β)/εa (β)

,

having used the fact that

exp
{
−U (β)

ε
+ a (α)

−β + α

εσ (α)

}
<< e−U(β)/ε.

The uniform solution is now given by

uunif (x) =
e−U(α)/εa (α) gα − e−U(β)/εa (β) gβ

e−U(α)/εa(α)− e−U(β)/εa(β)
(10.28)

+
a(β)e−U(β)/ε

e−U(α)/εa(α)− e−U(β)/εa (β)
exp
{
−a (α) (x− α)

εσ (α)

}
+

a (α) e−U(α)/ε

e−U(α)/εa (α)− e−U(β)/εa (β)
exp
{
a (β) (β − x)

εσ (β)

}
+O (ε) .

The probability of exit at β is the coefficient of gβ in (10.28), given by

Pr {τβ < τα |x(0) = x}

=
−e−U(β)/εa(β)

e−U(α)/εa(α)− e−U(β)/εa(β)

(
1− exp

{
−a(α)(x− α)

εσ(α)

})
+

a(α)e−U(α)/ε

e−U(α)/εa(α)− e−U(β)/εa(β)
exp
{
a(β)(β − x)

εσ(β)

}
+O (ε) .

If U (α) > U (β), the first term is exponentially close to 1, except for a boundary
layer near α, and the second term is exponentially small throughout the interval. It
follows that the exit probability at α is exponentially small in the interval, except for
a boundary layer region near α, whereas the probability of exit at β is exponentially
close to one, except for a boundary layer near α. This result agrees with (6.63) for
the case m = n = 0.

If condition (10.25) is satisfied for α < x < ζ < β and for α < ζ < x < β,
but α (α) = 0 or a(β) = 0, or both, the potential well is not cut off sharply at the
edge but rather is cut off smoothly. This happens, for example, if the potential is
defined in a larger interval containing [α, β] in its interior, it has a local minimum
at ζ, and local maxima at α and β, say. This is the typical situation in modeling
thermal activation (see Section 10.3). The analysis of this case proceeds in a similar
manner to that of the case of sharp boundaries in the sense that the outer solution is
still an unknown constant u0, however, the boundary layer equations are different.

Exercise 10.9 (Flat barrier). Assume, as above, that a(α) = a′(α) = · · · =
a(n−1)(α) = 0, but a(n)(α) < 0, and a(β) = a′(β) = · · · = a(m−1)(β) = 0, but
a(m)(β) > 0, where m and n are positive integers. Construct the boundary layer
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near α by introducing the scaled variables ξ = (x − α)ε−κ, Uε(ξ) = uε(x) and
write eq. (6.44) as

ε1−2κσ (α+ εκξ)
d2Uε (ξ)
dξ2

+ ε−κa (α+ εκξ)
dUε (ξ)
dξ

= 0. (10.29)

Expanding asymptotically all functions in powers of ε, obtain for ε << 1

Uε (ξ) = U0 (ξ) + o (1) , a (α+ εκξ) =
(εκξ)n

n!
a(n) (α) +O

(
εκ+1

)
,

σ (α+ εκξ) =σ (α) + o (1) .

(i) Show that the leading-order term, U0 (ξ), satisfies the equation

ε1−2κσ (α)
d2U0 (ξ)
dξ2

+ ε(n−1)κ ξ
n

n!
a(n) (α)

dU0 (ξ)
dξ

= 0.

(ii) Show that the two terms in the equation are comparable only if 1 − 2κ =
(n− 1)κ; that is, only if κ = 1/ (n+ 1).
(iii) Choosing this value of κ, obtain

U0 (ξ) = A+B

ξ∫
0

exp
{
−a

(n) (α) ηn+1

(n+ 1)!σ (α)

}
dη,

where A and B are constants.

(iv) Show that the boundary and matching conditions areU0 (0) = gα andU0 (∞) =
u0, respectively.

(v) Obtain a similar expression for a boundary layer function at β.

(vi) Construct the uniform approximation of uε (x).
(vii) Note that the two terms in the Lagrange identity (10.27) are not of the same
order of magnitude.

(viii) Use the asymptotic expansion in the Lagrange identity and find u0.

(ix) Find Pr {τβ < τα |x(0) = x} for x in (α, β) such that (x− α)n+1
>> ε and

(β − x)m+1
>> ε; that is, for x outside the boundary layers (see Section 6.4.2).

(x) Find the boundary layer behavior from the asymptotics of the incomplete Gamma
function (see Section 6.4.2, eqs. (6.61) and (6.62)). 2

Exercise 10.10 (Equal and unequal barriers). Consider the different possible val-
ues of m ≥ 0 and n ≥ 0 in the boundary layers for equal and unequal potential
barriers. 2

Exercise 10.11 (Matched asymptotics). Obtain the above results by constructing
an asymptotic solution to the boundary value problem (6.48), (6.49) and then using
(6.47). Use the method of matched asymptotics, as described above. 2
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Exercise 10.12 (The first eigenfunction). Prove the following results [168], [213]:

(i) Let uε (x) be the solution of the boundary value problem

εu′′ + a (x)u′ = 0 for α < x < β, u (α) = gα, u (β) = gβ ,

where a (x) = −U ′ (x). Let α = y0 < y1 < y2 < · · · < yn < yn+1 = β be the
local maxima of U (x) in the interval [α, β]; denote by s1 < s2 < · · · < s` those
points yj where U (sj) = maxi U (yi) (j = 1, . . . , `), and by x1 < x2 < · · · < xm
those points sj where a (x) vanishes to maximal order k (maximum with respect to
j, 1 ≤ j ≤ m). Assume that the local Taylor expansion of a (x) about xi is given
by a (x) = Ai (x− xi)

k + · · · , where Ai > 0 and denote Bi = (Ai)
1/(k+1). Then

uε (x) ∼
m−1∑
j=0

Cjχ(xj ,xj+1) (x) for ε << 1 and fixed xj < x < xj+1,

where the indicator function is defined by

χ(xj ,xj+1) (x) =

 1 for xj < x < xj+1

0 otherwise,

and

Cj =
gαPm,j + gβQm,j

Pm
, Pn,j =

j∑
i=0

Pi, Qn,j = Pn − Pn,j

Pn =
n+1∑
j=0

[(
n+1∏
i=0

Bi

)
/Bn−j+1

]
=
n+1∑
j=0

Pj .

Construct boundary and internal layers to connect the constants Cj in adjacent in-
tervals.

(ii) Show that

Pr {τα < τβ |x(0) = x} ∼
m−1∑
i=0

Pm,j
Pm

χ(xj ,xj+1) (x) .

(see [218], [168], [213]). 2

10.1.3 The MFPT of small diffusion against the flow

To obtain approximate expressions for the mean exit time and for its PDF, we return
to the boundary value problem (6.48), (6.49) and to the expression (6.18) for the
MFPT. To be specific, we assume that the potentialU (y) in eq. (6.45) forms a single
well in the interval [α, β]. First, we establish the asymptotic form of the solution to
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the boundary value problem (6.48), (6.49) by rewriting the explicit solution (6.50)
in the form pε(y |x) =

[
e−U(y)/ε/σ (y)

]
qε(y |x). We obtain

qε(y |x) =



β∫
x

exp
{
U(s)
ε

}
ds

y∫
α

exp
{
U(s)
ε

}
ds

ε

β∫
α

exp
{
U(s)
ε

}
ds

for α < y < x < β

x∫
α

exp
{
U(s)
ε

}
ds

β∫
y

exp
{
U(s)
ε

}
ds

ε

β∫
α

exp
{
U(s)
ε

}
ds

for α < x < y < β.

10.1.4 Escape over a sharp barrier

If U(y) forms a well and U(α) < U(β) max[α,β] U(y), and the boundaries are
sharp; that is, U ′(α) < 0, and U ′(β) > 0, the function qε(y |x) can be approxi-
mated asymptotically for small ε. For small ε

β∫
x

exp
{
U(s)
ε

}
ds

β∫
α

exp
{
U(s)
ε

}
ds

∼ 1,

so that for α < y < x < β and y close to α (so that U (y) < U (α))

qε(y |x) =

β∫
x

exp
{
U(s)
ε

}
ds

y∫
α

exp
{
U(s)
ε

}
ds

ε

β∫
α

exp
{
U(s)
ε

}
ds

∼
exp
{
U(α)
ε

}
−U ′ (α)

(
1− eU

′(α)(y−α)/ε
)
. (10.30)
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For α < x < y < β and y close to β

qε(y |x) =

x∫
α

exp
{
U(s)
ε

}
ds

β∫
y

exp
{
U(s)
ε

}
ds

ε

β∫
α

exp
{
U(s)
ε

}
ds

(10.31)

∼

(
1− eU

′(β)(y−β)/ε
)

ε

x∫
α

exp
{
U(s)
ε

}
ds

=
(
1− eU

′(β)(y−β)/ε
)


exp
{
U(x)
ε

}
−U ′ (x)

if U (α) < U (x)

exp
{
U(α)
ε

}
−U ′ (α)

if U (x) < U (α) .

Thus, if U (x) < U (α), then for all α < y < β

lim
ε→0

exp
{
−U(α)

ε

}
qε(y |x) =

1
−U ′ (α)

.

That is, for y outside boundary layers and for x in the domain U (x) < U (α), this
result means that

pε(y |x) ∼ Cε
e−U(y)/ε

σ (y)
= pouter (y) , (10.32)

where Cε = −eU(α)/ε/U ′ (α). The result (10.32) means that for a potential U (y)
that forms a single well the outer solution to the boundary value problem (6.48),
(6.49) is the solution to the asymptotic problem

∂2εσ (y) pouter (y)
∂y2

− ∂a (y) pouter (y)
∂y

∼ 0 for α < x, y < β (10.33)

given in eq. (10.32). According to eqs. (10.30) and (10.31), the boundary layers for
qε(y |x) have the form

qε(y |x) ∼
exp
{
U(α)
ε

}
−U ′ (α)

(
1− eU

′(α)(y−α)/ε
)

for y near α (10.34)

qε(y |x) ∼
exp
{
U(α)
ε

}
−U ′ (α)

(
1− eU

′(β)(y−β)/ε
)

for y near β; (10.35)
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that is, the uniform asymptotic expansion of pε (y |x) in the domains α < y < x <
β, and α < x < y < β, U (x) < U (α) , is given by

pε(y |x) ∼
e−U(y)/ε

σ(y)

exp
{
U(α)
ε

}
−U ′(α)

(
1− eU

′(α)(y−α)/ε
)

for α < y < x < β

pε(y |x) ∼
e−U(y)/ε

σ(y)

exp
{
U(α)
ε

}
−U ′(α)

(
1− eU

′(β)(y−β)/ε
)

for α < x < y < β.

It is argued below that this is the general asymptotic structure of Green’s func-
tion of the Fokker–Planck equation in a domain D, with homogeneous conditions
on its boundary ∂D, when the drift vector field has a single attractor in the domain.
The construction of this expansion by direct asymptotic analysis of the differential
equation is now straightforward. First, construct the outer solution, pouter (y), in the
WKB form (10.32) and transform the FPE (10.32) to the backward Kolmogorov
equation by the substitution pε (y |x) = pouter (y) qε(y) to obtain

εσ (y) q′′ε (y) + a (y) q′ε(y) ∼ 0 for y ∈ D, ε << 1 (10.36)

with the matching and boundary conditions

qε(y) ∼ Cε for y ∈ D, ε << 1, qε|∂D =0. (10.37)

The boundary layers are constructed by introducing the stretched variable ξ = ρ/ε
and define Qε (ξ) = qε(y), where ρ = dist.(y, ∂D) and by expanding Qε (ξ) =
Q0 (ξ) + εQ1 (ξ) + · · · . Thus, ρ = y − α near α and the backward Kolmogorov
equation (10.36) takes the form

σ (α)Q′′0(ξ) + a (α)Q′0(ξ) ∼ 0, Q0 (0) = 0, lim
ξ→∞

Q0 (ξ) = Cε.

The solution is given by Q0 (ξ) = Cε(1 − eU
′(α)ξ), or equivalently, (10.34). The

expression (10.35) is obtained in an analogous manner. We rewrite these expressions
in the unified form

pε (y |x) ∼ punif (y |x) = pouter (y) qε(y)

=Cε
e−U(y)/ε

σ (y)

(
1− eUnρ/ε

)
, (10.38)

where Un is the outer normal derivative of U (y) at the boundary point nearest y.
Finally, the MFPT is obtained from eq. (6.18) with the asymptotic values (10.38).

The normal component of the total flux is given by

Fε (x) ∼− εσ (β)
∂punif (β |x)

∂y
+ εσ (α)

∂punif (α |x)
∂y

(10.39)

=Cε

[
U ′ (β) e−U(β)/ε − U ′ (α) e−U(α)/ε

]
∼ −CεU ′ (α) e−U(α)/ε,
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because e−U(β)/ε << e−U(α)/ε ifU (α) < U (β). The total population is evaluated
by the Laplace method as

Nε (x) ∼ Cε

β∫
α

e−U(y)/ε

σ (y)

(
1− eUnρ/ε

)
dy ∼ Cε

√
2πε
U ′′ (ζ)

e−U(ζ)/ε

σ (ζ)
, (10.40)

where ζ is the point of minimum of U (y) in the domain. Note that neither the total
flux F (x) nor the total population Nε (x) depends on x to leading order, as long as
x is not in a boundary layer. Now, eq. (6.18) gives

τε (x) =
Nε (x)
Fε (x)

∼
√

2πε
U ′′ (ζ)σ2 (ζ) |U ′ (α)|2

e[U(a)−U(ζ)]/ε. (10.41)

The expression (10.41) is often written in the form

τε = Ω−1e∆E/ε, (10.42)

where ∆E = U(a)− U(ζ) is the height of the lowest potential barrier, and

Ω =

√
U ′′ (ζ)σ2 (ζ) |U ′ (α)|2

2πε

is the so-called attempt frequency. Recalling the definition (6.11) of the escape rate,
we obtain κε = τ−1

ε = De−∆E/ε.
Note that the value of the constant Cε does not enter the expression (10.42) for

the MFPT to the boundary. The valueCε = −eU(α)/ε/U ′ (α) can be easily deduced
from eq. (10.39) by recalling that the total flux is 1,

1 = F (x) = Cε

[
U ′ (β) e−U(β)/ε − U ′ (α) e−U(α)/ε

]
∼ −CεU ′ (α) e−U(α)/ε.

10.1.5 The MFPT to a smooth boundary and the escape rate

At a smooth boundary a (α) = 0, which usually happens when the potential U (y)
has a local maximum at the boundary of the well. In this case, we assume that
a′ (α) = a′′ (α) = · · · = a(n−1) (α) = 0, but a(n) (α) > 0. We assume that U (y)
has a global maximum at y = α. We proceed as in Section 10.1; that is, the local
Taylor expansion of a (y) about α is given by a (y) = [a(n)(α)/n!](y − α)n + · · ·
and the scaled variable ξ = (y − α)/εκ transforms the asymptotic boundary value
problem (10.36)–(10.37) into

ε1−2κσ (α)Q′′0(ξ) + ε(n−1)κa(n) (α) ξnQ′0(ξ) ∼ 0 (10.43)

Q0 (0) = 0, lim
ξ→∞

Q0 (ξ) =Cε, (10.44)
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where qε(y) = Qε (ξ) = Q0 (ξ)+εκQ1 (ξ)+ · · · . The two terms in eq. (10.43) are
comparable if 1 − 2κ = (n− 1)κ; that is, if κ = 1/ (n+ 1). Then eqs. (10.43),
(10.44) reduce to

σ (α)Q′′0(ξ) + a(n) (α) ξnQ′0(ξ) ∼ 0, Q0 (0) = 0, lim
ξ→∞

Q0 (ξ) = Cε,

whose solution is

Q0(ξ) =
CεA

1/(n+1)(n+ 1)

Γ
(

1
n+1

) ξ∫
0

e−Ax
n+1

dx,

where A = a(n)(α)/σ(α)(n+ 1). Now,

Q′0 (0) =
(
a(n) (α)
σ (α)

)1/(n+1)
(n+ 1)n/(n+1)

Γ
(

1
n+1

)
=
[
U (n+1) (α)

]1/(n+1) (n+ 1)n/(n+1)

Γ
(

1
n+1

)
and the total flux at the boundary in eq. (10.39), Fε|∂D, is given by

Fε|∂D = − εσ (y) pouter (y)
∂qε (y)
∂ny

∣∣∣∣
∂D

=Cε

εn/(n+1) exp
{
−U(α)

ε

}[
U (n+1)(α)

]1/(n+1) (n+ 1)n/(n+1)

Γ
(

1
n+1

)
+ εm/(m+1) exp

{
−U(β)

ε

}[
U (m+1) (β)

]1/(m+1) (m+ 1)m/(m+1)

Γ
(

1
m+1

)


∼Cεεn/(n+1) exp
{
−U(α)

ε

}[
U (n+1) (α)

]1/(n+1) (n+ 1)n/(n+1)

Γ
(

1
n+1

) .

To calculate the total population, Nε (D), we assume that the local expansion of
U (y) near its point of minimum in the interval, ζ, is

U (y) = U (ζ) +
U (2`) (ζ)

(2`)
(y − ζ)2` + · · · ,
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where U (2`) (ζ) > 0 and ` is a positive integer. Then the integral in eq. (10.40)
gives for sufficiently small ε

Nε (D) ∼ Cεe
−U(ζ)/ε

σ (ζ)

β∫
α

exp
{
−U

(2`) (ζ)
(2`)!ε

(y − ζ)2`
}
dy

∼ Cεe
−U(ζ)/ε

σ (ζ)

(
(2`)!ε
U (2`) (ζ)

)1/2`

Γ
(

1
2`

)
.

The resulting MFPT is given by

τε (D) =
Nε (D)
Fε (D)

∼
((2`)!)1/2` Γ

(
1
2`

)
Γ
(

1
n+ 1

)
(n+ 1)

n
n+1 σ (ζ)

ε1/2`+1/(n+1)−1[
U (2`) (ζ)

]1/2` [
U (n+1) (α)

]1/(n+1)

× exp
{
U (α)− U (ζ)

ε

}
.

In the typical case of n = ` = 1 this reduces to

τε (D) ∼ π

ωWωB
e∆E/ε,

where the frequency at the bottom of the well and the imaginary frequency at the
top of the potential barrier are given, respectively, by ω2

W = U
′′

(ζ) and ω2
B =

−U ′′ (α) . This gives the arrival rate from the domain D to the boundary, because

κε (D) = τ−1
ε (D) =

ωWωB
π

e−∆E/ε.

Note that κe is not the escape rate from the potential well, but rather the rate at
which trajectories reach the top of the barrier. The top of the barrier (the transition
state) is to leading order the stochastic separatrix; that is, only 50% of the trajectories
that reach the transition state return to the well before escaping into the next well or
into the continuum outside. Thus the mean escape time, denoted τ̄escape, is twice
the MFPT τε (D); that is, the mean escape time is

τescape = 2τε (D) =
2π

ωWωB
e∆E/ε

and the escape rate, denoted κescape, is given by

κescape =
1
2
κε (D) . (10.45)

Note that all variables in the above analysis are dimensionless. In physical units the
Arrhenius chemical reaction rate in the overdamped regime is given by

κArrhenius =
1
2
κε (D) =

ωWωB
2πγ

e−∆E/ε, (10.46)
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where ωW and ωB have the dimension of frequency. The expression (10.46) was
first derived by Kramers in 1940 [140] for a model of a chemical reaction (e.g.,
dissociation) as overdamped diffusion over a potential barrier (the so-called thermal
activation).

10.1.6 The MFPT eigenvalues of the Fokker–Planck operator

If the potential U (x) forms a single well in the interval [α, β], the exit time from
the interval is exponentially large as a function of 1/ε. It follows from Section 6.1
that the principal (the smallest) eigenvalue of the Fokker–Planck operator in the in-
terval with absorbing boundary conditions is exponentially small. If the potential
forms a sequence of wells in the interval, there may be several exponentially decay-
ing eigenvalues for ε << 1. In particular, it can be shown [213] that the second
eigenvalue has the form λ2 ∼ Ω2e

−∆E2/ε, where ∆E2 is the height of the highest
barrier a trajectory has to cross in order to reach the bottom of the deepest well in
the interval. The coefficient Ω2 can be expressed in terms of the second derivatives
of U at its points of local minimum and local maximum.

Exercise 10.13 (The second eigenfunction). Use the method of Exercise 10.12
to construct an asymptotic expansion of the first and second eigenfunctions of the
Fokker–Planck equation with absorbing boundary when the potential forms multiple
wells (see [213]). 2

10.2 The exit problem in higher dimensions

As in the one-dimensional case, we consider an autonomous dynamical system
driven by small noise. We assume that the noiseless dynamics has a global attractor
in a given domain. The exit problem is to determine the MFPT and the exit distribu-
tion of the random trajectories on the boundary of the domain. This problem leads to
a singularly perturbed elliptic boundary value problem in the domain. The solution
of the exit problem is based on the construction of a uniform asymptotic approxima-
tion to the solution of the stationary FPE with a source in the domain and absorption
on its boundary. Specifically, we consider the autonomous multidimensional system

dx = a(x) dt+
√

2εB(x) dw(t), x(0) = x, (10.47)

in a domain D inRd for flows a(x) that cross the boundary ∂D of the domain. We
assume that the noiseless dynamics

ẋ = a(x) (10.48)

has a unique critical point x0 in D and it is a global attractor. This means that
a(x0) = 0 and we assume that the eigenvalues of the matrix

A =
{
∂ai(x0)
∂xj

}d
i,j=1

(10.49)
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of the linearized system ż = Az, have negative real parts. Thus the trajectories of
the system (10.48) that start in D cannot reach ∂D. The case of other attractors,
such as limit cycles, is considered separately. We distinguish between the case that
the flow on ∂D points into D, and the case that its normal component vanishes on
∂D. In the former case the boundary is called noncharacteristic and in the latter
case it is characteristic. Denoting by ν(x) the unit outer normal at the boundary,
we distinguish between the two cases according to the inequalities

a(x) · ν(x) < 0 for x ∈ ∂D, (10.50)

if ∂D is noncharacteristic, and

a(x) · ν(x) = 0 for x ∈ ∂D, . (10.51)

if ∂D is characteristic.
The Fokker–Planck equation for the stationary pdf pε (y | x) of the solution

x (t, ε) of eq. (10.47) with a source at x and absorption in ∂D, is

−
d∑
i=1

∂
[
ai (y) pε (y |x)

]
∂yi

+
d∑

i,j=1

ε
∂2
[
σi,j (y) pε (y |x)

]
∂yi∂yj

= − δ(y − x), (10.52)

where σ (y) = B (y)BT (y) . It can also be written as the conservation law

∇y · J(y |x) = δ(y − x)

J i(y |x) = ai (y) pε (y |x)− ε
d∑
j=1

∂
[
σi,j(y)pε(y |x)

]
∂yj

. (10.53)

The function pε (y | x) satisfies the absorbing boundary condition

pε (y | x) = 0 for y ∈ ∂D, x ∈ D. (10.54)

It was shown in Chapter 6 that the exit density at a point y on the boundary of
the trajectories of (10.47) that start at a point x ∈ D is given by

Pr
{
x(τ) ∈ y + dSy |x(0) = x

}
=

J(y |x) · ν(y) dSy∮
∂D

J (y | x) · ν(y) dSy
, (10.55)

and the MFPT to the boundary is given by

τ̄ε(x) =

∫
D

pε (y | x) dy

∮
∂D

J (y | x) · ν(y) dSy
. (10.56)

Thus a uniform approximation to pε(y |x) will provide a full solution to the exit
problem through eqs. (10.55), (10.56).
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10.2.1 The WKB structure of the pdf

The function pε(y | x) develops singularities in the domain and on its boundary as
ε → 0. We resolve these singularities by constructing an approximate solution that
contains all the singularities of pε(y |x) in the limit of small ε. To this end, we first
transform the Fokker–Planck equation (10.52) by seeking a solution in the WKB
form [182]

pε(y |x) = Kε(y |x)exp
{
−ψ(y)

ε

}
(10.57)

with unknown functions Kε(y |x) and ψ(y). The essential singularity of pε(y |x)
inside D is captured by the exponential term in (10.57) and that on ∂D by the pre-
exponential factor Kε(y |x). Substituting (10.57) in eq. (10.57) and collecting like
powers of ε, we obtain at the leading order the first-order eikonal equation

d∑
i,j=1

σi,j(y)
∂ψ(y)
∂yi

∂ψ(y)
∂yj

+
d∑
i=1

ai(y)
∂ψ(y)
∂yi

= 0. (10.58)

The eikonal equation has the form of a Hamilton–Jacobi equation and is solved
by the method of characteristics [45], [229] or by optimizing an appropriate action
functional, as done in large deviations theory [77], [76], [68], [55], [54].

The function Kε(y |x) is a regular function of ε for x and y in the domain and
develops singularities at ∂D. The boundary condition (10.54) implies the boundary
condition

Kε(y |x) = 0 for y ∈ ∂D, x ∈ D. (10.59)

To resolve these singularities, we decompose the functionKε(y |x) further into the
product

Kε(y |x) = [K0(y |x) + εK1(y |x) + · · · ] qε(y |x), (10.60)

where K0(y |x), K1(y |x), . . . are regular functions in D and on its boundary and
are independent of ε, and qε(y |x) is a boundary layer function. The functions
Kj(y |x) (j = 0, 1, . . . ), satisfy first-order partial differential equations and there-
fore cannot satisfy the boundary condition (10.59). The boundary layer function
qε(y |x) satisfies the boundary condition

qε(y |x) = 0 for y ∈ ∂D, x ∈ D, (10.61)

the matching condition

lim
ε→0

qε(y |x) = 1 for all x,y ∈ D, x 6= y, (10.62)

and the smoothness condition

lim
ε→0

∂iqε(y |x)
∂(yj)i

= 0, for all x,y ∈ D, x 6= y, i ≥ 1, 1 ≤ j ≤ d. (10.63)
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The function Kε(y |x) satisfies the equation

ε
d∑

i,j=1

∂2σi,j(y)Kε(y |x)
∂yi∂yj

−
d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 ∂Kε(y |x)
∂yi

−
d∑
i=1

∂ai(y)
∂yi

+
d∑
j=1

(
σi,j(y)

∂2ψ(y)
∂yi∂yj

+ 2
∂σi,j(y)
∂yj

∂ψ(y)
∂yj

)Kε(y |x)

=− δ(y − x).

The equation for qε(y |x) is derived and studied in Section 10.2.3 below.

10.2.2 The eikonal equation

The eikonal function can be constructed by solving the eikonal equation

d∑
i,j=1

σi,j(y)
∂ψ(y)
∂yi

∂ψ(y)
∂yj

+
d∑
i=1

ai(y)
∂ψ(y)
∂yi

= 0 (10.64)

by the method of characteristics [45], [229]. In this method a first-order partial
differential equation of the form

F (x, ψ,p) = 0, (10.65)

with p = ∇ψ(x), is converted into a system of ordinary differential equations as
follows,

dx

ds
=∇pF

dp

ds
= −

(
∂F

∂ψ
p+∇xF

)
(10.66)

dψ

ds
=p · ∇pF.

The function ψ(x) is defined by the third equation at each point x of the trajectory
of the first equation. There is a neighborhood of the initial conditions (see below)
that is covered by trajectories.

In the case at hand the function F (x, ψ,p) in the eikonal equation (10.64) has
the form

F (x, ψ,p) =
d∑

i,j=1

σi,j(x)pipj +
d∑
i=1

ai(x)pi,
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so that the characteristic equations (10.66) are

dx

ds
=2σ(x)p+ a(x) (10.67)

dp

ds
= −∇xpTσ(x)p−∇xaT (x)p (10.68)

dψ

ds
=pTσ(x)p. (10.69)

In deriving the characteristic equation (10.69) the eikonal equation (10.64) was used.
First, we observe that the trajectories of the autonomous system (10.67), (10.68)
that begin near the attractor (x0,0) diverge. To see this, we linearize the system
(10.67), (10.68) around this point and obtain z′(s) = 2σ(x0)p(s) + Az(s) and

π′(s) = −Aπ(s), where A is defined in (10.49). It follows that π(s) = e−Asπ0,
hence

z(s) = eAsz0 + 2

s∫
0

eA(s− u)σ(x0)e−Auπ0 du.

Both z(s) andπ(s) diverge as s→∞, because the eigenvalues of−A have positive
real parts.

To integrate the characteristic equations (10.67), (10.68) initial conditions can be
imposed near the attractor (x0,0) by constructing ψ(x) in the form of a power se-
ries. The truncation of the power series near the attractor provides an approximation
to ψ(x) and to p = ∇ψ(x) whose error can be made arbitrarily small. Expanding
ψ(x), a(x), and σ(x) in powers of z = x−x0, we find from the eikonal equation
(10.64) that ∇ψ(x0) = 0 so that the power series expansion of ψ(x) begins as a
quadratic form

ψ(x) =
1
2
xTQx+ o

(
|x|2

)
, (10.70)

andQ is the solution of the Riccati equation

2Qσ(x0)Q+QA+ATQ = 0. (10.71)

Obviously, the first term in the power series expansion of p = ∇ψ(x) is given by

p = Qx+O
(
|x|2

)
. (10.72)

In deriving eq. (10.71) use is made of the facts that Q and σ are symmetric
matrices and that a quadratic form vanishes identically if and only if it is defined by
an anti-symmetric matrix [213]. The solution of eq. (10.71) is a positive definite
matrix [213], [81].

Exercise 10.14 (Square root of a positive definite symmetric matrix). Show that
a positive definite symmetric matrix has a positive definite symmetric square root.
2
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Exercise 10.15 (The Riccati equation). Reduce the Riccati equation (10.71) to

AY + Y TAT = −I (10.73)

by the substitutionsX = Q
√
σ, whereX is the solution of

2XXT +XA+ATXT = 0

and X = −1
2Y

−1. Show that the solution of eq. (10.73) is a symmetric matrix

given by Y =
∫∞
0
eAteA

T t dt, and show that the integral converges. 2

Taking the contour

1
2
xTQx = δ, (10.74)

for some small positive δ, as the initial surface for the system (10.67)–(10.69) and
using the approximate initial values ψ(x) = δ and (10.72) at each point of the
surface, we can integrate the system (10.67)–(10.69) analytically or numerically.
Once the domain D is covered with characteristics, the approximate value of ψ(x)
can be determined at each point x ∈ D as the value of the solution ψ(s) of eq.
(10.69) at s such that the solution of eq. (10.67) satisfies

x(s) = x. (10.75)

The initial condition on the surface (10.74) determines the unique trajectory of the
system (10.67)–(10.69) that satisfies (10.75) for some s. It can be found numerically
by the method of shooting.

10.2.3 The transport equation

As mentioned in Section 10.2.1, the function Kε(y |x) satisfies the equation

ε
d∑

i,j=1

∂2σi,j(y)Kε(y |x)
∂yi∂yj

−
d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 ∂Kε(y |x)
∂yi

−
d∑
i=1

∂ai(y)
∂yi

+
d∑
j=1

(
σi,j(y)

∂2ψ(y)
∂yi∂yj

+ 2
∂σi,j(y)
∂yj

∂ψ(y)
∂yj

)Kε(y |x)

= − δ(y − x). (10.76)

The function Kε(y |x) cannot have an internal layer at the global attractor point
x0 in D. This is due to the fact that stretching y − x0 =

√
εξ and taking the limit

ε→ 0 (10.76) converts the transport equation to

d∑
i,j=1

∂2σi,j(x0)K0(ξ |x)
∂ξi∂ξj

− (2AQ+A)ξ · ∇ξK0(ξ |x)

− tr(A+ σ(x0)Q)K0(ξ |x) = 0,
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whose bounded solution is K0(ξ |x) = const., because tr (A+ σ(x0)Q) = 0.
The last equality follows from the Riccati eq. (10.71) (left multiply by Q−1 and
take the trace).

In view of eqs. (10.60)–(10.63), we obtain in the limit ε → 0 the transport
equation

d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 ∂K0(y |x)
∂yi

(10.77)

= −
d∑
i=1

ai(y)
∂yi

+
d∑
j=1

(
σi,j(y)

∂2ψ(y)
∂yi∂yj

+ 2
∂σi,j(y)
∂yj

∂ψ(y)
∂yj

)K0(y |x).

Because the characteristics diverge, the initial value (at s = 0) on each characteristic
is given at y = x0 as K0(x0 |x) = const. (e.g., const. = 1). With this choice of
the constant the function pε(y |x) has to be renormalized.

Exercise 10.16 (The potential case). Show that if the diffusion matrixσ is constant
and a(x) = −σ∇φ(x) for some function φ(x), then ψ(x) = φ(x) and the WKB
solution of the homogeneous Fokker–Planck equation (10.52) is given by pε(y) =
e−ψ(y)/ε; that is, the solution of the transport equation (10.76) is K0 = const. 2

10.2.4 The characteristic equations

The transport equation has to be integrated numerically, together with the character-
istic equations (10.67), (10.68). To evaluate the partial derivatives ∂2ψ(y)/∂yi∂yj

along the characteristics, we use eqs. (10.70), (10.72), and ∂2ψ(y)/∂yi∂yj |y=x0 =
Qi,j on the initial ellipsoid (10.74). The differential equations for ∂2ψ(y)/∂yi∂yj

along the characteristics are derived by differentiating the characteristic equations
(10.67), (10.68) with respect to the initial values x(0) = x0. Writing

xj(s) =
∂x(s)
∂xj0

, pj(s) =
∂p(s)
∂xj0

, Qi,j(s) =
∂2ψ(x(s))
∂yi∂yj

, (10.78)

we get the identity pj(s) = Q(s)xj(s). The initial conditions are

xij(0) = δi,j (10.79)

pij(0) =
∂2ψ(y)
∂yi∂yj

∣∣∣∣
y=x0

= Qi,j(0) = Qi,j (10.80)
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and the dynamics

dxj(s)
ds

=
d∑
k=1

[
2
∂

∂xk
σ(x(s))p(s) + 2σ(x(s))pk(s) +

∂

∂xk
a(x(s))

]
xjk(s)

(10.81)

dpj(s)
ds

= −
d∑
k=1

[
∇xpT (s)

∂

∂xk
σ(x(s))p(s) + 2∇xpTk (s)σ(x(s))p(s)

+ ∇xaT (x(s))pk(s) +
∂

∂xk
∇xaT (x(s))p(s)

]
xjk(s). (10.82)

The transport equation (10.77) can be written on characteristics as

dK0(x(s) |x)
ds

(10.83)

= −
d∑
i=1

ai(x(s))
∂yi

+
d∑
j=1

(
σi,j(x(s))Qi,j(s) + 2

∂σi,j(x(s))
∂yj

p(s)
)

×K0(x(s) |x).

In summary, the numerical integration of the eikonal and the transport equa-
tions consists in integrating numerically the differential equations (10.67)–(10.69),
(10.81)–(10.83) with initial values of x0 = x(0) that cover the ellipsoid (10.74),
with p(0) and ψ(x(0)) given by p(0) = Qx(0) and ψ(x(0)) = δ, and the initial
values (10.79), (10.80), and K0(x(0) |x) = 1. Equations (10.78) have to be solved
at each step of the integration to convert from pj(s) toQ(s).

10.2.5 Boundary layers at noncharacteristic boundaries

Although the functions Kj(x(0) |x) in the expansion (10.60) are regular in the do-
main D and on its boundary, the boundary layer function qε(y |x) has an essential
singularity at the boundary. Its normal derivatives at the boundary become infinite as
ε→ 0 and its derivatives in the direction of the boundary vanish, because qε(y |x)
vanishes there. Furthermore, the higher order normal derivatives of qε(y |x) at the
boundary are larger than the lower order derivatives. More specifically, we postulate
that for y ∈ ∂D, x ∈ D

∂kqε(y |x)
∂νky

= O
(
ε−k
)

for k = 0, 1, 2, . . . . (10.84)

Keeping this in mind, we keep in eq. (10.76) the second order partial derivatives of
qε(y |x) and balance them with the first-order terms. The singularity of qε(y |x)
is resolved by balancing terms of similar orders of magnitude in eq. (10.76) for
Kε(y |x) near the boundary.

To derive the boundary layer equation for qε(y |x), we introduced local coor-
dinates near the boundary, ρ(y) = dist(y, ∂D) such that ρ(y) < 0 for y ∈ D and
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d− 1 coordinates in the boundary s(y) = (s1, s2, . . . , sd−1). In the transformation
y → (ρ(y), s(y)), the point y′ = (0, s(y)) is the orthogonal projection of y on ∂D.
The boundary is mapped into the hyper-plane ρ = 0. Then ∇ρ(y)|ρ=0 = ν(y) for
y ∈ ∂D, where ν(y) is the unit outer normal to ∂D at y.

Next, we introduce the stretched variable ζ = ρ/ε and define qε(y |x) =
Q(ζ, s, ε |x), and express the postulate (10.84) by assuming that the decomposi-
tion (10.60) becomes

Kε(y |x) = (K0(ρ, s |x) + εK1(ρ, s |x) + · · · )Q(ζ, s, ε |x).

Now, we expand all functions that appear in eq. (10.59) in an asymptotic series in
powers of ε. Writing Q(ζ, s, ε |x) ∼ Q0(ζ, s |x) + εQ1(ζ, s |x) + · · · , we obtain
for Q0(ζ, s |x) the boundary layer equation d∑

i,j=1

σi,j(y′)νi(y′)νj(y′)

 ∂2Q0

∂ζ2

−

 d∑
i=1

2
d∑
j=1

σi,j(y′)
∂ψ(y′)
∂yj

+ ai(y′)

 νi(y′)

 ∂Q0

∂ζ
= 0,

which we rewrite as Q0
ζζ −A(s)Q0

ζ = 0, where

A(s) =

d∑
i=1

2
d∑
j=1

σi,j(y′)
∂ψ(y′)
∂yj

+ ai(y′)

 νi(y′)

d∑
i,j=1

σi,j(y′)νi(y′)νj(y′)

. (10.85)

The function A(s) is positive on the boundary, because the denominator in eq.
(10.85) is a positive definite quadratic form and the numerator is the normal com-
ponent of the direction of the characteristics at the boundary. Because the charac-
teristics exit D, their direction points away from D at ∂D. This means that

d∑
i=1

2
d∑
j=1

σi,j(y′)
∂ψ(y′)
∂yj

+ ai(y′)

 νi(y′) > 0.

The boundary and matching conditions eqs. (10.61), (10.62) are expressed in the
boundary layer function asQ0(0, s |x) = 0 and limζ→−∞Q0(ζ, s |x) = 1, so that
the solution is

Q0(ζ, s |x) = 1− eA(s)ζ . (10.86)

The uniform expansion of the solution of the Fokker–Planck equation (10.52), valid
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up to the boundary ∂D, is given by

punif (y |x) = [K0(y |x) +O(ε)]exp
{
−ψ(y)

ε

}
×
[
1− exp

{
A(s)ρ(y)

ε

}]
. (10.87)

Equation (10.87) is a uniform approximation to p (y |x) for x ∈ D outside the
boundary layer, all y ∈ D, and O(ε) is uniform for x ∈ D outside the boundary
layer , all y ∈ D.

To obtain a uniform approximation to p (y |x), valid for all x,y ∈ D, we have
to solve for x,y ∈ D the equation

ε
d∑
i=1

d∑
j=1

σij (x)
∂2p (y |x)
∂xi∂xj

+
d∑
i=1

ai (x)
∂p (y |x)
∂xi

= − δ(y − x) (10.88)

with the boundary condition

p (y |x) = 0 for x ∈ ∂D,y ∈ D.

The analysis of this case is straightforward. The outer solution is a constant and
the equation for the leading term p0(ζ ′, s′), in the boundary layer expansion in the
variables (ζ ′, s′) defined above, is

σ(s′)
∂2p0(ζ ′, s′)

∂ζ ′2
+ an(s′)

∂p0(ζ ′, s′)
∂ζ ′

= 0 for ζ ′ < 0, (10.89)

where

σ(s′) =
d∑

i,j=1

σi,j(0, s′)νi(s′)νj(s′), an(s′) =
d∑
i

ai(0, s′)νi(s′) < 0,

with the matching conditions

p0(0, s′) = 0, lim
ζ′→−∞

p0(ζ ′, s′) = 1. (10.90)

The solution is

p0(ζ ′, s′) = 1− ean(s′)ζ′/σ(s′). (10.91)

Now, the uniform approximation to p (y |x), valid for all x,y ∈ D, can be written
as

punif (y |x) = [K0(y |x) +O(ε)] exp
{
−ψ(y)

ε

}[
1− exp

{
A(s)ρ(y)

ε

}]
×
[
1− exp

{
an(s′)ρ(x)
εσ(s′)

}]
. (10.92)
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10.2.6 Boundary layers at characteristic boundaries in the plane

We now assume that D is a bounded planar domain whose boundary ∂D consists of
a finite number of piecewise smooth closed simple curves and write x1 = x, x2 =
y. The boundary ∂D is characteristic if the drift vector a(x, y) is tangent to the
boundary or vanishes there; that is, if eq. (10.51) holds. In either case the nor-
mal component of the drift vector a(x) vanishes at the boundary. At each point
(x, y) ∈ D, near the boundary, we denote by (x′, y′) its orthogonal projection on
the boundary. We denote by ν(x, y) and τ (x, y) the unit outer normal and unit tan-
gent at the boundary point (x′, y′), respectively. We define the signed distance to
the boundary

ρ(x, y) = − dist ((x, y), ∂D) = −
√

(x− x′)2 + (y − y′)2, for (x, y) ∈ D

ρ(x, y) = dist ((x, y), ∂D) =
√

(x− x′)2 + (y − y′)2, for (x, y) 6∈ D.

The boundary corresponds to ρ(x, y) = 0. We denote by s(x, y) arclength on a
given component of the boundary, measured counterclockwise from a given bound-
ary point to the point (x′, y′). Thus the transformation (x, y) → (ρ, s), where
ρ = ρ(x, y), s = s(x, y) maps a strip near a connected component of the bound-
ary onto the strip |ρ| < ρ0, 0 ≤ s ≤ S, where ρ0 > 0 and S is the arclength
of the given component of the boundary. The transformation is given by (x, y) =
(x′, y′) + ρν(x, y), where (x′, y′) are functions of s. We write ν(x, y) = ν(s).

We assume that in addition to eq. (10.51), we have in the strip |ρ| < ρ0 the small
ρ expansion

a(x, y) =
{
ραa0(s)ν(s) + ρβB(s)τ (s)

}
{1 + o(1)} , (10.93)

for some α, β > 0. We assume for the present analysis that α = 1, β = 0 (other
cases are considered in [167]).

If the tangential componentB(s) of the drift vector vanishes at a point s, we say
that s is a critical point in ∂D. If there are no critical points on a given component
of ∂D, B(s) has a constant sign there, B(s) > 0, say, so that this component of ∂D
is a limit cycle1 for the noiseless dynamics

d

dt

(
x
y

)
= a(x, y). (10.94)

We write eq. (10.93) in local coordinates as

a(ρ, s) = a0(s)ρ∇ρ+B(s)∇s+ o(ρ). (10.95)

The coefficient B(s) is the speed of the deterministic motion on the boundary; we
assume B(s) > 0 for all 0 ≤ s ≤ S, a0(s) ≥ 0, and that the exit density has a limit
as ε→ 0.

1In the case of a center all trajectories of the noiseless dynamics are closed
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Before deriving the boundary layer equation, we turn to the analysis of the
eikonal equation. First, we note that the solution of the eikonal equation is con-
stant on the given component of the boundary. Indeed, with the obvious notation,
the eikonal equation (10.58) can be written in local coordinates on ∂D as

2∑
i,j=1

σi,j(0, s)
∂ψ(0, s)
∂xi

∂ψ(0, s)
∂xj

+B(s)
∂ψ(0, s)
∂s

= 0, (10.96)

where x1 = x, x2 = y. To be well defined on ∂D, ψ(0, s) must be a periodic
function of s with period S. However, eq. (10.96) implies that the derivative
∂ψ(0, s)/∂s does not change sign, because B(s) > 0 and the diffusion matrix
σi,j(0, s) is positive definite. Thus we must have

ψ(0, s) = const. = ψ̂, ∇ψ(0, s) = 0 for all 0 ≤ s ≤ S. (10.97)

It follows that near ∂D

ψ(ρ, s) = ψ̂ +
1
2
ρ2 ∂

2ψ(0, s)
∂ρ2

+ o
(
ρ2
)

as ρ→ 0. (10.98)

setting φ(s) = ∂2ψ(0, s)/∂ρ2, and using eqs. (10.95) and (10.98) in eq. (10.58),
we see that φ(s) must be the S-periodic solution of the Bernoulli equation

σ(s)φ2(s) + a0(s)φ(s) +
1
2
B(s)φ′(s) = 0, (10.99)

where σ(s) =
∑2
i,j=1 σ

i,j(0, s)νi(s)νj(s). Note that using eqs. (10.93) and eq.
(10.58), the drift vector in eq. (10.76) can be written for our two-dimensional prob-
lem in local coordinates near the boundary, as

2
2∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y) (10.100)

=2
2∑
j=1

σi,j(0, s)
∂ψ(0, s)
∂xj

+ ai(0, s) + o(ρ)

= ρ

2φ(s)
2∑
j=1

σi,j(0, s)
∂ρ

∂xj
+ a0(s)

∂ρ

∂xi

+ o(ρ).

To derive the boundary layer equation, we introduce the stretched variable ζ =
ρ/
√
ε and define qε(x, y |x0, y0) = Q(ζ, s, ε |x0, y0). Expanding

Q(ζ, s, ε |x0, y0) ∼ Q0(ζ, s) +
√
εQ1(ζ, s) + · · · , (10.101)

and using eq. (10.100), we obtain the boundary layer equation

σ(s)
∂2Q0(ζ, s)

∂ζ2
− ζ

(
a0(s) + 2σ(s)φ(s)

) ∂Q0(ζ, s)
∂ζ

−B(s)
∂Q0(ζ, s)

∂s

=0. (10.102)
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As in the previous section, the boundary and matching conditions eqs. (10.61),
(10.62) imply that

Q0(0, s |x) = 0, lim
ζ→−∞

Q0(ζ, s |x) = 1. (10.103)

The solution to the boundary value problem eqs. (10.102), (10.103) is given by

Q0(ζ, s) = −
√

2
π

ξ(s)ζ∫
0

e−z
2/2 dz, (10.104)

where ξ(s) is the S-periodic solution of the Bernoulli equation

σ(s)ξ3(s) +
(
a0(s) + 2σ(s)φ(s)

)
ξ(s) +B(s)ξ′(s) = 0. (10.105)

Setting ξ0(s) =
√
−φ(s) in eq. (10.99), we see that ξ0(s) is the S-periodic solution

of the Bernoulli equation

B(s)ξ′0(s) + a0(s)ξ0(s)− σ(s)ξ30(s) = 0. (10.106)

The solutions of the three Bernoulli equations (10.99), (10.105), (10.106) are related
to each other as follows: ξ0(s) =

√
−φ(s) = ξ(s).

The uniform expansion of the solution of the Fokker–Planck equation (10.52),
valid up to the boundary ∂D, is given by

punif (x, y |x0, y0) =
[
K0(x, y |x0, y0) +O(

√
ε)
]
exp
{
−ψ(x, y)

ε

}
× Q0

(
ρ√
ε
, s

)
, (10.107)

where O(
√
ε) is uniform in (x, y) ∈ D̄ for all fixed (x0, y0) ∈ D.

10.2.7 Exit through noncharacteristic boundaries

The uniform expansion eqs. (10.87), (10.107) of pε (y | x) can be used for the
asymptotic solution of the exit problem. First, we consider the exit density on ∂D.
It is the normal component of the flux density vector (10.53) on the boundary,

J(y |x) · ν(y)|y∈∂D (10.108)

∼ −K0(y)
d∑

i,j=1

εσi,j(y) exp
{
−ψ(y)

ε

}
∂qε(y |x)

∂yi
νj(y),

where qε(y |x) is the boundary layer function and in the local coordinates (ρ, s)
near the boundary, y = (0, s) on ∂D.
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If ∂D is a noncharacteristic boundary, we use the expansion eqs. (10.87) in eq.
(10.108) and obtain

J(y |x) · n(y)|y∈∂D (10.109)

∼K0(y)exp
{
−ψ(y)

ε

}
A(s)

d∑
i,j=1

σi,j(s)νi(y)νj(y),

where A(s) is given in eq. (10.85). The latter simplifies eq. (10.109) into

J(y |x) · n(y)|y∈∂D

∼K0(y)exp
{
−ψ(y)

ε

} d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 νi(y).

Thus, the small ε asymptotic expansion of the exit density on the boundary, of tra-
jectories that start at a fixed point x ∈ D (independent of ε), to exit at a point
y ∈ ∂D, is given by

Pr
{
x(τ) ∈ y + dSy |x(0) = x

}
(10.110)

∼

K0(y) exp
{
−ψ(y)

ε

} d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 νi(y) dSy

∮
∂D

K0(y) exp
{
−ψ(y)

ε

} d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 νi(y) dSy

,

where τ is the first passage time to the boundary.
The denominator in eq. (10.110) can be evaluated asymptotically for small ε by

the Laplace method. Consider an isolated minimum point, yk, of ψ(y) on ∂D. At
this point the gradient, ∇ψ(yk), is parallel to the outer normal ν(yk); that is

ν(yk) =
∇ψ(yk)
||∇ψ(yk)||

. (10.111)

We can write the eikonal equation at yk as

d∑
i,j=1

σi,j(yk)
∂ψ(yk)
∂yj

νi(yk) +
d∑
i=1

ai(yk)ν
i(yk) = 0. (10.112)

This reduces the sums in both numerator and denominator of eq. (10.110) to

d∑
i=1

2
d∑
j=1

σi,j(yk)
∂ψ(yk)
∂yj

+ ai(yk)

 νi(yk) = −a(yk) · ν(yk). (10.113)
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To evaluate the integral in the denominator of eq. (10.110) by the Laplace
method, we denote ψ̃ = ψ(yk) and assume that there are K distinct points of
absolute minimum of ψ(y) on ∂D, denoted {yk}

K
k=1. Denoting by H (ψ(yk)) the

(d−1)-dimensional Hessian of ψ in ∂D at the point yk, and using eq. (10.113), we
obtain from the Laplace expansion that∮

∂D

K0(y) exp
{
−ψ(y)

ε

} d∑
i=1

2
d∑
j=1

σi,j(y)
∂ψ(y)
∂yj

+ ai(y)

 νi(y) dSy

∼ − (2πε)(d−1)/2e−ψ̃/ε
K∑
k=1

a(yk) · ν(yk)K0(yk)H
−1/2 (ψ(yk)) . (10.114)

Now, equation (10.110) gives

lim
ε→0

Pr
{
x(τ) ∈ y + dSy |x(0) = x

}
=
∑K
k=1 a(yk) · ν(yk)K0(yk)H−1/2 (ψ(yk)) δ(y − yk) dSy∑K

k=1 a(yk) · ν(yk)K0(yk)H−1/2 (ψ(yk))
. (10.115)

The MFPT is obtained from the equation (see Chapter 6)

E [τ |x(0) = x] =

∫
D

pε (y | x) dy

∮
∂D

J (y | x) · ν(y) dSy
(10.116)

by applying the Laplace expansion to both the volume integral in the numerator and
the surface integral in the denominator. Denoting by H (ψ(x0)) the d-dimensional
Hessian of ψ(x) at its absolute minimum in D, at the point x0, say, we obtain from
eq. (10.114) the asymptotic approximation for small ε,

E [τ |x(0) = x] ∼

√
2πεH−1/2 (ψ(x0))exp

{
ψ̃ − ψ(x0)

ε

}
∑K
k=1 a(yk) · ν(yk)K0(yk)H−1/2 (ψ(yk))

×
[
1− exp

{
an(s′)ρ(x)
εσ(s′)

}]
. (10.117)

Other cases of noncharacteristic boundaries are discussed in [213].
The WKB structure of the pdf and eqs. (10.116), (10.117), (10.108) give the

large deviations theory result [54], that for x ∈ D, outside the boundary layer,

lim
ε→0

ε log Eτ lim
ε→0

ε

[
sup
y∈∂D

logJ(y |x) · ν(y)− sup
y∈D

log pε(y |x)

]
.

This result is valid also for the case of a characteristic boundary.
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Exercise 10.17 (Overdamped escape over a sharp potential barrier). The three-
dimensional (or d-dimensional) overdamped motion of a Brownian particle diffus-
ing in a field of force is described by the simplified Langevin–Smoluchowski equa-
tion (see [214])

γ
dx

dt
+∇U(x) =

√
2γkBT
m

dW

dt
, (10.118)

where γ is the dynamical viscosity (friction) coefficient, kB is Boltzmann’s con-
stant, T is absolute temperature, m is the mass of the particle, and W (t) is three-
dimensional (or d-dimensional) standard Brownian motion. Assume the potential
U(x) forms a well; that is, it has a single minimum at a point x0 in a simply con-
nected domain D and U(x) has no local maxima in D. Assume the boundary ∂D
has a continuous outer normal ν(x) and ∂U(x)/∂ν > 0 for all x ∈ ∂D.

(i) What are the units ofW (t)?
(ii) Introduce dimensionless displacement and time to reduce eq. (10.118) to the
form (10.47), where all parameters, variables, and functions are dimensionless. The
domain D is mapped onto a domain D. This corresponds to the case that the dif-
fusion matrix is σ(x) = I and the drift vector is a(x) = −∇U(x). Choose
ε and the unit of length such that ∆U = max∂D U(x) − minD U(x) = 1 and
D = H1/2 (U(x0)) = 1. Show that ε = kBT/m∆U,where ∆U = max∂D U(x)−
minD U(x). Small ε means high potential barrier or low temperature.

(iii) Show that U(x) is the solution of the eikonal equation.

(iv) Find the small ε expansion of the exit density on ∂D and of the MFPT in terms
of the potential U(x) and its derivatives.

(v) Return to dimensional variables and express the Hessians in terms of vibration
frequencies at the bottom of the potential well and at saddle points on the boundary.

(vi) Derive the relation λ = 1/Eτ between the escape rate and the MFPT for this
case of sharp boundaries (see Section 10.1).

(vii) Express the pre-exponential term in the escape rate in terms of “attempt fre-
quencies" at the bottom of the well and the frequencies of vibration in saddle points
on the boundary.

(viii) Express the exponential part in terms of “activation energy".

(ix) Explain the effect of the normal derivative ∂U(x)/∂ν on the escape rate. 2

Exercise 10.18 (Escape at critical energy [169]). Consider the random motion of
a one-dimensional Brownian particle diffusing in a field of force. It is described by
the Langevin equation (7.103),

ẍ+ γẋ+ Ũ ′(x) =

√
2γkBT
m

˙̃w, (10.119)

where Ũ(x) is the potential of the force. Assume that the potential forms a well and
Ũ(x) has a single local minimum at a point x0 and a single maximum at the origin.
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Define the energy of a trajectory by E(t) = ẋ2(t)/2 + Ũ(x(t)).
(i) Introduce non-dimensional variables so that the Langevin equation (10.119) can
be written in the form

d2ξ

dτ2
+ β

dξ

dτ
+ U ′(ξ) =

√
2βε

dw

dτ
,

where ξ is dimensionless displacement, τ is dimensionless time, β is a dimension-
less friction coefficient, U(ξ) is dimensionless potential, and w(τ) is dimensionless
Brownian motion. Assume that

lim
ξ→±∞

U(ξ) = ∓∞, U ′(ξ0) = 0, U ′′(ξ0) = ω2
0 (10.120)

U(0) =U ′(0) = 0, U ′′(0) = −ω2
C ,

and that the dimensionless variables are chosen so that ∆U = U(0) − U(ξ0) =
1, ω0 = 1. Define dimensionless energy E(t) = 1

2 (dξ/dτ)2 + U(ξ).
(ii) Define η = dξ/dτ and write the dimensionless Langevin equation as the phase
plane system

dξ

dτ
= η,

dη

dτ
= −βη − U ′(ξ) +

√
2βε

dw

dτ
. (10.121)

(iii) Linearize the noiseless dynamics

dξ

dτ
= η,

dη

dτ
= −βη − U ′(ξ) (10.122)

around the critical points (ξ0, 0) and (0, 0) and show that the former is an attractor
and the latter is a saddle point. Find the eigenvalues and eigenvectors of the matrices
A0 andAC of the linearized system at both critical points, respectively.

(iv) Show that the boundary of the domain of attraction of the attractor (ξ0, 0) con-
sists of the two unstable trajectories of (10.122) that emanate from the saddle point
(0, 0) in the direction of the eigenvector corresponding to the positive eigenvalue of
AC . The domain of attraction is denoted D and its boundary, denoted Γ, is called
the separatrix of the system (10.122). Draw Γ and the flow lines of the plane flow
(10.122), inside and outside D and interpret the flow portrait in terms of the motion
of a particle. Determine the slope and the outer unit normal to Γ at the saddle point
(0, 0).
(v) Define the energy E(ξ, η) = 1

2η
2 + U(ξ) and the critical energy contour ΓC =

{E(ξ, η) = EC} , where EC = 0. Determine the slope of ΓC at the saddle point
and draw the separatrix and the contour ΓC . Show that ΓC forms a noncharacteristic
boundary of the domain DC = {E(ξ, η) < EC} , except for two critical points.

(vi) Construct a small ε asymptotic solution of the stationary FPE (10.52) in D with
absorbing boundary conditions on EC , valid away from the saddle point at (0, 0).
Can this expansion be valid up to the saddle point? Use the expansion to determine
the distribution of exit points on ΓC of the trajectories of (10.121) that start out in
DC . Calculate the MFPT to ΓC . 2



376 10. Noise-Induced Escape From an Attractor

10.2.8 Exit through characteristic boundaries in the plane

In the case of a two-dimensional system with a characteristic boundary, we use the
expansions of Section 10.2.5 in eqs. (10.108) and (10.116). Using eq. (10.104) in
(10.108) gives

J · ν|∂D(s) ∼
√

2ε
π
K0(0, s)ξ(s)σ(s)e−ψ̂/ε, (10.123)

hence

Pr [(x(τ), y(τ)) = (x, y) | (x0, y0)] ds ∼
K0(0, s)ξ(s)σ(s) ds
S∫

0

K0(0, s)ξ(s)σ(s) ds

. (10.124)

The function K0(0, s) can be expressed in terms of the coefficients of the prob-
lem as follows. The function K0(0, s) is the solution of the transport equation
(10.83). Using the assumption (10.95) and the eikonal equation (10.96), eq. (10.83)
on the boundary becomes

d

ds
K0(0, s) = −

[
a0(s) +B′(s) + σ(s)dφ(s)

]
K0(0, s). (10.125)

Now we use the fact that φ(s) = −ξ2(s) to rewrite eq. (10.125) in the separated
form

dK0

K0
= −

(
a0

B
+
B′

B
− σξ2

B

)
ds. (10.126)

Integrating eq. (10.126) and simplifying it with the aid of eq. (10.105), we obtain
K0(0, s) = K̂0

√
−φ(s)/B(s), where K̂0 = const. Note that φ(s) cannot change

sign, because if it vanishes at a point, it vanishes everywhere, as indicated by the
Bernoulli equation (10.99). It has to be negative, because at a point s of local ex-
tremum, we have φ(s) = −a0(s)/σ(s). The assumption that the boundary is an
unstable limit cycle of the drift equation (10.48) implies that a0(s)/σ(s) ≥ 0.

Using these simplifications in eq. (10.124) gives the more explicit expression
for the exit density

Pr [(x(τ), y(τ)) = (x, y) | (x0, y0)] ds ∼
(
ξ2(s)σ(s)/B(s)

)
ds

S∫
0

(
ξ2(s)σ(s)/B(s)

)
ds

. (10.127)

The MFPT to the boundary from any fixed point (x, y) ∈ D is calculated as
above, but with the flux given by eq. (10.123). We obtain

E [τ | (x, y)] ∼ π3/2
√

2εH−1/2 (ψ(0, 0))
S∫

0

K0(0, s)ξ(s)σ(s) ds

exp

{
ψ̂

ε

}
, (10.128)
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where H (ψ(0, 0)) is the Hessian at the stable equilibrium point (0, 0).

Example 10.3 (Constant speed). If a0(s)/σ(s) = const. > 0, then φ(s) =
−a0(s)/σ(s) = const. and ξ(s) =

√
−φ(s) =

√
a0(s)/σ(s) = const., hence

eq. (10.127) gives

Pr [(x(τ), y(τ)) = (x, y) | (x0, y0)] ds ∼
[σ(s)/B(s)] ds
S∫

0

[σ(s)/B(s)] ds

;

that is, the density is inversely proportional to the local speed of motion of the drift
equation (10.48) on the boundary.

If B(s) changes sign on ∂D, then ψ(0, s) is not constant in general. If ψ(0, s)
has absolute minima at a finite number of points, the total flux has to be evaluated
by the Laplace method at these points. 2

Exercise 10.19 (Characteristic boundary with critical points [169] ). If the speed
B(s) vanishes at isolated points or changes sign on ∂D, the eikonal function on the
boundary, ψ(0, s), is not constant in general. Thus the following three classes of
characteristic boundaries can be distinguished.
Type I: The speed doesn’t vanish; B(s) > 0, as considered above.
Type II: The flow on the boundary is unidirectional with N unstable critical points;

B(s) ≥ 0,
∂jB(si)
∂sj

= 0, 0 ≤ j < ki, i = 1, . . . , N

∂kiB(si)
∂ski

are all > 0 or all < 0, ki even.

Type III: The flow on the boundary has N stable and N unstable critical points;
B(s) changes sign. At stable points si

∂jB(si)
∂sj

= 0, 0 ≤ j < ki,
∂kiB(si)
∂ski

< 0, ki odd, i = 1, . . . , N.

At unstable points σi,

∂jB(σi)
∂sj

= 0, 0 ≤ j < li,
∂liB(σi)
∂sli

> 0, li odd, i = 1, . . . , N.

(i) Retain terms of order
√
ε and ε in the boundary layer equation and use the trans-

formation η = ξ(s)ζ, as in Section 10.2.5.

(ii) Introduce into the boundary layer equation the stretched variable φ = (s −
si)ε−r, where r is chosen by balancing terms in the boundary layer equation, de-
pending on the order of the zero of B(s) at si. Choose the value of γ(si) so that
γ′(si) remains bounded and S-periodic.

(iii) Retain the second derivative with respect to φ in the stretched boundary layer
equation. The resulting boundary layer equation is separated with respect to η and
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φ (or s). Solve it by separation of variables and obtain a singularly perturbed eigen-
value problem with periodic boundary conditions in the variable s.

(iv) Use the matching condition to determine the η-dependence of the boundary
layer function.

(v) Find explicit expressions for the exit density and the MFPT for the exit problem.
2

10.2.9 Kramers’ exit problem

We consider the exit problem from a domain D ⊂ Rd
whose boundary ∂D is

characteristic and assume that ψ(y) has a single absolute minimum on ∂D at a
point yk ∈ D. As above, we introduce local orthogonal coordinates (ρ, s) near yk,
where ρ is the distance to ∂D and s = (s1, . . . , sd−1) are coordinates in the tangent
plane to ∂D, such that yk is mapped to the origin. The decomposition (10.95)
becomes

a(ρ, s) = a0(s)ρ∇ρ+ [B0 +O(ρ+ |s|)] s, (10.129)

where a0(s) > 0 andB0 is a (d− 1)× (d− 1) constant matrix whose eigenvalues
are assumed negative. The boundary layer equation is again (10.104), but (10.106)
takes the form

B0s · ∇sξ0(s) + a0(s)ξ0(s)− σ(s)ξ30(s) = 0. (10.130)

At the saddle point s = 0 we have σ(yk) = ν(yk) · σ(yk)ν(yk), and

ξ0(0) =

√
a0(yk)
σ(yk)

,

so the flux density (10.108) near the saddle point yk is

J · ν|y∈∂D (s) ∼ − K0(y)
d∑

i,j=1

εσi,j(y)exp
{
−ψ(y)

ε

}
∂qε(y |x)

∂yi
νj(y)

=

√
2ε
π
K0(y)

√
a0(y)σ(y)e−ψ(y)/ε (10.131)

and the boundary flux is∮
∂D

J(y) · ν(y) dSy (10.132)

∼
(2πε)d/2K0(yk)

√
a0(yk)σ(yk) exp

{
−ψ(yk)

ε

}
πH1/2(yk)

.
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Therefore, if ψ(y) achieves its absolute minimum ψ̂ on ∂D at points yk (k =
1, . . . , K), then for small ε the exit density is (see (10.115))

Pr {x(τ) = y |x} ∼

K∑
k=1

K0(yk)H
−1/2(yk)

√
a0(yk)σ(yk) δ(y − yk)

K∑
k=1

K0(yk)H
−1/2(yk)

√
a0(yk)σ(yk)

.

Thus the exit density on the boundary is independent of the initial point x ∈ D for
x outside the boundary layer.

To evaluate the MFPT, we use (10.132) and (10.57) in (10.56) and evaluate the
integral in the numerator by the Laplace method to obtain

E [τ |x(0) = x] (10.133)

∼
πH−1/2 (ψ(x0)) exp

{
ψ̃ − ψ(x0)

}
∑K
k=1K0(yk)

√
a0(yk)σ(yk)H−1/2(yk)

Q0(ζ ′, s′),

where

Q0(ζ ′, s′) = −
√

2
π

ξ(s′)ζ′∫
0

e−z
2/2 dz. (10.134)

The multidimensional Kramers’ problem of the escape of a Brownian particle
over a potential barrier in the overdamped regime, as described in Exercise 10.17,
is described by the Langevin-Smoluchowski-Kramers equation (10.118), which can
be written in dimensionless variables as (see Exercise 10.17)

ẋ+∇U(x) =
√

2ε ẇ, (10.135)

where U(x) is a potential that forms a well.
The well is the domain of attraction D of a local (or global) minimum point x0

of U(x); that is, the well is the locus of all points x such that the trajectory of the
dynamical system

ẋ = −∇U(x), x(0) = x (10.136)

converges to x0 as t → ∞. Thus x(t) 6∈ D for all t ≥ 0 if x 6∈ D. We assume
that the boundary ∂D of the domain of attraction contains a single saddle point xS ,
where U(xS) =
minx∈∂DU(x) (see figures 10.4–10.6).

The MFPT to ∂D for this case is given by (10.117), where ψ(x) = U(x) and
a(x) = −∇U(x) (see Exercise 10.16). The specialization of (10.133) to this case
gives

ψ(y) = U(y), K0(y) = 1, a0(yk) = − ∂2U(y)
∂ρ2

∣∣∣∣
y=yk

= ω2
d(yk)
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Figure 10.4. Potential well with a single saddle point on the boundary.

and

H1/2 (ψ(x0)) =
d∏
i=1

ωi(0), H1/2 (ψ(yk)) =
d−1∏
i=1

ωi(yk),

where ω2
i (0) are the (positive) eigenvalues of the Hessian matrix of U(y) at the

bottom of the well x0 and ω2
i (yk) are the d−1 positive eigenvalues of the (d−1)×

(d−1) Hessian at the saddle point yk and−ω2
d(yk) is the negative eigenvalue there.

For d = 1 (see (6.66)) the only one eigenvalue of the Hessian H is ω2
A andthere is

no saddle point, so H = 1, and ωd(yk) = ωC . Scaling γ into the MFPT, we see
that (10.133) reduces to (6.66).
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Figure 10.5. Equipotential contours of the potential in Figure 10.4.

Figure 10.6. The saddle point region in Figure 10.5. The boundary is the trajectory
that converges to the saddle point (on the x-axis). The unstable direction is the
x-axis, which is normal to the boundary.
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10.3 Activated escape in Langevin’s equation

In Kramers’ [140] model of the chemical dissociation reaction

AB
κ
⇀ A+B (10.137)

with rate κ, the molecule AB undergoes thermal collisions with the surrounding
medium and therefore the relative motion of the two bound components can be rep-
resented as a Brownian motion in a field of force. In the one-dimensional model
of the reaction the chemical bond is represented by a potential well of the (local)
form of Figure 8.1, in which the chemically bound state AB is the equilibrium
at the bottom of the well xA. The dissociation reaction consists in thermal acti-
vation of the molecule over the potential barrier at xC . As mentioned in Chapter
8, Kramers sought to determine the dependence of κ on temperature T and on the
viscosity (friction) γ, and to compare the values found with the results of transition
state theory, which recovers Arrhenius’ law [87]. He solved the problem under the
assumption that the activation energy EC (per unit mass) is much higher than the
thermal energy kBT/m in the Smoluchowski limit of large γ (see Section 8.1) and
in the underdamped limit (see Section 8.4).

Specifically, assuming

ε =
kBT

mEC
� 1,

the stochastic trajectories of eq. (8.1) in configuration space x(t) stay inside the well
for a long time, but ultimately escape. Kramers’ exit problem is to (i) find an explicit
asymptotic expression for the rate κ, as a function of ε and γ, valid for all γ > 0,
in the limit of small ε, and (ii) find the density of exit points on the (stochastic)
separatrix. Kramers solved (i) in the two limits γ → ∞ and γ → 0. The solution
to Kramers’ problems (i) and (ii) in the one-dimensional case of the Smoluchowski
limit is given in Sections 6.4.1 and 6.4.2 and Kramers’ result in the underdamped
limit is (8.89). The activated escape from a nonequilibrium steady-state (e.g., a
stable limit cycle) is given in Section 8.5.

The problem of a uniform approximation to κ for all values of γ remained un-
solved for over 40 years (see [100]). This section presents the solution of (i) and
(ii) in the phase plane and a uniform approximation to κ over the full range of the
friction coefficient γ.

10.3.1 The separatrix in phase space

We consider the escape of a Brownian particle in a field of force of a potential U(x),
from the domain of attraction D of the stable equilibrium point A (see Figure 10.7).
To describe the escape process the Langevin equation is converted to the phase plane
system

ẋ = y (10.138)

ẏ = − γy − U ′(x) +
√

2εγ ẇ.
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Figure 10.7. The domain of attractionD of the stable equilibrium pointA = (xA, 0)
in the phase plane (x, y) is bounded by the separatrix Γ. The saddle point is at
C = (xC , 0). The potential is U(x) = (x+ 1)2/2− (x+ 1)3/3.

The drift vector and the noise matrix of the stochastic system eq. (10.138), corre-
sponding to the Langevin equation (8.1) in the phase plane, are denoted

b(x, y) =
(
b1(x, y)
b2(x, y)

)
=
(

y
−γy − U ′(x)

)
σ(x, y) =

(
0 0
0

√
2εγ

)
. (10.139)

The pointA = (xA, 0) is an attractor, while the point C = (xC , 0) is a saddle point.
We assume for simplicity that xA < xC = 0, as in Figure 10.7. The domain of
attraction of the attractor and its boundary are denoted D and Γ, respectively. The
curve Γ is the separatrix of the noiseless dynamics and in the limit ε→ 0 it becomes
the stochastic separatrix. We denote by ωC =

√
−U ′′(xC) the imaginary frequency

at the top of the barrier. The energy at a phase plane point (x, y) is

E(x, y) =
y2

2
+ U(x)

and the depth of the potential well is EC = U(xC) − U(xA) (we assume, without
loss of generality, that U(xA) = 0). The critical energy contour in the phase plane
is E(x, y) = EC and is given explicitly by

y = yC(x) =
√

2(EC − U(x))

(see Figure 8.2).
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The separatrix Γ is given by y = yΓ(x), where yΓ(x) is the solution of the initial
value problem [169]

y′Γ(x) = −γ − U ′(x)
yΓ(x)

, yΓ(xC) = 0. (10.140)

Of the two solutions of eq. (10.140), yΓ(x) is the one with

y′Γ(xC) = −
γ +

√
γ2 + 4ω2

C

2
= −λ. (10.141)

The outer unit normal on Γ,

ν(x, yΓ(x)) =
(
ν1(x, yΓ(x))
ν2(x, yΓ(x))

)
,

is given by

ν(x, yΓ(x)) =
1√

[γyΓ(x) + U ′(x)]2 + y2
Γ(x)

(
γyΓ(x) + U ′(x)

yΓ(x)

)
. (10.142)

We denote by τ̄1(A) the MFPT from xA to the critical energy contour EC and by
τ̄2(EC) the MFPT from EC to the separatrix Γ.

10.3.2 Kramers’ exit problem at high and low friction

We assume that all variables are dimensionless and consider Kramers’ exit problem
in the domain E(x, y) < EC in the limit of small ε.

Theorem 10.3.1. The probability density function of terminal points on E = EC is
given by

Pr{(x(τ), y(τ)) ∈ (x+ dx, yC(x)) | ξ, η} ∼ yC(x) dx
IC

, (10.143)

for (ξ, η) such that E(ξ, η) < EC outside the boundary layer, where τ is the FPT
to EC and

IC =
∮
EC

yC(x) dx

is the action of the critical energy contour, and the MFPT is given by

τ̄1(A) ∼ 2πε
γICωA

e(EC−EA)/ε. (10.144)

Proof. To calculate τ̄1(A) and the density of exit points on EC , we use the general
“population over flux" expression τ̄ = N/F , given explicitly as

E [τ |x(0) = x] =

∫
D

pε (y | x) dy

∮
∂D

J (y | x) · ν(y) dSy
. (10.145)
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The probability density function p (x, y, | ξ, η) is the solution of the FPE for sub-
critical energies E(x, y), E(ξ, η) < EC

εγ
∂2p

∂y2
− y

∂p

∂x
+
∂[γy + U ′(x)]p

∂y
= − δ(x− ξ)δ(y − η) (10.146)

p (x, y | ξ, η) = 0 for E(ξ, η) < EC , E(x, y) = EC .

Writing

p (x, y | ξ, η) = e−E(x,y)/εq(x, y | ξ, η) (10.147)

converts (10.146) into the boundary value problem

L∗x,yq = εγ
∂2q

∂y2
+ y

∂q

∂x
− [γy + U ′(x)]

∂q

∂y
(10.148)

= − eE(ξ,η)/εδ(x− ξ)δ(y − η) for E(x, y), E(ξ, η) < EC

q(x, y | ξ, η) = 0 for E(ξ, η) < EC , E(x, y) = EC .

Note that the constant eE(ξ,η)/ε is arbitrary, because it cancels in eq. (10.145). For
small ε the solution q(x, y | ξ, η) is a boundary layer function that matches to 1 in
the interior of EC and vanishes on the (noncharacteristic) boundary EC . Therefore,
changing variables (x, y) → (x, ζ), where

ζ =
EC − E(x, y)

ε
,

writing q(x, y | ξ, η) = Q(x, ζ | ξ, η), and expanding Q = Q0 + εQ1 + · · · , we
find that Q0 is a function of z and obtain the leading-order boundary value problem

∂2Q0

∂ζ2
+
∂Q0

∂ζ
=0 for 0 < ζ <∞ (10.149)

Q0(0) = 0, lim
ζ→∞

Q0(ζ) = 1, (10.150)

whose solution is

Q0(ζ) = 1− e−ζ . (10.151)

Using the approximate solution

p (x, y, | ξ, η) ∼ e−E(x,y)/ε
(
1− e(E(x,y)−EC)/ε

)
in eq. (10.145), we obtain (10.143).

The MFPT is given by the asymptotic approximation

τ̄1(A) ∼

∫∫
E<EC

e−E/εdx dy

ε

∮
EC

e−E/εγ
∂Q0

∂y
dx

. (10.152)

Evaluating the integrals in (10.152) by the Laplace method, keeping in mind that
E = EC in the denominator, we obtain (10.144).
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10.3.3 The MFPT to the separatrix Γ

Note that if γ is not small relative to
√
ε, the contour E(x, y) = EC is outside

the boundary layer of q near Γ, except for points near the saddle point (xC , 0) (see
Section 10.3.5 below). It follows that q(x, yC(x) | ξ, η) ∼ 1 for E(ξ, η) < EC and
x away from xC . Under this assumption we have the following for small ε.

Theorem 10.3.2 (Kramers’ rate formula). If min(γ, 1) � ε, then the escape rate
is given by

κKramers =
1

2τ̄Γ(xA, 0)
, (10.153)

where

τ̄Γ(xA, 0) ∼ 2πωCe(EC−EA)/ε

ωA

[√
γ2 + 4ω2

C − γ
] . (10.154)

Proof. The MFPT τ̄Γ(x, y) is given by eq. (10.145) with p (x, y, | ξ, η) the solution
of the boundary value problem (10.146) inside the domain D, whose boundary is Γ;
that is,

εγ
∂2p

∂y2
− y

∂p

∂x
+
∂[γy + U ′(x)]p

∂y
= − δ(x− ξ)δ(y − η) for (x, y), (ξ, η) ∈ D

p (x, y | ξ, η) = 0 for (ξ, η) ∈ D, (x, y) = Γ. (10.155)

As above, writing (10.147) converts (10.155) into the backward boundary value
problem (10.148) in D. To construct the boundary layer , we change variables in
eq. (10.148) to local variables near Γ; that is, (x, y) → (x, ρ), where ρ(x, y) =
dist((x, y),Γ), and then we stretch ρ by setting ζ = ρ/

√
ε. Expanding

q(x, y | ξ, η) = Q0(x, ζ | ξ, η) +
√
εQ1(x, ζ | ξ, η) + · · · , (10.156)

we obtain the leading-order boundary layer equation

γ

(
∂ρ(x, 0)
∂y

)2
∂2Q0

∂ζ2
+ ζb0(x)

∂Q0

∂ζ
+ yΓ(x)

∂Q0

∂x
= 0 (10.157)

for ζ > 0, x < xC , where the separatrix Γ is given by y = yΓ(x), which is defined
in (10.140) and (10.141). Here we have used the representation of the flow vector
(10.139) in local coordinates as

b(x, y) = b0(x)
(
ρ+O

(
ρ2
))
ν + (b1(x) + o(1))t

near ρ = 0, where o(1) → 0 as ρ → 0, and ν, t are the unit normal and tangent at
Γ, respectively. As for (10.149), the boundary and matching conditions for (10.157)
are (10.150).
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To solve the boundary value problem (10.157), (10.150), we change variables
by defining µ = β(x)ζ, where β(x) is the solution of the Bernoulli equation

yΓ(x)β′(x) + b0(x)β(x) = γρ2
y(x, yΓ(x))β3(x), (10.158)

that satisfies the condition

β(xC) =
[

b0(xC)
γρ2(xC , 0)

]1/2
.

The functions b0(x) and ρ2
y(x, yΓ(x)) are, respectively, given by

b0(x) =
yΓ(x)U ′(x)[1− U ′′(x)]− γyΓ(x)U ′′(x)

y2
Γ(x) + [γyΓ(x) + U ′(x)]2

(10.159)

ρ2
y(x, yΓ(x)) =

y2
Γ(x)

y2
Γ(x) + [γyΓ(x) + U ′(x)]2

. (10.160)

Then (10.157) becomes

∂2Q0

∂µ2
+ µ

∂Q0

∂µ
+

yΓ(x)
γρ2

y(x, 0)β2(x)
∂Q0

∂x
= 0. (10.161)

Equation (10.161) is a backward degenerate parabolic equation, whose unique so-
lution is

Q0(x, µ) =
(

2
π

)1/2
µ∫

0

e−z
2/2dz = erf

(
ζ(x, y)β(x)√

2

)
. (10.162)

Using (10.162) in (10.156), then in (10.147), and finally in (10.145), we obtain
(10.154) from the Laplace expansions of the integrals. Equation (10.153) follows
from (10.46).

Exercise 10.20. (Kramers’ overdamped limit).

(i) Express the assumption of Theorem 10.3.2 in dimensional variables.

(ii) Show that for large γ Kramers’ (10.153) reduces to (6.68). 2

10.3.4 Uniform approximation to Kramers’ rate

Kramers’ formula (10.154) in Theorem 10.3.2 was proved under the assumption the
γ �

√
ε, whereas the proof of eq. (10.144) in Theorem 10.3.1 did not require this

assumption. Actually, yΓ(x) → yC(x) as γ → 0, so (10.144) is expected to become
the leading term in the expansion of the MFPT in Kramers’ exit problem in this
limit. However, the small ε and small γ expansions of the MFPT are not always
exchangeable. They are, however, in the large friction limit, where (10.153) with
(10.154) is asymptotically the same as (10.46) for γ � 2ωC . This, however, is not
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the case in the limit of small γ, because (10.153) with (10.154) converges to the
transition state theory result [87]

κTST =
ωA
2π

e−∆E/ε,

and the small γ rate (8.89) is

κunderdamped =
1
τ̄E

∼ γI(EB)ωW
2πε

e−(EB−EA)/ε, (10.163)

where (see (8.90))

τ̄E =
2πε

γI(EB)ωW
e(EB−EA)/ε, (10.164)

which is the same as the MFPT to the critical energy contour (10.144). Note that
in (8.90) and (8.89) the energy at the bottom of the well is EA = 0. Therefore a
uniform approximation to the escape rate is needed, valid for all γ (see [100]).

The saddle point contour E = EB is the same as the critical energy contour
E = EC . According to (4.81), the density of points on E = EC , calculated in eq.
(10.143), is Green’s function for the boundary value problem

L∗x,yu(x, y) = 0 for E(x, y) < EC

u(x, yC(x)) = f(x),

denoted G(x, yC(x) | ξ, η) (for E(ξ, η) < EC). Here L∗x,y is the backward Kol-
mogorov equation defined in (10.148). Writing τ̄Γ(x, y) for the MFPT from (x, y)
to Γ and τ̄C(x, y) for the MFPT to E(x, y) = EC , we have the following lemmas.

Lemma 10.3.1. The MFPT from a point (x, y) inside or on EC to Γ satisfies the
renewal equation

τ̄Γ(x, y) = τ̄C(x, y) +
∮

E=EC

G(x, y | ξ, η)τ̄Γ(ξ, η) dsξ,η. (10.165)

Proof. The identity follows from the fact that both sides of (10.165) satisfy the
equation L∗x,yu = −1 for E(x, y) < EC and coincide for E(x, y) = EC .

Corollary 10.3.1 (Uniform approximation to Kramers’ rate). A uniform approx-
imation to the thermal activation rate in Kramers’ model, valid for all γ > 0, is
given by

κuniform ≈
1

τ̄C(xA, 0) + 2τ̄Γ(EC)
, (10.166)

where

τ̄C(xA, 0) =
2πε

γI(EC)ωA
e(EC−EA)/ε, (10.167)

and

τ̄Γ(EC) ∼ 2πωCe(EC−EA)/ε

ωA

[√
γ2 + 4ω2

C − γ
] . (10.168)
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Proof. We note that the second term in (10.165),

τ̄Γ(EC) =
∮

E=EC

G(x, y | ξ, η)τ̄Γ(ξ, η) dsξ,η, (10.169)

is the mean time to go from E = EC to Γ. Thus eq. (10.165) means that the time to
go from (x, y) ∈ E < EC to Γ is the sum of the times to go from (x, y) to E = EC
and the mean time to go from E = EC to Γ. Because Γ is the stochastic separatrix,
trajectories that reach it return with probability 1

2 to E = EC before exiting the
domain. Approximating the time to reach Γ from E = EC by Kramers’ expression
(10.154)

τ̄Γ(ξ, η) ∼ 2πωCe(EC−EA)/ε

ωA

[√
γ2 + 4ω2

C − γ
] ,

which is valid for min(γ, 1) �
√
ε and ε � 1, we obtain a uniform approxima-

tion to the escape rate from the bottom of the well as (10.166), where τ̄C(xA, 0)
is obtained from (10.164) as (10.167) and τ̄Γ(EC) is approximated by (10.154) as
(10.168). For γ �

√
ε the first term τ̄C(xA, 0) in the denominator of (10.166)

is large whereas the second remains bounded, so that κuniform ≈ κunderdamped (see
(10.163)), but as γ increases, τ̄C(xA, 0) decreases and the second term τ̄Γ(EC) in-
creases and dominates the sum. Thus for γ �

√
ε the uniform rate κuniform reduces

to Kramers’ rate κKramers, given in (10.153) (see Figure 10.8).

10.3.5 The exit distribution on the separatrix

The specific exit problem for the phase plane system (10.138) is to determine the
probability density function (pdf) of the points where escaping trajectories hit Γ.

Theorem 10.3.3 (The exit density). The probability density function of exit points

on the separatrix is approximately Weibull
(
2,
√

2ε/(ω2
C + λ2)

)
and the most likely

exit point is (xM , yΓ(xM )), where

xM = xC −
√

ε

ω2
C + λ2

(
1 +O

(√
ε

ω2
C + λ2

))
,

and λ is given in (10.141).

Proof. The probability density function of exit points on the separatrix Γ is de-
termined from the solution of the stationary Fokker–Planck equation (FPE) in D
corresponding to the system (10.138), with a unit source at a point (x0, y0) ∈ D
and absorbing boundary condition on Γ. The FPE

−y ∂p
∂x

+
∂

∂y
[(γy + U ′(x)) p] + εγ

∂2p

∂y2
= −δ(x− x0)δ(y − y0) (10.170)
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Figure 10.8. Comparison of formulas for reaction rate κ as a function of γ, for the
potential U(x) = 3x2 − 2x3 with ε = 0.2. All rates are normalized by κTST. The
underdamped (dashed) rate is (10.163), Kramers’ rate (solid) is (10.153), and the
uniform approximation (dot-dashed) is (10.166).

can be written as the conservation law

∇ · J(x, y |x0, y0) = δ(x− x0)δ(y − y0), (10.171)

where

J(x, y |x0, y0) =

 ypε(x, y |x0, y0)

− [γy + U ′(x)] pε(x, y |x0, y0)− εγ
∂pε(x, y |x0, y0)

∂y

 .

The solution of (10.170) in D that satisfies the boundary condition

p|Γ = pε(x, yΓ(x)|x0, y0) = 0 (10.172)

has the flux density vector on Γ

J(x, yΓ(x) |x0, y0) =

 0

−εγ ∂pε(x, yΓ(x) |x0, y0)
∂y

 . (10.173)

The probability density function per unit arc length of the exit points on Γ is given
by

p̃Γ(s |x0, y0) ds = N−1J(x, yΓ(x) |x0, y0) · ν(x, yΓ(x)) ds (10.174)
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where the normalization constant is

N =
∮
Γ

J(x, y |x0, y0) · ν(x, y) ds. (10.175)

This probability density function can be converted to a probability density function
per unit x by the identities

p̃Γ(s |x0, y0) ds = −N−1εγ
∂pε(x, yΓ(x) |x0, y0)

∂y
ν2(x, yΓ(x)) ds

= −N−1εγ
∂pε(x, yΓ(x) |x0, y0)

∂y
dx

= pΓ(x |x0, y0) dx, (10.176)

and the normalization constant can be written as

N = −
∮
Γ

εγ
∂pε(x, yΓ(x) |x0, y0)

∂y
dx.

Thus the exit density per unit x, denoted above pΓ(x |x0, y0), is the y compo-
nent of the normalized flux density of the stationary probability density function
pε(x, y |x0, y0) on Γ.

Lemma 10.3.2. The solution of the FPE (10.170), up to a normalization factor, has
the asymptotic form

pε(x, y |x0, y0) = e−E(x,y)/εqε(x, y |x0, y0), (10.177)

where E(x, y) = y2/2 + U(x) and for (x, y) ∈ D, (x0, y0) ∈ D the function
qε(x, y |x0, y0) is the solution of the equation

− y
∂qε
∂x

+ (−γy + U ′(x))
∂qε
∂y

+ εγ
∂2qε
∂y2

(10.178)

= − eE(x,y)/εδ(x− x0)δ(y − y0)

with the boundary and matching conditions

qε(x, yΓ(x) |x0, y0) = 0, for (x0, y0) ∈ D (10.179)

lim
ε→0

q0(x, y |x0, y0) = 1 for (x, y) ∈ D, (x0, y0) ∈ D. (10.180)

Proof. When a solution of the form (10.177) is substituted into the FPE (10.170),
the resulting equation for qε(x, y |x0, y0) is (10.178). To satisfy the absorbing
boundary condition for the FPE the boundary condition for (10.178) has to be
(10.179). To determine the matching condition, we note that because the right-
hand side of eq. (10.178) can be written as δ(x− x0)δ(y − y0) exp{E(x0, y0)/ε},
the constant exp{E(x0, y0)/ε} is only a scaling factor for qε(x, y |x0, y0). Thus
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this constant can be replaced by an arbitrary nonzero constant that may depend on
ε. To simplify the calculations, we choose a constant C(ε) that is transcendentally
small in ε. This does not affect the evaluation of the exit density, because this con-
stant cancels out in the numerator and denominator of eq. (10.183) below. Thus, we
rescale qε(x, y |x0, y0) so that eq. (10.178) becomes

−y ∂qε
∂x

+(−γy + U ′(x))
∂qε
∂y

+ εγ
∂2qε
∂y2

= −C(ε)δ(x−x0)δ(y−y0). (10.181)

Keeping this in mind, we find that the outer expansion of qε(x, y |x0, y0),

qε(x, y |x0, y0) = q0(x, y |x0, y0) + εq1(x, y |x0, y0) + · · · , (10.182)

gives

−y ∂q0
∂x

+ (−γy + U ′(x))
∂q0
∂y

= 0.

This is a first-order partial differential equation whose characteristics converge to
the stable equilibrium point A = (xA, 0). Hence it follows that q0(x, y |x0, y0) =
const. Scaling constant C(ε) so that q0(x, y |x0, y0) = 1, we obtain (10.180).

Corollary 10.3.2. The exit probability density function can be written in terms of
the function qε(x, y |x0, y0) as

pΓ(x |x0, y0) dx (10.183)

=
exp
{
−E(x, yΓ(x))

ε

}
∂qε(x, yΓ(x) |x0, y0)

∂y
dx∮

Γ

exp
{
−E(x, yΓ(x))

ε

}
∂qε(x, yΓ(x) |x0, y0)

∂y
dx

.

Note that pΓ(x |x0, y0) in eq. (10.183) is independent of the scaling factor C(ε).

Lemma 10.3.3. Away from the saddle point C the noncharacteristic boundary
layer is given in terms of the variables x and ζ = ρ (x, y) /ε, where ρ (x, y) =
−dist {(x, y) ,Γ} for (x, y) ∈ D, is given by

qε(x, y |x0, y0) (10.184)

=1− exp
{
yΓ(x)ρx (x, yΓ(x)) + [γyΓ(x)− U ′ (x)] ρy (x, yΓ (x))

γρ2
y (x, yΓ (x))

ζ

}
(1 +O(ε)).

Proof. The boundary Γ is noncharacteristic for the boundary value problem eqs.
(10.178)–(10.180) in the sense that the drift vector

b̃(x, y) =
(

−y
−γy + U ′ (x)

)
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points into D at Γ. Specifically, away from the saddle point (0, 0), the normal
component of the drift vector is negative; that is,

b̃(x, yΓ(x)) · ν(x, yΓ(x)) =
−2y2

Γ (x) γ√
[−γyΓ(x) + U ′(x)]2 + y2

Γ(x)
< 0,

where ν (x, yΓ(x)) = ∇ρ (x, yΓ (x)). We write the boundary layer function in
terms of the noncharacteristic boundary layer variables x and ζ as qε (x, y |x0, y0) =
Q (x, ζ) , and, as remarked at the end of Section 10.3.2, we change the constant
eE(x0,y0)/ε by a transcendentally small constant C(ε). Then eq. (10.178) becomes

γρ2
y

ε
Qζζ + γρyyQζ − yQx −

yρx
ε
Qζ + [−γy + U ′ (x)]

ρy
ε
Qζ (10.185)

=C(ε)δ(x− x0)δ(y − y0).

Expanding
Q (x, ζ) = Q0 (x, ζ) + εQ1 (x, ζ) + · · · , (10.186)

we obtain the leading-order boundary layer equation

γρ2
y (x, yΓ (x))Q0

ζζ (x, ζ)− yΓ (x) ρx (x, yΓ (x))Q0
ζ (x, ζ) (10.187)

+ [−γyΓ (x) + U ′ (x)] ρy (x, yΓ (x))Q0
ζ (x, ζ) = 0.

Note that Qx(x, ζ) does not appear in eq. (10.187) so that x is a parameter in this
equation. The boundary condition (10.179) and matching condition (10.180) give

Q(x, 0) = 0, lim
ζ→−∞

Q(x, ζ) = 1. (10.188)

The solution of eq. (10.187) that satisfies the boundary and matching conditions eq.
(10.188) is given by

Q0 (x, ζ) (10.189)

=1− exp
{
yΓ(x)ρx (x, yΓ(x)) + [γyΓ(x)− U ′ (x)] ρy (x, yΓ (x))

γρ2
y (x, yΓ (x))

ζ

}
.

We denote

r(x) =
yΓ(x)ρx (x, yΓ(x)) + [γyΓ(x)− U ′(x)] ρy (x, yΓ(x))

γρ2
y(x, yΓ(x))

(10.190)

and note that r(x) > 0 for x < 0 so that the exponent is negative for negative ζ. In
particular, we use near the saddle point the linearized expressions

yΓ (x) ∼ −λx, ρx ∼
λ√

1 + λ2
, ρy ∼

1√
1 + λ2

, U ′ (x) ∼ −ω2
Cx. (10.191)
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Corollary 10.3.3. At a distance O(
√
ε) away from the saddle point the boundary

layer function is

Q0 (x, ζ) ∼ 1− exp
{
−2λ

√
1 + λ2xζ

}
. (10.192)

Lemma 10.3.4. In a
√
ε-neighborhood of the saddle point the boundary layer func-

tion has the asymptotic form

qε(x, y |x0, y0) = R0(ξ, η) + εR1(ξ, η) + · · · , (10.193)

where (ξ, η) = (x, ρ)/
√
ε are local variables,

R0(ξ, η) =

√
2
π

χ(ξ, η)∫
0

e−z
2/2 dz, (10.194)

and

χ =
∞∑
n=1

An(ξ)
n!

ηn.

The coefficients An(ξ) are determined recursively.

Proof. The noncharacteristic boundary layer expansion fails in the
√
ε neighbor-

hood of the saddle point, because limx→0 b (x, yΓ(x)) · ν(x, yΓ(x)) = 0. Specif-
ically, in this neighborhood the terms neglected in the powers series expansion eq.
(10.186) of the solution of eq. (10.185) are of the same order of magnitude as the
ones retained. Therefore a separate boundary layer analysis is required in this neigh-
borhood. This expansion has to resolve the singularity of the boundary layer equa-
tion (10.185) at the saddle point. To do so, we introduce in eq. (10.178) the stretched
variables (ξ, η) and expand the boundary layer function in the form (10.193). Then
the leading term in eq. (10.178) satisfies

∂2R0

∂η2
+ (aξ + bη)

∂R0

∂η
+ (cξ + dη)

∂R0

∂ξ
= 0, (10.195)

where

a =2λ2

√
(1 + λ2)
γ

, b =
−λ+ γ

γ
< 0

c =
λ

γ
(1 + λ2) > 0, d = −

√
(1 + λ2)
γ

< 0

and

λ =
γ +

√
γ2 + 4ω2

C

2
> 0.
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The domain D is mapped onto the third quadrant in the (ξ, η)-plane and the separa-
trix Γ is mapped onto the line η = 0, ξ < 0. The boundary and matching conditions
eq. (10.188) are now

R0(ξ, 0) = 0, lim
η→−∞

R0(ξ, η) = 1.

We seek a solution to eq. (10.195) in the form (10.194), where the function χ
satisfies the equation

∂2χ

∂η2
− χ

(
∂χ

∂η

)2

+ (aξ + bη)
∂χ

∂η
+ (cξ + dη)

∂χ

∂ξ
= 0 (10.196)

and the boundary and matching conditions

χ(ξ, 0) = 0, lim
η→−∞

χ(ξ, η) = ∞ for ξ < 0.

A power series solution of (10.196),

χ =
∞∑
n=1

An(ξ)
n!

ηn,

gives

∞∑
n=2

ηn−2 An(ξ)
(n− 2)!

−

( ∞∑
n=1

An(ξ)
n!

ηd

)( ∞∑
n=1

An(ξ)
(n− 1)!

ηn−1

)2

+(aξ + bη)
∞∑
n=1

An(ξ)
(n− 1)!

ηn−1 + (cξ + dη)
∞∑
n=1

ηd
A′n(ξ)
n!

= 0,

which leads to the hierarchy of equations

A2(ξ) + aξA1(ξ) = 0 (10.197)

A3(ξ)−A3
1(ξ) + bA1(ξ) + aξA2(ξ) + cξA′1(ξ) = 0, (10.198)

and so on. Substituting from eq. (8.92), we obtain eq. (10.198) in the form

A3(ξ)−A3
1(ξ) + bA1(ξ)− a2ξ2A1(ξ) + cξA′1(ξ) = 0. (10.199)

The function A3(ξ) is determined by matching the solution eq. (10.194) with the
boundary layer function Q0(x, ζ) in the matching region. In the matching region
we express the boundary layer function Q0(x, ζ) in terms of the variables (ξ, η) as

Q0(x, ζ) = 1−exp
{
−2λ

√
1 + λ2ξη

}
= 2λ

√
1 + λ2ξη+O((ξη)2) for small η.

On the other hand, we have

R0 =

√
2
π

{
χ+O(χ2)

}
=

√
2
π

∞∑
n=1

An(ξ)
n!

ηn +O(χ2).
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Matching 2λ
√

1 + λ2ξη + O((ξη)2) and
√

2/π
∑∞
n=1An(ξ)η

n/n! + O(χ2) as
functions, for small ξη, we find that A3(ξ) has to be chosen so that√

2
π
A1(ξ) =

r(
√
εξ)√
ε

. (10.200)

Expanding √
2
π
A1(ξ) =

r(
√
εξ)√
ε

= −2λ
√

1 + λ2ξ +O(ξ2), (10.201)

we see that this can be accomplished by choosing

A3(ξ) = A3
1(ξ) + a2ξ2A1(ξ)− (b+ c)A1(ξ), (10.202)

so that eq. (10.198) is reduced to

ξA′1(ξ)−A1(ξ) = 0,

hence eq. (10.201) follows.
This matching gives a leading-order approximation to χ(ξ, η) as a power series

in both ξ and η. In higher-order matching the coefficients in the boundary layer
equation have to be expanded as power series in ξ and η and the matching condition
in eq. (10.200) has to be satisfied at all orders.

Finally, the proof of Theorem 10.3.3 follows from the lemmas. The exit density
on Γ, as given in eq. (10.183), can be calculated from the boundary layer expansions
eqs. (10.189) and (10.194). The former gives outside the

√
ε-neighborhood of the

saddle point
∂p

∂y

∣∣∣∣
Γ

∼ −e−E/ε r(x)ρy(x, yΓ(x))
ε

,

and the latter gives inside this neighborhood

∂p

∂y

∣∣∣∣
Γ

∼ −e−E/ε2λ
√

1 + λ2
xρy(x, yΓ(x))

ε
, (10.203)

which match to leading order as functions in the matching region. It follows that the
leading-order approximation to the exit probability density function on Γ is given
by

pΓ(x) dx ∼
exp

{
−E(x, yΓ(x))

ε

}
r(x) dx∮

Γ

exp
{
−E(x, yΓ(x))

ε

}
r(x) dx

, (10.204)

where E(x, yΓ(x)) = 1
2y

2
Γ(x) + U(x) and r(x) is defined in eq. (10.190).
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Using (10.203) in (10.204) with the local linearization (10.191) gives the exit
density for x < 0 near the saddle point C = (0, 0) as

pΓ(x) ≈ −Nx exp
{
−
(
λ2x2

2ε
+
ω2
Cx

2

2ε

)}
, (10.205)

so the most likely exit point is

xM = −
√

ε

ω2
C + λ2

(
1 +O

(√
ε

ω2
C + λ2

))
,

where λ is given in (10.141). The most likely exit point is located at a distance
O(
√
ε) from the saddle point and the exit density on the separatrix is the distribution

Weibull
(
2,
√

2ε/(ω2
C + λ2)

)
, as asserted.

10.4 Annotations

The exit problem in the theory of stochastic differential equations concerns the es-
cape of the random trajectories of a dynamical system driven by noise from the
domain of attraction of the underlying noiseless dynamics [140], [154], [162], [82],
[27], [77], [172], [206], [100] (and references therein). Large deviations theory
[77], [54] predicts that in the limit of vanishing noise escapes are concentrated at
the absolute minima of an action functional on the separatrix (the boundary of the
domain of attraction of an attractor of the noiseless dynamics). However, it has
been observed in numerical simulations [213], [27], [118], [210] that for finite noise
strength this is not the case and actually, escaping trajectories avoid the absolute
minimum so that the escape distribution is spread on the separatrix away from the
points predicted by large deviations theory. Some analytical results concerning this
saddle point avoidance phenomenon were given in [213], [27], [52], [50], [51], [49],
[156], [155], [158], [157], [159], [160], and more recently in [216] and [217], where
the analytical results are also compared with results of simulations.

Kramers’ model of activated escape [140] has become a cornerstone in statistical
physics, with applications in many branches of science and mathematics. It has
important applications in diverse areas such as communications theory [27], [244],
stochastic stability of structures [118], [119], and even in the modern theory of
finance [249].

A vast literature on exit problems has been accumulated [100] and the problem
is still an active area of physical, chemical, biological, and mathematical research.
The problem of distribution of the exit points is related to the distribution of energies
of the escaping particles [172], [33], to the phenomenon of saddle point avoidance
elaborated by Berezhkovskii et al. (see the review [186] and references therein),
and to numerical simulations of escape problems (see, e.g., [26]). The problem of
determining the distribution of exit points has been studied in different contexts,
under various assumptions, and by a variety of methods, analytical, numerical, and
experimental in [213], [156], [155], [158], [157], [159], [160]. The classical result
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(10.144) was derived by Kramers [140] in the limit of small γ and in [169], for all
γ. The Bernoulli equation (10.158) was derived in [162].

The unexpected phenomenon of saddle point avoidance was first observed in
a class of noise-driven dynamical systems lacking detailed balance [27]. It was
observed that the exit points on the boundary of the domain of attraction of the at-
tractor of the noiseless dynamics is not necessarily peaked at the saddle point. This
phenomenon, not being related to anisotropy in the noise or the dynamics [186], is
counterintuitive and requires explanation. It was studied under a variety of assump-
tions in [52], [50], [51], [49], [156], [155], [158], [157], [159], [160], [186]. The
significance of the problem in models of electronic signal tracking devices, such
as RADAR, spread spectrum communications (as in cellular phones), and in vari-
ous synchronization devices, is that the determination of the exit distribution on the
boundary of the domain of attraction indicates where to tune the lock detector that
determines if the signal is lost and has to be acquired afresh.

The realization that the exit point on the separatrix in the classical Kramers
problem is not at the saddle point, even for large values of the damping coefficient,
came as a surprise. This phenomenon in the Kramers problem was first observed
in numerical simulations of the Langevin dynamics [118], [210] and was initially
interpreted as a numerical instability of the simulation scheme. The problem of
the asymptotic convergence of the boundary layer expansion of the exit problem is
discussed in [112], [113]. The convergence of the expansion (10.92) is discussed in
[114], [56].



Chapter 11

Stochastic Stability

The notion of stability in deterministic and stochastic systems is not the same. The
solution ξ(t) of a deterministic system of differential equations

ẋ = b(x, t) (11.1)

is stable if for any positive number ε there exist two numbers, δ > 0 and T , such
that for any solution x(t) of (11.1)

|x(t)− ξ(t)| < ε for t ≥ T,

whenever
|x(t0)− ξ(t0)| < δ (11.2)

for some t0 ≤ T . The solution ξ(t) is said to be asymptotically stable if it is stable
and, in addition,

lim
t→∞

|x(t)− ξ(t)| = 0 (11.3)

for any solution x(t) satisfying (11.2). If eq. (11.3) holds for all solutions of eq.
(11.1), then ξ(t) is said to be globally stable.

By setting
x(t) = ξ(t) + y(t),

and assuming that b(x, t) is smooth, we can reduce the problem of stability of ξ(t)
to that of the problem of stability of the solution y(t) = 0 for the system

ẏ = B(t)y +C(t,y), (11.4)

where

Bij(t) =
∂bi(x, t)
∂xj

∣∣∣∣
x=ξ(t)

and where C(t,y) = o(|y|) as |y| → 0. If the matrix B(t) is independent of t and
the eigenvalues ofB lie in the left half of the complex plane, the solution y(t) = 0
is asymptotically stable; hence ξ(t) is asymptotically stable for eq. (11.1).
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Consider the autonomous case that b(x, t) = b(x). Then a point x0 is called
a critical or equilibrium point of the system (11.1) if b(x0) = 0. In this case
ξ(t) = x0 is a solution of (11.1). If x0 is a critical point of (11.1), then B(t) in eq.
(11.4) is constant.

Another method for examining the stability of the critical point x0 = 0 is due
to Lyapunov.

Definition 11.0.1 (Lyapunov function). A function V (x) is called a Lyapunov
function for (11.1) at x0 = 0 if (i) V (x) is defined, continuous, and differentiable
in a neighborhood of 0; (ii) V (x) > 0 if x 6= 0 and V (0) = 0, and (iii) b(x) ·
∇V (x) ≤ 0 in a neighborhood of 0.

If the system (11.1) possesses a Lyapunov function, then x = 0 is a stable
solution, given that b(0) = 0. If

b(x) · ∇V (x) < 0

for all x 6= 0, then x = 0 is asymptotically stable. The stability of a linear system

ẋ = Ax

is determined by a Lyapunov equation, which is a quadratic form

V (x) = xTLx

with L a matrix that is a positive definite solution of the equation

ATL+LA = −Q,

whereQ is some positive definite matrix. Indeed,

Ax · ∇V (x) = xTLAx+ xTATLAx = −xTQx < 0

for x 6= 0.

Consider now a system of the form (11.1) with a globally asymptotically stable
critical point at x = 0. If the system is driven by an additive white noise,

dx = b(x) dt+ σ(x) dw, (11.5)

with positive definite σ(x), its mean first passage time out of any bounded domain
is finite. It follows that the trajectories of the stochastic system (11.5) diverge from
the origin to arbitrarily large distances with probability 1 in finite time, even if the
noise is arbitrarily small. Thus the question of stability of the critical point x = 0
for the stochastic system (11.5) is meaningful only if σ(0) = 0. There are several
different kinds of stochastic stability of the critical point x = 0.

Definition 11.0.2 (Stochastic stability). The origin is stochastically stable for (11.5)
if all trajectories that begin sufficiently close to the origin remain for all times in a
neighborhood of the origin with the exception of a set of trajectories of arbitrarily
small positive probability.
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This means that for any positive ε1 and ε2 there exists a positive number δ such that

Pr
{

sup
t>0

|x(t)| < ε1

}
> 1− ε2 (11.6)

if |x(0)| < δ, which means, in turn, that

lim
|x(0)|→0

Pr
{

sup
t>0

|x(t)| > ε

}
= 0.

Definition 11.0.3 (Asymptotic stochastic stability). If in addition to stochastic
stability

lim
|x(0)|→0

Pr
{

lim
t→∞

|x(t)| = 0
}

= 1,

then the origin is said to be asymptotically stable.

Definition 11.0.4 (Global asymptotic stochastic stability). If

Pr
{

lim
t→∞

|x(t)| = 0
}

= 1

for all x(0), the origin is globally asymptotically stable.

Example 11.1 (Stability of stochastic linear systems). Consider the stochastic
stability of the Itô system

dx = Ax dt+
n∑
i=1

Bix dwi, (11.7)

where wi are independent standard Brownian motions. If the equation

AZ +ZAT +
n∑
i=1

BiZB
T
i = −C (11.8)

has a symmetric positive definite solution Z for some symmetric positive definite
matrix C, then the function

V (x) =
1
2
〈Zx,x〉 (11.9)

is a Lyapunov function for the stochastic system (11.7) in the sense that it satisfies
conditions (i) and (ii) of Section 1.2 and

L∗V (x) ≤ −kV (x) (11.10)

for some positive constant k, where L∗ is the backward Kolmogorov operator,

L∗V (x) =
∑
i,j

Aijxj
∂V (x)
∂xi

+
∑

i,j,l,m,r

1
2
Biml xmBlrj x

r ∂
2V (x)
∂xi∂xj

, (11.11)
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corresponding to (11.7). The condition (11.10) is obtained by substituting (11.9) in
(11.11),

L∗V (x) = −〈Cx,x〉 . (11.12)

Because Z andC are positive definite matrices, there are positive constants, k1 and
k2, such that

k1 〈Zx,x〉 ≤ 〈Cx,x〉 ≤ k2 〈Zx,x〉 ,
therefore (11.10) follows from (11.12).

To show that (11.10) implies global asymptotic stability, we consider the prob-
ability of ever reaching the surface V (x) = VC , given that the initial condition is
on the surface V (x) = V , for arbitrary values of 0 < V < VC . Because the origin
is a critical point for the stochastic system (11.7), this probability is the limit of the
probability to reach the surface V (x) = VC before reaching the surface V (x) = δ
as δ → 0. The latter probability is the solution of the equation

L∗P = 0 (11.13)

for x such that δ < V (x) < VC with the boundary conditions

P = 1 for V (x) = VC ; P = 0 for V (x) = δ. (11.14)

Changing variables x 7→ (V,θ), where θ are variables on the surface V = const.,
we find that eq. (11.13) has the form

1
2

∑
i,j,l,m,r

Biml xmBlrj x
r ∂

2P

∂V 2
− 〈Cx,x〉 ∂P

∂V
+ t.d. = 0,

where t.d. denotes terms that contain derivatives with respect to θ. A solution that
depends only on V is found by averaging with respect to θ. The averaged equation
is then

B(V )P ′′(V )− C(V )P ′(V ) = 0, (11.15)

where B(V ) = O
(
V 2
)

and C(V ) = O(V ) for V → 0, and B(V ), C(V ) > 0. The
solution of (11.15) with the boundary conditions (11.14) is given by

P =

V∫
δ

exp


U∫

VC

C(T )
B(T )

dT

 dU

VC∫
δ

exp


U∫

VC

C(T )
B(T )

dT

 dU

.

Because the singularity of C(T )/B(T ) near T = 0 is of the order K/T , where K
is a positive constant, we have

exp


U∫

VC

C(T )
B(T )

dT

 = O
(
UK
)

for V → 0.
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It follows that the limit of P as δ → 0 exists and is given by

P (V ) =

V∫
0

exp


U∫

VC

C(T )
B(T )

dT

 dU

VC∫
0

exp


U∫

VC

C(T )
B(T )

dT

 dU

.

Thus P (V ) → 0 as V → 0 so that the probability of ever reaching the surface
V (x) = VC is arbitrarily small if the initial state is sufficiently close to the origin;
that is, condition (11.6) is satisfied and the origin is stable. 2

Exercise 11.1. (Global asymptotic stability).

(i) Show that the origin is globally asymptotically stable for the system (11.7) under
the given conditions.

(ii) Show that if the matrix C is negative definite, the origin is unstable for the
system (11.7) in the sense that V (x) becomes arbitrarily large in finite time and so
does x(t). 2

11.1 Stochastic stability of nonlinear oscillators

According to (11.5), a stochastically forced oscillator,

ẍ+ γẋg(x, ẋ) + U ′(x) = ξ(t), (11.16)

where ξ(t) is Gaussian white noise and U(x) is a potential that forms a well, is
unstable in the sense that its trajectories make arbitrarily large deviations in finite
time with probability 1. Thus, the question of stability of a noisy oscillator is rel-
evant only when the noise depends on the state of the oscillator in such a way that
the noise vanishes at the equilibrium state of the oscillator, or more generally, on
an attractor such as a limit cycle. This situation arises if the coefficients of the os-
cillator are noisy. For example, if a noisy vertical force is applied at the hinge of a
mathematical pendulum, the equation of motion in the absence of friction is given
by

ẍ+ k2 [1 + ξ(t)]x = 0, (11.17)

where ξ(t) is the applied force. Equation (11.17) also serves as a model of one-
dimensional wave propagation in random media, Schrödinger’s equation with a ran-
dom potential, and other models [6], [151], [119]. The noise vanishes at the equi-
librium point x = ẋ = 0 so that it cannot move the pendulum away from this state.
The question of stability of the equilibrium point is whether the random force will
drive the pendulum arbitrarily far away from equilibrium (in phase space), even if
the initial displacement from equilibrium is arbitrarily small.
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Equation (11.17) is a particular case of eq. (11.7),

d

dt

(
x
y

)
=
(

0 1
−k2 0

)(
x
y

)
+
(

0
k2

)
ẇ.

Lyapunov’s function for this case is the energy

V (x, y) =
k2x2

2
+
y2

2

and condition (11.12) becomes

L∗V = y
∂V

∂x
− k2x

∂V

∂y
+

1
2
k4x2 ∂

2V

∂y2
=

1
2
k4x2 > 0.

In this case the matrix C is

C = −
(
k2 0
0 0

)
,

and is semi-negative definite. This indicates that the equilibrium state of the para-
metrically excited pendulum may be unstable.

11.1.1 Underdamped pendulum with parametric noise

If a nonlinear oscillator contains parametric noise, its equation can still be written
in the form (11.16), but now ξ(t) depends on the state (x, ẋ). We assume that

ξ(t) =
√
γφ(x, ẋ)v(t), (11.18)

where φ(x, ẋ) is a smooth function and v(t) is a zero mean stationary Markov pro-
cess defined by the forward Kolmogorov equation

∂p̃

∂t
= Lp̃,

where p̃ denotes the transition pdf of v(t) (see examples below). The stationary pdf
Ψ0(v) of v(t) is the eigenfunction corresponding to the eigenvalue 0 of the forward
Kolmogorov operator

LΨ0(v) = 0, (11.19)

normalized by ∫
Ψ0(v) dv = 1. (11.20)

The zero mean assumption means that

Ev(t) =
∫
vΨ0(v) dv = 0, (11.21)
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and that the unique eigenfunction of the adjoint operator L∗, corresponding to the
zero eigenvalue, is constant; that is,

L∗1 = 0. (11.22)

Assumption (11.22) is satisfied, for example, when v(t) has a stationary distribution
independent of the initial conditions. The process (x, ẋ, v) is then Markovian and
can be described by its joint transition probability density

p (x, ẋ, v, x0, ẋ0, v0, t)
= Pr {x(t) = x, ẋ(t) = ẋ, v(t) = v |x(t0) = x0, ẋ(t0) = ẋ0, v(t0) = v0} .

The function p is the solution of the master equation (or forward Kolmogorov equa-
tion)

∂p

∂t
= −ẋ ∂p

∂x
+

∂

∂ẋ
[U ′(x) + γẋg(x, ẋ)−√γφ(x, ẋ)v] p+ Lp (11.23)

for t > t0 with the initial condition

p (x, ẋ, v, x0, ẋ0, v0, t) → δ(x− x0, ẋ− ẋ0, v − v0) as t→ t0.

The operator L acts on the variable v in general.

Example 11.2 (White and colored Gaussian noise). We consider two cases of
Gaussian noise driving the pendulum.

(i) v(t) = Gaussian white noise. In this case, the pair (x, ẋ) is Markovian, and
therefore the term−√γφ(x, ẋ)v is dropped from (11.23). The operator L in (11.23)
acts on the variable ẋ in the (Stratonovich ) form

Lp =
1
2
γ
∂

∂ẋ
φ(x, ẋ)

∂

∂ẋ
φ(x, ẋ)p.

(ii) v(t) = Ornstein–Uhlenbeck process (Gaussian colored noise). In this case the
operator L acts on v and has the form

Lp = −α ∂

∂v
(vp) + εα2 ∂

2

∂v2
p.

The process v(t) is defined by the stochastic differential equation

v̇(t) = −αv(t) +
√

2εα ẇ(t), (11.24)

where w(t) denotes Brownian motion. Sometimes it is more convenient to define
v(t) by

v̇(t) = −αv(t) +
√

2εα ẇ(t). (11.25)

Then (11.26) is replaced by

Lp = −α ∂

∂v
(vp) + εα

∂2

∂v2
p. (11.26)



406 11. Stochastic Stability

and
√
γ in (11.23) is replaced by

√
αγ. In this case Ψ0(v) = exp

{
−v2/2ε

}
.

The parameter α represents the bandwidth of the power spectral density Sv(ω) of
v(t), and ε represents the “intensity”, which is the spectral height of Sv(ω); that is,
Sv(0) = ε. As α→∞, v(t) →

√
2εẇ(t).

(iii) v(t) = Markov jump process. In this case the operator L acts on v and has the
form

Lp (11.27)

= − ∂

∂v
b(v)p+

∫
λ(v − u)w(u, v − u)p (x, ẋ, v − u, t) du− λ(v)p (x, ẋ, v).

The process v(t) is defined by the random dynamics

v(t+ ∆t) =
{
v(t) + b(v(t))∆t+ o(∆t) w.p. 1− λ(v)∆t+ o(∆t)
v(t) + b(v(t))∆t+ o(∆t) + ζ(t) w.p. λ(v)∆t+ o(∆t)

as ∆t→ 0, where ζ(t) is a random process, such that

Pr {ζ(t) = u | v(t) = v, v(t1) = v1, . . ., v(tn) = vn} = w(u | v)

for all t > t1 > · · · > tn. The function λ(v) is the jump rate, the function b(v) is
the deterministic drift of v(t), and w(u | v) is the jump size conditional density.

For dichotomic noise, that takes two values, a1 and a2, say, with rates λ1 and
λ2, respectively, we have

b(v) = 0, λ(v) = λi if v = ai (i = 1, 2) (11.28)

and

w(u | v) = δ(u− a1 − a2 + 2v). (11.29)

Thus, we can write eq. (11.27) in the form

Lp = λ(a1 + a2 − v)p (a1 + a2 − v)− λ(v)p (v). (11.30)

If we scale a1 → a1/ε and λi → λi/ε
2 (the so-called “white noise scaling”), then

the effect of v(t) on the oscillator in the limit ε → 0 becomes that of white noise,
as shown below.

The scaling (11.18) of the noise is assumed for convenience. It is further as-
sumed that the functions g(x, ẋ) and φ(x, ẋ) are independent of γ and that γ is
small relative to the other parameters of the problem. The latter include the height
of the potential barrier formed by U(x), the frequency of the unperturbed oscillator

ẍ+ U(x) = 0

at any energy level, the correlation time, the jump moments of the noise, and so on.
2
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11.1.2 The steady-state distribution of the noisy oscillator

The steady-state probability density function of fluctuations in (11.16) is the station-
ary solution of the Fokker–Planck equation (11.23). Under the assumption γ << 1,
we first derive an averaged form of (11.16) by the method of adiabatic elimination
of fast variables. We scale time by

t =
s

γ

and expand the solution of (11.16) in the asymptotic series

p ∼ p0 +
√
γp1 + γp2 + · · · . (11.31)

The leading-order equation is

L0p
0 = −ẋ∂p

0

∂x
+ U ′(x)

∂p0

∂ẋ
+ L0p

0 = 0. (11.32)

We consider the case when L acts on v alone. We then show that the integrable
solution of (11.32) is given by

p0(x, ẋ, v, s) = p0(E, s)Ψ0(v), (11.33)

where the energy E is given by

E =
ẋ2

2
+ U(x) (11.34)

and Ψ0(v) is the stationary pdf of v(t). Indeed, because L acts on v alone, we
can solve (11.32) by separation of variables. The first eigenvalue of the operator L
is zero, the other eigenvalues have negative real parts, and the first eigenfunction
is Ψ0(v) (see (11.19)). The eigenfunctions pi(x, ẋ, s)Ψi(v) of the problem thus
satisfy

LΨi = µiΨi, <eµi < 0 (i > 1), µ0 = 0

and consequently
L1pi = −µipi, (i = 0, 1, 2, . . .). (11.35)

For i = 0 the solution of (11.35) is a function of E and s, whereas for i > 1

pi = pi0e
−µit

on the characteristics
ẋ = −y, ẏ = U ′(x),

of (11.35), where pi0 is constant on each characteristic. It follows that pi is un-
bounded, unless pi0 = 0 for all i ≥ 1.

In addition, because the normalization condition (11.20) is satisfied, we must
have ∫

Ψi(v) dv = 0 for i > 1. (11.36)
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At the next order, we obtain

L0p
1 = v

∂
[
φ(x, ẋ)p0

]
∂ẋ

. (11.37)

The solvability condition for (11.37) is

1
T (E)

∮
E

∫
p∗v

∂

∂ẋ

[
φ(x, ẋ)p0

] dx
ẋ
dv = 0, (11.38)

where T (E) is the period of motion on the constant energy contour (11.34) and p∗

is any bounded eigenfunction of the adjoint equation

L∗0p
∗ = ẋ

∂p∗

∂x
− U ′(x)

∂p∗

∂ẋ
+ L∗ = 0. (11.39)

Again, separating variables, using (11.22), and arguing as above, we find that

p∗(x, ẋ, v, s) = p∗(E, s), (11.40)

so that, in view of (11.33) and (11.21), eq. (11.38) is satisfied. The solution of
(11.37) is constructed by expanding it in the eigenfunctions of L, as

p1 =
∞∑
n=0

bn(x, ẋ, s)Ψn(v) (11.41)

where for n = 0, 1, 2, . . .

L1bn(x, ẋ, s) + µnbn(x, ẋ, s) =
∂

∂ẋ

[
φ(x, ẋ)p0(E, s)

]
mn, (11.42)

and

vΨ0(v) =
∞∑
n=0

mnΨn(v). (11.43)

Now (11.21) and (11.36) imply that m0 = 0. Inasmuch as µ0 = 0

b0(x, ẋ, s) = b0(E, s) (11.44)

and for n > 1,

bn(x, ẋ, s) (11.45)

= −mne
µnF (x,E)

x∫
x1(E)

e−µnF (x,E) ∂

∂ẋ

[
φ(x̄, ẋ(x̄, E))p0(E, s)

] dx̄

ẋ(x̄, E)

with

F (x,E) =

x∫
x1(E)

dx̄

ẋ(x̄, E)
,
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where ẋ(x,E) is defined in (11.34) and x1(E) is a point such that

U(x1(E)) = E. (11.46)

At the next order in the expansion (11.31), we obtain

L0p
2 =

∂p∗

∂s
+ v

∂

∂ẋ

[
φ(x, ẋ)p1(E, s)

]
− ∂

∂ẋ

[
ẋg(x, ẋ)p0

]
. (11.47)

The solvability condition for (11.47) is given by

1
T (E)

∮
E

dx

ẋ

∫
dv

{
∂p0

∂s
+ v

∂

∂ẋ

[
φ(x, ẋ)p1 − ∂

∂ẋ

[
ẋg(x, ẋ)p0

]] dx
ẋ
dv

}
= 0.

Using (11.41), (11.43), and (11.45) in the above solvability condition, we obtain the
averaged equation for p0(E, s) as

T (E)
∂p0

∂s
=

∂

∂E
A(E)

∂p0

∂E
+

∂

∂E
[B(E) + C(E)] p0,

where

A(E) (11.48)

= lim
N→∞

1
N

NT (E)∫
0

t∫
0

ẋ(t)φ(x(t), ẋ(t))ẋ(t̄)φ(x(t̄), ẋ(t̄))
∞∑
n=1

eµn(t−t̄)Mndt̄ dt,

with Mn = mn

∫
vΨn(v) dv and

B(E) = lim
N→∞

1
N

NT (E)∫
0

t∫
0

ẋ(t)φ(x(t), ẋ(t))φx(x(t̄), ẋ(t̄))
∞∑
n=1

eµn(t−t̄)Mndt̄ dt

C(E) =
∮
E

ẋg(x, ẋ) dx. (11.49)

Here, x(t) is the solution of (11.16), and the dependence of x(t) and ẋ(t) on E is
given by (11.34). We have used the fact that on the trajectory (11.34), the function
F (x,E) represents time.

Two limits are of particular interest. The white noise limit in Example 11.2(iii)
is obtained by scaling v(t) → v(t)/ε and λ(v) → λ(v)/ε2 and letting ε→ 0. Then

µn →
µn
ε2
, Mn →

Mn

ε2
,

and

A(E) →D

∮
E

ẋ2φ2(x, ẋ) dx as ε→ 0 (11.50)

B(E) → 1
2
D

∮
E

ẋφx dx as ε→ 0,

with D = −
∑
nMn/µn and C(E) given in (11.49).
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Example 11.3. (Random telegraph and colored noise).

(i) The dichotomic noise (or random telegraph process) defined in (11.28)–(11.30)
leads to µn = 0, µ1 = −(λ1 + λ2),

Ψ0(v) =
λ(a1 + a2 − v)

λ1 + λ2
[δ(v − a1) + δ(v − a2)] (11.51)

Ψ1(v) = δ(v − a1)− δ(v − a2) (11.52)

m0 =
∫
vΨ0(v) dv = λ1a1 + λ2a2 = 0 (11.53)

m1 =
a1λ2

λ1 + λ2
(11.54)

M1 =m1

∫
vΨ1(v) dv =

(a1 − a2)a1λ2

λ1 + λ2
= −a1a2, (11.55)

by (11.32), and D = −a1a2/(λ1 + λ2) (see [126]).
The shot noise limit in the dichotomic noise example is obtained by scaling

a1 → a1/ε, λ1 → λ1/ε. As ε → 0 equations (11.49)–(11.50) hold with D =
−a1a2/lambda1.
(ii) The white noise limit in the colored noise (Ornstein–Uhlenbeck) example, de-
fined in (11.25)–(11.26), is obtained by letting the bandwidth α → ∞. In this case
µ1 = −α, M1 = εα, Mn = 0, n > 1 (the eigenfunctions are Hermite functions),
and D = ε (see [36], [124]). 2

11.1.3 First passage times and stability

Assume that in the absence of noise the nonlinear oscillator

ẍ+ γẋg(x, ẋ) + U ′(x) = 0

has a stable steady-state solution whose domain of attraction in phase space is de-
noted D. If γ is small, D is approximately given by

DE = {(x, ẋ) | E < EC}

for some value EC of the energy E. We denote by τ̃ the first passage time of the
energy E to the level EC

τ̃ = inf
{
t

∣∣∣∣ ẋ2(t)
2

+ U(x(t)) = EC

}
and by τ(x, ẋ) its conditional mean

τ(x, ẋ) = E [τ̃ |x(0) = x, ẋ(0) = ẋ] .

If τ(x, ẋ) is finite, then τ̃ is finite with probability one. That is, the energy of the
oscillator reaches the critical value EC in finite time with probability one.
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Example 11.4 (Damped pendulum with random vertical force applied at the
hinge). A linear damped oscillator with random vertical force applied at the hinge
is described by the dynamics

ẍ+ γẋ+ ω2
[
1 +

√
2εγv(t)

]
x = 0, (11.56)

where v(t) is a stationary noise, as described in the previous section. If the energy
of the pendulum exceeds a given critical level (above the initial energy), the deflec-
tion angle will take values that exceed a preset critical deflection (above the initial
deflection angle). It follows that the pendulum absorbs energy from the noise and
becomes unstable. If the pendulum is at equilibrium (x = ẋ = 0), no amount of
noise will affect the deflection angle. Therefore the mean time to reach a critical
energy level, starting with zero energy, is infinite, and the probability of ever reach-
ing this level is zero. If the initial energy of the pendulum is not zero, it may absorb
energy from the applied noise at a rate higher (lower) than the rate at which energy
is dissipated and thus be unstable (stable). Thus τ < ∞ implies instability of the
oscillator. On the other hand, τ = ∞ is insufficient, in general, to ascertain stabil-
ity, because cases are known in which τ = ∞, but Pr {τ̃ <∞} = 1. This is the
case, for example, of the first passage time to the origin of a Brownian motion. The
function τ(x, ẋ) is the solution of the boundary value problem

L∗τ = −1 for E < EC , τ = 0 for E = EC , (11.57)

whenever τ is finite. If the noise does not vanish at the steady-state, then τ is
finite for all E < EC , and (11.57) has a unique bounded solution. If, however, the
noise vanishes at the steady-state (e.g., equilibrium point or limit cycle), a trajectory
that starts at the steady-state will never leave, so that τ is infinite at the steady-
state, which implies that (11.57) may have a singularity at the steady-state. Such a
singular solution may exist whether or not the steady-state is stable. We consider
this case next. The (averaged) equation for the leading term τ0 in the expansion

τ ∼ τ0

γ
+

τ1

√
τ

+ τ2 + · · ·

is given by (see (11.48)–(11.49))

d

dE
A(E)

dτ0

dE
− [B(E) + C(E)]

dτ0

dE
= −T (E) (11.58)

because τ0 is a function of E only, as described above. One boundary condition for
τ0 is

τ0(EC) = 0. (11.59)

The boundary conditions for (11.58) that determine a unique solution, depend on
whether the noise vanishes at the steady-state. If the noise does not vanish there, the
condition (11.59) together with

τ0(0) <∞
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(we assume E = 0 is the steady-state) determine τ0(E) uniquely from (11.58). In
contrast, if the noise vanishes at the steady-state, then

τ0(0) = ∞. (11.60)

Condition (11.60) cannot serve as a second boundary condition, because it does
not determine τ0(E) uniquely from (11.58) and (11.59). The question of boundary
conditions for this exit problem is related to the nature of the boundary behavior of
the diffusion process E(t), according to Feller’s classification [72], [117]. 2

To discuss this situation, we consider the special case where x = ẋ = 0 is
a stable equilibrium of (11.56) and φ(0, 0) = 0. Then, although (11.58)–(11.60)
hold, they are insufficient for the determination of the finiteness of τ0(E) for 0 <
E < EC . Therefore, we consider the probability of ever reaching EC , starting at
0 < E < EC . The function

p0(E) = Pr {τ̃ <∞|E(t = 0) = E}

is the solution of the equation

d

dE
A(E)

dp0

dE
− [B(E) + C(E)]

dp0

dE
= 0 (11.61)

with
p0(EC) = 1, p0(0) = 0, (11.62)

(because Pr {τ̃ = ∞|E(t = 0) = 0} = 1). The solution of (11.61), (11.62) is
given by

p0(E) = lim
δ→0

[
1− q(E)

q(δ)

]
,

where

q(E) =

EC∫
E

exp


Ẽ∫

EC

B(z) + C(z)
A(z)

 dz
dẼ

A(Ẽ)
.

We now describe the stability criterion in terms of the Feller-type function q(E).
If limδ→0 q(δ) < ∞, then p0(E) < 1 and the oscillator is stochastically stable,
because limE→0 p

0(E) = 0 or, for every ε1, ε2 > 0 there exists δ > 0 such that
if the initial energy satisfies 0 < E < δ, then Pr {supt>0E(t) > ε1 |E} < ε2.
If, however, limδ→0 q(δ) = ∞, then p0(E) = 1, so the oscillator’s energy reaches
the value EC (which may be chosen arbitrarily) in finite time with probability 1,
starting at any positive energy. Then the oscillator is stochastically unstable. The
mean time to reach EC is then given by

τ(E) ∼ τ0(E)
γ

,

where τ0(E) is the limit as δ → 0 of the solution of (11.58) in δ < E < EC with
τ0(δ) = τ0(EC) = 0, if the limit exists.
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Example 11.5 (Continuation of Example 11.4). Consider the linear oscillator
(11.56) in Example 11.4 with

U(x) =
ω2x2

2
, φ(x, ẋ) =

√
εU ′(x), g(x, ẋ) = 1

and with v(t) a Gaussian white noise. The noise vanishes at the equilibrium point
x = ẋ = 0, because U ′(0) = 0. The function x(t) is given by

x(t) =
√

2E
ω

cosωt, T (E) =
2π
ω

and

A(E)
T (E)

=
εE2ω2

2

∞∑
n=1

<e
−Mn

µn + 2ωi
= DE2

B(E)
T (E)

= 0,
C(E)
T (E)

= 0.

The equilibrium point is stochastically stable if D < 1, because

q(δ) =
1

EC(1−D)

[
1−

(
δ

EC

)(1−D)/D
]
.

The probability of ever reaching EC , given an initial energy EC , is given by

p0(E) =
(
E

EC

)(1−D)/D

.

If D > 1, the equilibrium point is stochastically unstable, because limδ→0 q(δ) =
∞. In this case τ̃ is finite for all E > 0, and the leading term in its expansion is
given by

τ0(E) =
1

D − 1
log

EC
E
. (11.63)

Note that limE→0 τ
0(E) = ∞. Indeed, there may be many solutions of (11.58)–

(11.60). The correct solution (11.63) is chosen by considering the problem on δ <
E < EC , and then letting δ → 0. Separate analysis shows that in the case D = 1
the pendulum is stochastically unstable; that is, p0(E) = 1, although τ0(E) = ∞
for all E. 2

Example 11.6 (Explicit calculation of the stability criterion). We now calculate
the parameter D, which determines the stability criterion for two types of noise. If
the noise is the Ornstein–Uhlenbeck process (colored noise) described by (11.25),
(11.26), we obtain

D =
εα2ω2

2 (α2 + 4ω2)
. (11.64)



414 11. Stochastic Stability

If the noise is dichotomic, as described by (11.28)–(11.30), we obtain (see (11.51)–
(11.55))

D =
−εω2 (λ1 + λ2) a1a2

2
[
(λ1 + λ2)

2 + 4ωh2
] .

The white noise result is obtained by taking the limit α→∞ in (11.64).
The stability criterionD < 1 can be understood as follows. The criterionD < 1

expresses the fact that the rate at which the oscillator dissipates energy is higher than
the rate it absorbs energy from the noise, because D in (11.64) is proportional to the
noise-to-friction ratio ε. It follows that the oscillator loses energy and remains near
the equilibrium state [202], [6], [151], [119]. 2

Example 11.7 (A nonlinear noisy oscillator). Consider the nonlinear noisy oscil-
lator

ẍ+ γẋ|ẋ|m−1 + x|x|n−2
[
1 +

√
2εγv(t)

]
= 0, (11.65)

where m ≥ 0, n > 0, and v(t) is Gaussian white noise. Note that m = 0 corre-
sponds to Coulomb friction. The energy is given by

E =
ẋ2

2
+
|x|n

n
, (11.66)

hence
x = C0E

1/nΨ(E1/2−1/nt), (11.67)

where C0 is some constant and Ψ(t) is a periodic function. It follows that

A(E)
T (E)

= C1E
3−2/n,

B(E)
T (E)

= 0,
C(E)
T (E)

= C2E
(m+1)/2,

where C1 and C2 are positive constants. Thus, limδ→0 q(δ) = ∞ (<∞) if

m+
4
n
> 3 (< 3),

so the oscillator is stochastically unstable (stable). The case

m+
4
n

= 3,

which holds for linear oscillators, requires separate analysis. The stochastic stability
of the oscillator then depends on the coefficients, as described above in the linear
case. 2

Example 11.8 (Growth rate in the unstable case). The growth rate of the random
trajectories in the unstable case

m+
4
n
> 3
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is related to the dependence of τ̃ on EC for large EC . The solution of (11.58) with
(11.59) and with the appropriate conditions is given by

τ0(E) = K

EC∫
E

x−5/2+1/nex
ζ

x∫
0

s1/n−1/2e−x
ζ

ds dx,

where K is a constant and

ζ = −5
2

+
m

2
+

2
n
.

If ζ ≤ 0, then, for 0 < n < 2,

τ0(E) ∼ const.E
−1+2/n
C for EC >> 1;

if n = 2, then

τ0(E) ∼ const. logEC ; (11.68)

if n > 2, then

τ0(E) ∼ const.
(
E−1+2/n − E

−1+2/n
C

)
; (11.69)

that is, the random trajectory blows up in finite time with probability one. Note
that in (11.68) the Lyapunov exponent vanishes so that the stability criterion based
on the Lyapunov exponent is inconclusive. In contrast, the exponent in (11.69) is
positive. For ζ > 0,

τ0(E) ∼ c1e
c2E

ζ
CE

−6+m/2+3/n
C ,

where c1 and c2 are constants. 2

Exercise 11.2. (A nonlinearizable oscillator).

(i) Consider the nonlinearizable oscillator

ẍ+ γẋ|ẋ|m−1 + x|x|n−2 +
√
γ|x|α|ẋ|βv(t) = 0, (11.70)

with m ≥ 0, α, β, n ≥ 0, and v(t) a random process satisfying the above assump-
tions. Use the energy (11.66) and the deterministic trajectories (11.67) to obtain the
non-dimensional equation for Ψ,

(Ψ′)2 +
|Ψ|n

n
= 1,

whose solution is a periodic function of some period T , independent ofE. Conclude
that the period of x(t) at energy E is

T (E) = TE−1/2+1/n.
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Show that

A(E)
T (E)

= − 2E2(α+1)/n+β
∞∑
k=0

Mk

∞∑
j=1

µk|aj |2T 2

j2 + T 2µkE2/n−1

B(E)
T (E)

= 2E(2α+1)/n+β−1/2
∞∑
k=0

Mk

∞∑
j=1

<e

[(
ij

T
− µkE

−1/2+1/n

)
ājbj

]
j2

T 2
+ µ2

kE
−1+2/n

C(E)
T (E)

= const.× E(m+1)/2,

where aj and bj are the Fourier coefficients of the functions

|Ψ(t)|α|Ψ′(t)|β+1sgn Ψ′(t)

and
|Ψ(t)|α|Ψ′(t)|β−1sgn Ψ′(t),

respectively, and the bar denotes complex conjugation. Obtain the following stabil-
ity criteria:
(1) If 0 < n < 2, then for

m+ 1
2

− 2(α+ 1)
n

− β + 1 < 0 (11.71)

the oscillator is stable. If the inequality is reversed, the oscillator is stable if

−2(α+ 1)
n

− β +
1
2
− 1
n

+ c1 > −1,

and is unstable otherwise. Here c1 is given by

c1 =
∞∑
j=1

ajbj
j2

∞∑
k=1

|ak|2

k2

under the assumption that aj and bj are real.
(2) If n > 2, then for

m+ 1
2

− 2δ
n
− β < 0

the oscillator is stable if

2α+ 1
n

+ β +
1
2
− c2 < 1,

and unstable otherwise. Here c2 is given by

c2 =
∞∑
j=1

ajbj

∞∑
k=1

|ak|2.
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(3) The case n = 2 corresponds to a harmonic potential. In this case, the above
conditions hold with c2 replaced by c3, given by

c3 =
∞∑
j=1

∞∑
k=1

Mkµkajbj
j2 + T 2µk

∞∑
j=1

∞∑
k=1

Mkµka
2
j

j2 + T 2µk

(ii) The nonlinear pendulum with noise applied at the hinge, described by (11.70),
corresponds to β = 0, α = n− 1, so that B(E) = 0. Show that if v(t) is Gaussian
white noise with diffusion coefficient D, then the stability condition is

m+
4
n
< 3,

as above. The linear case corresponds to m = 1, n = 2, whereas the case of
Coulomb friction corresponds to m = 0. Note that the stability condition for har-
monic potentials depends on the noise, but the conditions in (i) and (ii) do not. The
latter is the case of the undamped linear oscillator.

(iii) Show that for white, colored, shot, and finite state noise, all the series that
appear in calculation are convergent [125]. 2

11.2 Stabilization with oscillations and noise

It was shown in the previous section that a large class of noisy parametric perturba-
tions destabilizes deterministically stable systems if there is insufficient damping.
There is, however, a class of noisy parametric perturbations that may stabilize a
deterministically unstable systems, such as the inverted pendulum.

11.2.1 Stabilization by high-frequency noise

We consider a class of dynamical systems of the form

dx

dt
= X0(x) +

1√
ε
X1

(
x, ξ1

(
t

ε

))
+

1
ε
X2

(
x, ξ2

(
t

ε

))
, (11.72)

where

x ∈ Rn
, X0 : Rn → Rn

, ξi ∈ Rmi

Xi : Rn ×Rmi → Rn
, i = 1, 2, 0 < ε << 1.

Here X0(x) represents the deterministic unperturbed dynamics and the processes
(1/

√
ε)X1 (x, ξ1 (t/ε)) and (1/ε)X2 (x, ξ2 (t/ε)) are intended to model wide-

band and high-frequency (state-dependent) perturbations, respectively. We assume
that for each fixed x ∈ Rn

the vector (1/
√
ε)X1 (x, ξ1 (t/ε)) is a stationary er-

godic wideband random process and the vector process (1/ε)X2 (x, ξ2 (t/ε)) is
either a stationary ergodic high-frequency random process; that is, a process whose
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power spectral density vanishes, at least quadratically, at the origin, or an almost
periodic function. We assume that for each x ∈ Rn

, we have

EXi

(
x, ξi

(
t

ε

))
= 0, i = 1, 2. (11.73)

Although (11.73) holds for each fixed x ∈ Rn
, there may be nonzero correlation

between the state x(t) and the processes ξi (τ) , (i = 1, 2) in eq. (11.72). This
would imply, in particular, that even ifX0(x) = Ax,

dEx(t)
dt

6= X0

(
Ex(t)

)
and therefore, the averaging would not reveal the deterministic counterpart of the
stochastic system.

In the limit ε → 0 the system is asymptotically averaged and the correlations
become apparent. The stability properties of the averaged system can be elucidated
through a correlation-free form of the limiting diffusion.

11.2.2 The generating equation

First, we reduce the system (11.72) to a form suitable for asymptotic analysis by
introducing the generating equation [13]

dx

dτ
= X2 (x, ξ2 (τ)) , τ =

t

ε
. (11.74)

We assume that eq. (11.74) has a unique solution,

x(τ) = h(τ,x0), (11.75)

defined for every initial condition x0 ∈ Rn
for all τ ≥ 0. We assume furthermore

thatX2 (x, ξ2 (τ)) is differentiable with respect to x. Now, we use the substitution

x(t) = h(τ,y(t)) (11.76)

in eq. (11.72) and obtain the standard form

dy(t)
dt

= Y 0

(
y,
t

ε

)
+

1√
ε
Y 1

(
y,
t

ε
, ξ1

(
t

ε

))
, (11.77)

where for i = 0, 1 and ξ0 = 0

Y i

(
y,
t

ε
, ξi

(
t

ε

))
=
[
∂h

∂y

(
t

ε
,y

)]−1

Xi

(
h

(
t

ε
,y

)
, ξi

(
t

ε

))
. (11.78)

We make the following assumptions about the functionsXi and the noise processes
ξi (τ): the functions Xi are smooth with respect to x and continuous with respect
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to ξi and furthermore, the functions X0,X1, and h satisfy the following condi-
tions. There exists a constant C > 0, independent of τ and ξi(τ), such that for all
x ∈ Rn

(i) |X1(x, ξ1)|+ |h(τ,x)| ≤ C(1 + |x|).

(ii)

∣∣∣∣∂X0(x)
∂x

∣∣∣∣+ ∣∣∣∣∂Xi(x, ξi)
∂x

∣∣∣∣+ ∣∣∣∣∂h(τ,x)
∂x

∣∣∣∣ ≤ C.

(iii) Higher-order derivatives with respect to x of h andXi (i = 0, 1), are bounded
by powers of |x| uniformly in τ and ξ1.

(iv) ξ1(τ) and ξ2(τ) are independent processes.

(v) ξ1(τ) is an ergodic stationary diffusion process, whose transition PDF,P (t, ξ |η)
converges to a stationary PDF P (ξ) so that the recurrent potential kernel

Q(ξ |η) =

∞∫
0

[P (t, ξ |η)− P (ξ)] dt

exists and maps smooth bounded functions of ξ into themselves [23].

(vi) The function h(τ,x) satisfies the ergodicity condition

lim
T→∞

1
T

T∫
0

h(t,x0) dt = h̄(x0), for all x0 ∈ Rn
,

where h̄ : Rn → Rn
is a deterministic function.

11.2.3 The correlation-free equation

To determine the limiting behavior of the solution of eq. (11.72), x(t), we determine
first the limiting behavior of the solution of eq. (11.77), y(t), and then we use eq.
(11.76) to return to x(t).

For each fixed x0, the function h(τ,x0), defined in eqs. (11.74), (11.75), is a
stochastic process whose trajectories are determined by the trajectories of the noise
ξ2(τ). If we condition eq. (11.77) on a given trajectory of h(τ,x0), the conditional
process (y(t), ξ1 (τ)) is a diffusion process on Rn×Rm1 , because ξ1 (τ) and ξ2(τ)
are independent. Its conditional transition pdf,

p (t,y, ξ1) = p (t,y, ξ1|h(s, ·), 0 ≤ s <∞),

satisfies the backward and forward Kolmogorov (Fokker–Planck) equations. We
assume that p (t,y, ξ1) is a function of slow and fast times t and τ = t/ε and write
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the backward Kolmogorov equation in the form

Lp =
∂p

∂t
+

1
ε

∂p

∂τ
+

n∑
i=1

(
Y i0 +

1√
ε
Y i1

)
∂p

∂yi
+

1
ε
Kp (11.79)

=
∂p

∂t
+ Y 0 · ∇yp+

1√
ε
Y 1 · ∇yp+

1
ε

(
∂p

∂τ
+Kp

)
= 0,

where K is the differential generator of the process ξ1 (τ). Next, we derive an
averaged equation for y by expanding p (t,y, ξ1) in powers of

√
ε. Rewriting eq.

(11.79) in the obvious operator notation

Lp = L0p+
1√
ε
L1p+

1
ε
L2p = 0

and expanding
p ∼ p0 +

√
εp1 + εp2 + · · ·, (11.80)

gives at order 1/ε

L2p0 =
∂p0

∂τ
+Kp0 = 0. (11.81)

It follows from the ergodicity of ξ1 that the only bounded solution of eq. (11.81) is
constant with respect to τ and ξ1. Thus

p0 = p0(y, t). (11.82)

At order 1/
√
ε, we obtain

L2p1 = −L1p0 = −Y 1 · ∇yp0. (11.83)

The solvability condition for eq. (11.83) is that

lim
T→∞

1
T

T∫
0

L1p0(y, t) dt = 0. (11.84)

Assuming that the limit

lim
T→∞

1
T

T∫
0

E [Y 1 (y, τ, ξ1 (τ))] dτ = 0

exists, uniformly in y, we obtain (11.84). The solution of (11.83) is given by

p1 = −L−1
2 Y 1 · ∇yp0.

The operator L−1
2 can be expressed in terms of the pdf P (t, ξ |η) [23]. At order 1,

we obtain

L2p2 = −∂p0

∂t
−Y 0(y, τ) ·∇yp0−Y 1(y, τ, ξ1(τ)) ·∇yL−1

2 Y 1 ·∇yp0. (11.85)
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The solvability condition for eq. (11.85) gives the equation

∂p0(y, t)
∂t

+ Ȳ 0(y)∇yp0(y, t) +
n∑

i,j=1

aij(y)
∂2p0(y, t)
∂yi∂yj

, (11.86)

where

Ȳ 0(y) = lim
T→∞

1
T

T∫
0

E [Y 0(y, τ)] dτ

+ lim
T→∞

1
T

T∫
0

E

Y 1(y, τ, ξ1(τ)) · ∇y

τ∫
0

Y 1(y, σ, ξ1(σ)) dσ

 dτ
aij(y) = lim

T→∞

1
T

T∫
0

E

Y 1(y, τ, ξ1(τ)) ·
τ∫

0

Y 1(y, σ, ξ1(σ)) dσ

 dτ. (11.87)

It follows that y(t) converges weakly to a diffusion process ȳ(t) whose evolution is
governed by the backward Kolmogorov equation (11.86) with coefficients defined
by (11.87). The process x(t) converges weakly to a process x̄(t) defined by x̄(t) =
h(τ, ȳ(t)).

11.2.4 The stability of (11.72)

Assume that x = 0 is a critical point for the system (11.72). Then y = 0 is a critical
point for the averaged dynamics

dy = Ȳ 0(y) dt+ Ȳ 1(y) dw, (11.88)

where Ȳ 1(y) is a matrix such that Ȳ 1(y)Ȳ T
1 (y) = A(y) withA(y) =

{
aij(y)

}n
i,j

and w(t) is m-dimensional Brownian motion.
The stability of the critical point of the averaged system (11.88) is inherited by

that of the original system (11.72). Indeed, by assumption X2(x, ξ2) is a smooth
function ofx and, thus, so is h(τ,y). Furthermore, by assumption, |∂h(τ,x)/∂x| ≤
C, and higher-order derivatives of h(τ,x) are bounded by powers of |x|. Therefore,

|h(τ,y1)− h(τ,y2)| ≤ C |y1 − y2|+ o (|y1 − y2|)

as |y1 − y2| → 0, uniformly in τ . This means that

|x1(t)− x2(t)| ≤ C |y1(t)− y2(t)|+ o (|y1(t)− y2(t)|) .

Example 11.9 (Damped harmonic oscillator with high-frequency parametric
noise). Consider the damped harmonic oscillator with random high-frequency force
applied at the hinge,

ẍ+ γẋ+
[
ω2 + ξ(t)

]
x = 0, (11.89)

where
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ξ(t) =
1√
ε
F

(
ξ1

(
t

ε

))
+

1
ε
ξ2

(
t

ε

)
,

ξ1(τ) is a one-dimensional Ornstein–Uhlenbeck process, dξ1 = −ξ1 dτ + dw and
F : R → (a, b) (a bounded interval) such that E [F (ξ1)] = 0; the process ξ2(τ) is
any locally integrable, stationary, ergodic, high-frequency process whose integral,
η(τ) =

∫ τ
0
ξ2(σ) dσ, is also a stationary, ergodic, and bounded process.

The generating equation (11.74) for the oscillator (11.89) is

ẋ1 = 0, ẋ2 =
1
ε
ξ2

(
t

ε

)
x1

and the substitution (11.74) becomes

x1 = y1, x2 = η(τ)y1 + y2.

The phase space equation becomes

ẏ1 = y2 + η

(
t

ε

)
y1 (11.90)

ẏ2 =−
[
2γ + η

(
t

ε

)]
y2−

[
ω2 + η2

(
t

ε

)
− 2γη

(
t

ε

)
+

1√
ε
F

(
ξ1

(
t

ε

))]
y1.

The averaged equation corresponding to (11.89) is

d

dt
ȳ1 = ȳ2,

d

dt
ȳ2 = −2γȳ2 −

(
ω2 + α2

)
ȳ1 + σȳ1ẇ, (11.91)

where ẇ is standard Gaussian white noise, α2 is the variance of η(τ),

α2 = lim
T→∞

1
T

T∫
0

η2(τ) dτ,

and

σ2 =

∞∫
−∞

E [F (ξ2(s))F (ξ2(0))] ds =

∞∫
−∞

R(s) ds.

The differential generator of the averaged diffusion process (11.91) is

L̄ = ȳ2
∂

∂ȳ1
−
[
2γȳ2 +

(
ω2 + α2

)
ȳ1
] ∂

∂ȳ2
+
σ2

2
ȳ2
1

∂2

∂ȳ2
2

.

To analyze the stability properties of (11.91) and, therefore, of (11.90) and (11.89)
for sufficiently small ε, we construct a Lyapunov function by solving the equation

L̄V (ȳ) = −(c1ȳ2
1 + c2ȳ

2
2), c1, c2 > 0
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in the form of a quadratic function

V (ȳ) = m11ȳ
2
1 + 2m12ȳ1ȳ2 +m22ȳ

2
2 . (11.92)

A simple calculation shows that the quadratic form (11.92) is positive definite for all
ci > 0 (i = 1, 2) if and only if 2

(
ω2 + α2

)
γ > sigma2/2. Writing this condition

as

4γ >
σ2

ω2 + α2
, (11.93)

we observe that wideband noise (large σ2) requires a large damping coefficient γ to
stabilize the oscillator, whereas high-frequency noise (large α2) reduces the bound
(11.93) on γ. We conclude that the wideband noise destabilizes (11.89) and the
high-frequency noise is stabilizing, because (11.93) is a necessary condition for
stability of (11.89). 2

Example 11.10 (Inverted pendulum). An interesting special case is obtained if
ω2 is replaced by −ω2 in (11.89), which corresponds to an inverted pendulum. The
stability condition (11.93) becomes

4γ >
σ2

−ω2 + α2

and can be satisfied if α2 is sufficiently large. This explains why a broomstick can
be stabilized on a fingertip by juggling it up and down at high-frequency. Note that
if the only driving force at the hinge is (α/ε)sin(t/ε), and if no damping is present
(γ = 0), the averaged dynamics (11.91) becomes

d

dt
ȳ1 = ȳ2,

d

dt
ȳ2 = −

(
ω2 + α2

)
ȳ1 = −Ω2ȳ1,

so that even if ω2 is replaced by −ω2, the oscillator stays stable, if α2 is chosen
sufficiently large. In this case,

x ∼ ȳ1 = A cos(Ωt+ φ) +O(
√
ε)

ẋ ∼ η(τ)ȳ1 + ȳ2 = −α cos
(
t

ε

)
A cos(Ωt+ φ)−AΩ sin(Ωt+ φ);

that is, the inverted pendulum oscillates with frequency Ω =
√
α2 − ω2 with small

fast vibrations about this slow motion. 2

Example 11.11 (Convergence to the Ornstein–Uhlenbeck process). Consider the
linear system

ẋ1 = −x1 +
1√
ε
F

(
ξ1

(
t

ε

))
, ẋ2 = −2x2 +

1
ε

sin
(
t

ε

)
x1, (11.94)

where F (ξ1 (t/ε)) is a wideband process as in Example 11.9. The generating equa-
tion for (11.94) is

ẋ1 = 0, ẋ2 =
1
ε

sin
(
t

ε

)
x1
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and the substitution (11.76) is

x1 = y1, x2 = −(cos τ)y1 + y2.

The system in standard form is

ẏ1 = − y1 +
1√
ε
F

(
ξ1

(
t

ε

))
(11.95)

ẏ2 = − 2y2 + cos
(
t

ε

)
y1 +

1√
ε
F

(
ξ1

(
t

ε

))
cos
(
t

ε

)
and the averaged system is

d

dt
ȳ1 = −ȳ1 + σẇ1,

d

dt
ȳ2 = −2ȳ2 +

σ√
2
ẇ2, (11.96)

where ẇ1 and ẇ2 are independent white noise processes. The noise process ẇ2

is obtained as the limit of the modulated wideband process (1/
√
ε)F (ξ1 (t/ε)) as

ε→ 0. Obviously, (σ/
√

2)ẇ2 is the generalized diffusion correction.
The limiting system (11.96) is a pair of ergodic, independent, Ornstein–Uhlenbeck

processes. Hence, it has a unique stationary distribution and y(t) and ȳ(t) are close
in distribution for ε sufficiently small and all t ≥ 0. Furthermore, it follows that the
solution of (11.94) is close in distribution to

x1 = ȳ1, x2 = − cos
(
t

ε

)
ȳ1 + ȳ2

for ε sufficiently small and all t ≥ 0. 2

Example 11.12 (Convergence to the Rayleigh oscillator). Consider the Rayleigh
equation with parametric oscillations and forcing

ẍ+ µ

(
ẋ3

3
− ẋ

)
+
[
1 +

1√
ε
F

(
ξ1

(
t

ε

))]
x =

1
ε
ξ2

(
t

ε

)
, (11.97)

or equivalently, the system

ẋ1 =x2 (11.98)

ẋ2 = − µ

(
x3

2

3
− x2

)
−
[
1 +

1√
ε
F

(
ξ1

(
t

ε

))]
x1 +

1
ε
ξ2

(
t

ε

)
.

We assume that F (ξ1) and ξ2 satisfy the assumptions of Example 11.9. The change
of coordinates for (11.98) is

x1 = y1, x2 = y2 + η(τ)

and the equation in standard form is

ẏ1 = y2 + η(τ) (11.99)

ẏ2 = − µ

(
y2 + η

(
t

ε

))3

3
−
(
y2 + η

(
t

ε

))
−
[
1 +

1√
ε
F

(
ξ1

(
t

ε

))]
y1.
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The averaged equation corresponding to (11.99) is

d

dt
ȳ1 = ȳ2,

d

dt
ȳ2 = −µ

(
ȳ3
2

3
+ (α2 − 1)ȳ2

)
− ȳ1 + σȳ1ẇ. (11.100)

The systems (11.99) and (11.100) have an equilibrium point at (0, 0). To investigate
the stability properties of (11.99) in a neighborhood of zero, we linearize (11.100)
around (0, 0). The resulting linear system is

d

dt
z1 = z2,

d

dt
z2 = −µ(α2 − 1)z2 − z1 + σz1ẇ. (11.101)

A simple calculation shows that (11.101) is uniformly, stochastically exponentially
stable if

α2 > 1 +
σ2

2µ
. (11.102)

Therefore it is asymptotically stable in a neighborhood of the origin if ε is suffi-
ciently small and if (11.102) holds. Finally, because x1 = y1 and x2 = y2 +η (t/ε),
we conclude that if (11.102) is satisfied, then (11.98) has an asymptotically stable
ergodic solution. Thus, the high-frequency oscillations in (11.97) have resulted in a
transition of the unstable equilibrium point (0, 0) of the system

ẍ+ µ

(
ẋ3

3
− ẋ

)
+
[
1 +

1√
ε
F

(
ξ1

(
t

ε

))]
x = 0

into an asymptotically stable ergodic solution. 2

11.3 Stability of columns with noisy loads

A thin elastic structure, forced at one end by a noisy load, can represent a tall build-
ing or a drilling tower in an earthquake, a thin long rocket pushed by a jet engine,
a high-pressure ruptured water pipe in a nuclear reactor or power station, and many
other situations. The structure tends to absorb energy from the random load and be-
come unstable, whereas internal or external dissipation mechanisms tend to check
its oscillations. Stability criteria are needed for safe design of such structures.

Elasticity theory describes structures with any degree of rigidity by partial dif-
ferential equations with fourth order spatial derivatives. The addition of noisy loads
leads to partial differential equations, which are stochastic in time and fourth order
in displacement. Rather than developing a theory of stochastic partial differential
equations, we convert the problem into an N -dimensional system of Itô stochastic
differential equations by approximating the structure with a series of multiple pen-
dulums, whose energy distribution converges to that of the elastic structure. Stability
criteria are established for the Itô equations by the mathematical methods developed
in the previous chapters and are evaluated in the limit N →∞.
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Figure 11.1. The angle of the load P (t) is ηϕ relative to vertical; that of the tangent
line at the end of the deflected column is ϕ.

11.3.1 A thin column with a noisy load

Consider an elastic prismatic column built in at one end and loaded at the other. Let
l be the length of the column, ϕ be the angle between the tangent at the end of the
column and the vertical direction, P (t) be the magnitude of the load, and ηϕ be the
angle between its direction and the vertical direction.

Assume the magnitude of the load is constant; that is, P (t) = P0. Then, for
η = 0 (vertical load) the system is an Euler column. It can be described by a
potential, because it is conservative. In this case, the Euler buckling load is given
by [252]

PE =
π2α

4l2
, (11.103)

where α is the flexural rigidity of the column. For η = 1 (follower load), the system
is no longer conservative and the buckling load is given by

PB = 2.031
π2α

l2
.

Assume that the loading force P (t) contains small random fluctuations of im-
pulsive Poisson type (shot noise) or of white noise type. Thus, the random load is
given by

P (t) = P0 [1 + εv(t)] , (11.104)
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where P0 is the mean load. Assume further that the process v(t) is either a standard
Gaussian white noise whose autocorrelation function is

〈v(t+ s)v(t)〉 = bδ(s) (11.105)

and ε is a small parameter, which measures the noise intensity, or v(t) is shot noise,
which takes values ±1 with probability 1

2 at exponential waiting times.
In the case of the vertically loaded (Euler) column (i.e., η = 0) and in the

absence of damping, linear elasticity theory describes the system by a parametrically
excited fourth-order partial differential equation

α
∂4W

∂x4
+ P (t)

∂2W

∂x2
+ µ

∂2W

∂t2
= 0, (11.106)

where x is the coordinate along the column, W (x, t) is the transversal deflection
of the column from its equilibrium position, µ is the density, and α is the flexural
rigidity.

In the presence of damping, the system is described by

α
∂4W

∂x4
+ P (t)

∂2W

∂x2
+ µ

∂2W

∂t2
= F (W ), (11.107)

where F (W ) is a linear damping force. In the case of Newtonian damping, (e.g.,
external or internal friction) F (W ) = −γWt; that is, the damping force is propor-
tional to the local velocity of the column. Another example of internal damping is
the Kelvin–Voigt model, F (W ) = −γWxxt; that is, the damping force is propor-
tional to the linearized rate of change in local curvature.

We assume the column is clamped at x = 0, so that the boundary condition at
the built-in end is given by

W (0, t) = Wx(0, t) = 0 (11.108)

and at the loaded end, x = l, is given by

Wxx(l, t) = αWxxx(l, t) + P (t)Wx(l, t) = 0. (11.109)

A column with a follower load (η = 1) is described by eqs. (11.106)–(11.108)
with the boundary condition (11.109) replaced by

Wxx(l, t) = Wxxx(l, t) = 0. (11.110)

In the absence of damping and fluctuating forces (ε = 0 in eq. (11.106)), the
vertically loaded column conserves energy. However, if ε > 0 the column absorbs
energy from the random load, so the energy of the column may reach any level in
finite time with high probability, as indicated by the example of the parametrically
excited pendulum.

The stochastic stability and reliability of a structure containing the column as a
component is measured by the time required by the energy of the column to reach a
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given critical value EC . This level is determined by the performance specification
of the structure, and can be sufficiently low to make the linear elasticity model
(11.106)–(11.108) a valid description of the column. The domain of reliability of a
vertically loaded column is defined as

D = {W (x, t) |E(t) < EC} , (11.111)

where E(t) is the energy of the column with deflection W (x, t) and EC is a critical
energy. The first time the energy of the system reaches the level EC is defined by

τ = inf {t |E(t) = EC} . (11.112)

We define the index of reliability as the conditional expectation of τ , given an initial
energy E0 of the system. Thus

τ̄ = E[τ |E(0) = EC ]. (11.113)

For nonconservative systems the energy is replaced by an energy-like functional Ẽ,
which is positive definite and is constant on trajectories of the deterministic system.
In this case D, τ, and τ̄ are defined as in eqs. (11.111)–(11.113), but with Ẽ replac-
ing E.

Example 11.13 (Pendulum with vertical random force applied at the hinge).
The simplest analogue of a vertically loaded column is a pendulum with vertical
random force applied at the hinge, as described in Example 11.5. The example
shows that the undamped pendulum is stochastically unstable for a large class of
noises and that the underdamped pendulum is stable if the noise-to-friction ratio
ε∗ is below a threshold value and that the pendulum is unstable otherwise. More
specifically, writing the noise intensity parameter in the form

√
γε∗, the stability

criterion for white noise (see (11.105)) is ε∗ < 4/b.
In this case, the probability that the energy exceedsEC by time t, given an initial

energy E0, is given by [139]

p (EC , t |E0) ∼
{

1− exp
[
− (a1 − a2)t

4γa1

]}(
E0

EC

)(a1−a2)/2a1

,

where

a1 =
ε∗b

16
, a2 = −1

2
+

3ε∗b
16

.

Otherwise, τ̄ is finite and is given by

τ̄ =
1

2γ(a2 − a1)
log
(
EC
E0

)
,

so the pendulum is unstable. 2
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11.3.2 The double pendulum

The next approximation to an elastic column is a double pendulum that consists of
two rigid bars of length l/2, connected by two elastic hinges [252], [254], [225].
Figure 11.2 shows the straight and deflected pendulum. The mass of the bottom bar
is concentrated at distance γ1L and that of the top bar at γ2L from the hinge. The
angle between the bottom bar and the vertical direction is θ1, that of the top bar is θ2,
and that of the load is θ3 = ηθ2. The spring constants at the hinges are C1 and C2.
The masses of the bars, mi, (i = 1, 2), are concentrated at distances γil (i = 1, 2)
from the hinges, respectively, the spring constants at the hinges are Ci (i = 1, 2),
θi are the angles between the bars and the vertical direction, P0 is the magnitude of
the load, and ηθ1 is the angle between its direction and the vertical direction.

Consider the vertically loaded double pendulum (η = 0). For a constant load
P = P0 the system is conservative and its potential energy is given by

V =
1
2
[
C1θ

2
1 + C2(θ2 − θ1)2

]
− P0l(θ21 + θ22)

4
(11.114)

and the kinetic energy is given by

T =
l2

2

[
m1γ

2
1 θ̇

2
1 +m2

(
1
2
θ̇1 + γ2θ̇2

)2
]
. (11.115)

The system is stable as long as (11.114) is positive definite; that is, as long as

P0l

C2
< 2 + ξ −

√
4 + ξ, (11.116)

where ξ = C1/C2. This condition is independent of the ratio of the masses and
of their locations on the bars. The only stable equilibrium point of the system is
θi = θ̇i = 0, (i = 1, 2). When P0 does not satisfy (11.116) the system has positive
eigenvalues and it buckles.

Can noisy subcritical loads destabilize (buckle) the double pendulum To answer
this question, we assume that P is given by (11.104), where P0 satisfies (11.116).
In the absence of damping the equations of motion of the system are given by

M

(
θ̈1
θ̈2

)
+ (C +D)

(
θ1
θ2

)
+
√
εv(t)D

(
θ1
θ2

)
= 0, (11.117)
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Figure 11.2. The straight and deflected pendulum.

where

M =

 (
m1γ

2
1 +m2/4

)
l2 m2γ2l

2/2

m2γ2l
2/2 m2γ2l

2

 (11.118)

C =

 C1 + C2 −C2

−C2 C2

 (11.119)

D =
P0l

2

(
−1 0

0 −1

)
. (11.120)

The damping forces in a linear model are represented by a term

−γR
(
θ̇1
θ̇2

)
,

where R is a positive definite matrix, and γ is a damping coefficient. In case of
external dampingR can be chosen as

R =
M

µ
,

where
µ =

m1 +m2

l
.

If the external damping is proportional to the rate of change of local curvature, R
can be chosen as

R =
(

2 −1
−1 1

)
.
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Thus, the noisy, damped double pendulum is described by the system

M

(
θ̈1
θ̈2

)
+γR

(
θ̇1
θ̇2

)
+(C+D)

(
θ1
θ2

)
+εv(t)D

(
θ1
θ2

)
= 0. (11.121)

First, we consider the undamped pendulum. Setting

X = (θ1, θ2, θ̇1, θ̇2)T , w(t) = (w1(t), w2(t), w3(t), w3(t))T , (11.122)

where w(t) is a vector of independent Brownian motions, we get

dX = AX dt+
√
εB dw, (11.123)

with

A =

 0 I

−K(C +D) 0

 , B =


0 0 0 0
0 0 0 0
B31 0 0 0
B41 0 0 0

 , K = M−1,

(11.124)

where

B31 =
P0l

2
(K11X1 +K12X2) , B41 =

P0l

2
(K21X1 +K22X2) . (11.125)

The reduced system of (11.123) (ε = 0) is given by

dX = AX dt (11.126)

and conserves energy. However, the system (11.123) absorbs energy from the noisy
load and reaches any energy level in finite time with probability 1. The energy of
the system (11.126) is the energy of the averaged system (11.123) and is given by

E =
1
2

[
m1l

2γ2
1X

2
3 +m2l

2(X3 +X4)2 + C1X
2
1 + C2(X2 −X1)2

− 1
2
P0l(X2

1 +X2
2 )
]
. (11.127)

The surfaces containing the trajectories of (11.126) are four-dimensional ellipsoids
in phase space. Setting

D = {X |E(X) < EC} (11.128)

to be the domain of reliability of (11.123) and setting

τ = inf {t |E(X(t)) = EC} , τ̄(X) = E[τ |X(0) = X], (11.129)

τ̄(X) is the index of reliability, given that the system (11.123) starts at X . It is the
solution of the boundary value problem

1
2
ε2L1τ̄(X) +AX · ∇τ̄(X) = −1 in D, τ̄(X) = 0 on ∂D, (11.130)
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where

L1 =
(
P0l

2

)2 [
(K11X1 +K12X2)

2 ∂2

∂X2
3

+ (K11X1 +K12X2) (11.131)

× (K21X1 +K22X2)
∂2

∂X3∂X4
+ (K21X1 +K22X2)

2 ∂2

∂X2
4

]
.

To solve (11.130), we set

τ̄(X) =
τ̄0(X)
ε2

+ τ̄1(X) + ε2τ̄2(X) + · · · (11.132)

in (11.130) and compare the coefficients of 1/ε2 to zero, obtaining

AX · ∇τ̄0(X) = 0. (11.133)

Therefore τ̄0(X) is constant on all the trajectories of (11.126); that is, τ̄0(X) is
constant on surfaces of constant energy and hence it is a function of E,

τ̄0(X) = τ̄0(E). (11.134)

At the next order, we get

1
2
L1τ̄0(X) +AX · ∇τ̄1(X) = −1. (11.135)

The integrability condition for (11.134) is

lim
T→∞

1
T

T∫
0

L1τ̄0(E) dt = −1 in D. (11.136)

Obviously,
τ̄0(EC) = 0 (11.137)

and
τ̄0(0) = ∞. (11.138)

The condition (11.138) is due to the fact that a system that starts at its equilibrium
state stays there forever.

To solve (11.136)–(11.138), we change to spherical coordinates (r, ϕ, η,Ψ),
where

r =
√

E

EC
< 1. (11.139)

From (11.134) we have that
τ̄0(E) = T0(r), (11.140)

so that T0 is the solution of the boundary value problem〈
4∑

i,j=3

aij
∂r

∂Xi

∂r

∂Xj

〉
T ′′0 (r) +

〈
4∑

i,j=3

aij
∂2r

∂Xi∂Xj

〉
T ′0(r) = −2 (11.141)
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for 0 < r < 1,
T0(1) = 0, T0(0) = ∞, (11.142)

where

a33 =
(
P0l

2

)2

(K11X1 +K12X2)
2

a34 = a43 =
(
P0l

2

)2

(K11X1 +K12X2) (K21X1 +K22X2) (11.143)

a44 =
(
P0l

2

)2

(K21X1 +K22X2)
2
.

The averaging of the coefficients in (11.141) is done over all trajectories of constant
energy. Thus, the coefficients are averaged over the surface E = const. We obtain

a1(r)T ′′0 (r) + a2(r)T ′0(r) = −1 for 0 < r < 1, (11.144)

where

a1(r) =
1

2π2

π∫
0

π∫
0

2π∫
0

4∑
i,j=3

aij
∂r

∂Xi

∂r

∂Xj
sin θ sin2 Ψ dϕ dθ dΨ (11.145)

a2(r) =
1

2π2

π∫
0

π∫
0

2π∫
0

4∑
i,j=3

aij
∂2r

∂Xi∂Xj
sin θ sin2 Ψ dϕ dθ dΨ.

Evaluation of (11.145) yields

a1(r) = a1r
2, a2(r) = a1r, (11.146)

where, for i = 1, 2,

ai =
(
P0l

2

)2

bi

[
m1l

2γ2
1

N1
(K11 cos δ +K12 sin δ)2 (11.147)

+
m2l

2

N1

(
1
2
K11 cos δ +

1
2
K12 sin δ + γ2K21 cos δ + γ2K22 sin δ

)2

+
m1l

2γ2
1

N2
(−K11 sin δ +K12 cos δ)2

+
m2l

2

N2
(−K11 sin δ +K12 cos δ − γ2K21 sin δ + γ2K22 sin δ)2

]
,

with

b1 =
1
24
, b2 =

5
24

N1 =C2 −
P0l

2
+
C1

2
+
h

2
, N2 = C2 −

P0l

2
+
C1

2
− h

2
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and

sin δ =

√
h− C1

2h
, cos δ =

√
h+ C1

2h
, h =

√
C2

2 + 4C2
2 .

It is obvious from (11.147) that a2/a1 = 5.Using (11.146) and (11.147) in (11.144),
we get

a1r
2T ′′0 (r) + a2rT

′
0(r) = −2 for 0 < r < 1. (11.148)

The boundary conditions (11.142) do not define a unique solution, because

T0(r) =
2

a1 − a2
log r + k(1− r1−a2/a1) (11.149)

is a solution of (11.148), satisfying the boundary conditions (11.142) for any con-
stant k. It can be shown, as above, that k must be zero. We conclude that the MFPT
from E to EC is finite and given by

τ̄ ∼ 1
ε2 (a2 − a1)

log

√
EC
E
, (11.150)

where a1 and a2 are defined in (11.147). Thus, the undamped vertically loaded
double pendulum is unstable under fluctuating random loads of impulsive or white
type.

11.3.3 The damped vertically loaded double pendulum

For small values of the damping coefficient γ we scale the noise intensity by ε2 =
γε∗, as in the Langevin equation. The equations of motion (11.121) are given by

M

(
θ̈1
θ̈2

)
+ γR

(
θ̇1
θ̇2

)
+ (C +D)

(
θ1
θ2

)
+
√
γε∗v(t)D

(
θ1
θ2

)
= 0, (11.151)

where M ,C, and D satisfy (11.118)–(11.120) and R is a positive definite matrix,
as described in the previous section. Keeping the notation for X and w(t), we get

dX = AX dt− γGX dt+
√
γε∗B dw(t), (11.152)

whereA andB satisfy (11.124), (11.125), and

G =
(

0 0
0 KR

)
. (11.153)

Following the procedure of the previous section, we see that τ̄ is the solution of
the boundary value problem

1
2
ε2L1τ̄(X)− γL2τ̄(X) +AX · ∇τ̄(X) = − 1 in D (11.154)

τ̄(X) = 0 on ∂D, (11.155)
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where L1 satisfies (11.131) and

L2 = (G33X3 +G34X4)
∂

∂X3
+ (G43X3 +G44X4)

∂

∂X4
. (11.156)

We assume the expansion

τ̄(X) =
τ̄0(X)
γ

+ τ̄1(X) + γτ̄2(X) + · · · (11.157)

and conclude, as in the previous section, that τ̄0(X) = T0(E). Using the method of
averaging again, we obtain

lim
T→∞

1
T

T∫
0

[
1
2
ε∗L1T0(E)− L2T0(E)

]
dt = − 1 for 0 < E < EC

T0(EC) = 0, T0(0) = ∞.

Now, changing to spherical coordinates as above, we get the effective equation

ε∗a1r
2

2
T ′′0 (r) +

ε∗a2r

2
T ′0(r)− a3rT

′
0(r) = − 1 for 0 < r < 1 (11.158)

T0(1) = 0, T0(0) = ∞, (11.159)

where a1 and a2 satisfy (11.147). The constant a3 is defined by

a3 =
1

2π2

π∫
0

π∫
0

2π∫
0

4∑
i,j=3

GijXj
∂r

∂Xi
sin θ sin2 Ψ dϕ dθ dΨ. (11.160)

Evaluating (11.160) in this case, we obtain a3 = 1
4 (G33 + G44). The solution of

(11.158) satisfying the first condition (11.159) is given by

T0(r) =
log r

a3 − ε∗(a2 − a1)/2
+ k

[
1− r[ε

∗(a1−a2)/2−a3]/(ε
∗a1/2)

]
, (11.161)

where k is any constant. As above, it can be shown that k must be zero. The second
condition (11.159) can be satisfied only if

ε∗

2
>

a3

a2 − a1
. (11.162)

In this case,

τ̄ ∼ 1
ε2(a2 − a1)/2− 2γa3

log
(
EC
E

)
. (11.163)

The boundary value problem(11.158)–(11.159) has no solution for

ε∗

2
<

a3

a2 − a1
. (11.164)
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As in the previous section, it can be shown that for ε∗ satisfying (11.164) the origin
is stochastically stable.

For a high dissipation rate a direct stability result can be obtained by using the
Smoluchowski approximation. In this approximation the inertia term

M

(
θ̈1
θ̈2

)
is dropped from eq. (11.151). In this case the problem becomes two-dimensional
rather than four-dimensional. Therefore, applying the Lyapunov function stability
criterion, it can be easily shown that the origin is stochastically stable.

11.3.4 A tangentially loaded double pendulum (follower load)

A double pendulum with a follower load corresponds to η = 1 and is not conserva-
tive. Its deterministic kinetic stability criterion is given by [254]

P0l

C2
<

1 + 4µ̄γ2
1 + 4γ2

2(1 + ξ) + 4γ2 − 8γ1γ2

√
µ̄ξ

2γ2
2 + γ2

, (11.165)

where µ̄ = m1/m2 and ξ = C1/C2. Note that in contrast to the conservative case,
this criterion depends on the mass ratios and on mass distribution.

We assume again that (11.104) holds with P0 satisfying (11.165). The equa-
tions of motion of the system are now given by (11.117)–(11.119), and (11.120) is
replaced by

D =
P0l

2

(
−1 1

0 0

)
. (11.166)

The dynamics of the system are described by (11.122)–(11.124), and (11.125) is
replaced by

B31 =
P0l

2
K11(X1 −X2), B41 =

P0l

2
K21(X1 −X2). (11.167)

The reduced system (11.126) (ε = 0) is no longer conservative, but there exists a
Lyapunov functional Ẽ that is constant on the trajectories of (11.126). The func-
tional Ẽ is positive definite as long as P0 satisfies (11.165) [245]. Thus, (11.126) is
conservative with respect to the Lyapunov functional Ẽ rather than with respect to
the energy E.

The index of reliability of the system is now defined to be the expected time
it takes the Lyapunov functional Ẽ to reach a given critical value ẼC . We seek a
Lyapunov functional in the quadratic form

Ẽ = T11X
2
1 + 2T12X1X2 + T22X

2
2 + T33X

2
3 + 2T34X3X4 + T44X

2
4 , (11.168)

where AX · ∇Ẽ = 0 for all points X . Thus, the coefficients Tij are the solutions
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of the linear system

T11 +A31T33 +A41T34 =0 (11.169)

T12 +A32T33 +A42T34 =0
T12 +A31T34 +A41T44 =0
T22 +A32T32 +A42T44 =0.

The Lyapunov function Ẽ is positive definite only for P0 satisfying (11.165). Note
that there is more than one Lyapunov function for (11.126) in both the vertically and
tangentially loaded double pendulum. The choice of a Lyapunov functional does not
affect the reliability criterion, although the exit point on the surface Ẽ = ẼC may
change.

The domain D and the times τ and τ̄ are defined again by (11.128)–(11.129)
with the energy E replaced by the functional Ẽ. Therefore τ̄ is the solution of the
boundary value problem in D,

ε2

2

(
P0l

2

)2

(X1 −X2)2
[
K2

11

∂2τ̄

∂X2
3

+ 2K11K12
∂2τ̄

∂X3∂X4
+K2

12

∂2τ̄

∂X2
4

]
+ AX · ∇τ̄ = −1 (11.170)

with the boundary condition

τ̄(X) = 0 on ∂D. (11.171)

We follow the same procedure as in the previous section to solve (11.170)–
(11.171) with Ẽ replacing E. Defining

r =

√
Ẽ

ẼC
< 1, (11.172)

we obtain the equations (11.140)–(11.145) where a1(r) and a2(r) are given by
(11.145) with aij defined now by

a22 =
(
P0l

2

)2

K2
11(X1 −X2)2 (11.173)

a34 = a43 =
(
P0l

2

)2

K11K12(X1 −X2)2

a44 =
(
P0l

2

)2

K2
12(X1 −X2)2.

Evaluating a1(r) and a2(r), we find that

a1(r) = a1r
2, a2(r) = a2r, (11.174)
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where a1 and a2 are constants (see below). We obtain

τ̄ ∼ 1
ε2(a2 − a1)

log

(
ẼC

Ẽ

)
.

The introduction of friction into the system leads to the stability criterion (11.164),
where a1 and a2 are defined in (11.174) and a3 is defined in (11.160). Note that r
in this case is given by (11.172).

Exercise 11.3 (Stability criteria). Choosing m1 = m2 = m, C1 = C2 = C, and
γ1 = γ2 = 1/2 corresponds to a system consisting of equal masses concentrated at
the upper end of the bars and of identical springs at the hinges.

(i) Write down the equations of motion.

(ii) Show that the stability criterion is P0l/C < 4.
(iii) Construct a Lyapunov functional in the form of a quadratic function and calcu-
late the MFPT to ẼC . 2

11.3.5 The N -fold pendulum and the continuous column

Finally, we approximate the Euler column by an N -fold pendulum consisting of N
elements of length {∆xi}Ni=1 such that

∑N
i=1 ∆xi = l. Let {Ci}Ni=1 be the spring

constants at the hinges, and {θi}Ni=1 be the angles between the ith element and the
vertical direction. Suppose that the mass of each element is concentrated at its upper
end; then the kinetic energy of the pendulum is given by

T =
µ

2

N∑
i=1

∆xi

 i∑
j=1

∆xj θ̇j

2

(11.175)

and the potential energy is given by

V =
1
2

N∑
i=1

Ci(θi − θi−1)2 −
P

2

N∑
i=1

∆xiθ2i . (11.176)

If Wi is the deflection of the upper end of the ith element, then

Wi =
i∑

j=1

∆xjθj , Wi,x ≈ θi (11.177)

Wi,xx ≈
θi − θi−1

∆xi
, Wi,t =

i∑
j=1

∆xj θ̇j .

Using (11.177) in (11.175) and (11.176), we get

T ≈ µ

2

N∑
i=1

Wi,t∆xi (11.178)
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and

V =
1
2

N∑
i=1

Ci∆W 2
i,xx∆xi −

P

2

N∑
i=1

W 2
i,x∆xi. (11.179)

Now, letting N → ∞ and ∆xi → 0, we require that the energies of the pendu-
lum converge to those of the column. Denoting by W (x, t) the deflection of the
continuous column, the kinetic and potential energies are given by

T =
µ

2

l∫
0

W 2
l dx (11.180)

and

V =
α

2

l∫
0

W 2
xx dx−

P

2

l∫
0

W 2
x dx, (11.181)

respectively. Note that the last integral in (11.181) is the work done by the external
load P . We include it in the potential energy to describe the system, including
external force. In the limit, as N →∞, we obtain

α = lim
∆xi→0

Ci∆xi,

therefore, in order to model the column by an N -fold pendulum, we choose

Ci =
α

∆xi
for i = 1, 2, . . ., N. (11.182)

Suppose that the N -fold pendulum consists of equal elements of length l/N ; then
the spring constants are equal to Nα/l. The equations of motion are now given by

Mθ̇ +Cθ +Dθ = 0, (11.183)

where

θ =(θ1, θ2, . . ., θN )T , Mij =
µ

N3
[N + 1−max(i, j)]

Dij =
Pl

N
δij .

l

Nα
Cij =


2 if i = j 6= N
1 if i = j = N

−1 if |i− j| = 1
0 if |i− j| > 1.

In the case of a constant load P0, the system (11.183) is stable as long as the matrix
C +D is positive definite. This is the case if P0 satisfies

P0l
2

α
< 4N2 sin2

(
π

4N + 2

)
. (11.184)
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We observe that as N → ∞, the right-hand side of (11.184) converges to π2/4,
which agrees with (11.103).

Now, we assume that P is given by (11.104) with P0 satisfying (11.184). The
energy of the deterministic system (11.183) (ε = 0) is given by

E =
1
2

N∑
i=1

N∑
j=1

(
Mij θ̇iθ̇j + Cijθiθj −

P0l

N
δijθiθj

)
. (11.185)

Setting

D =
{

(θ, θ̇)|E(θ, θ̇) < EC

}
⊂ R2n

, τ = inf
{
t |E(θ(t), θ̇(t)) = EC

}
,

the index of reliability is the conditional expectation of the MFPT

τ̄(θ, θ̇) = E[τ | (θ(0), θ̇(0)) = (θ, θ̇)]. (11.186)

As above, τ̄(θ, θ̇) is the solution of the boundary value problem

ε2

2

(
P0l

N

)2 ∑
i,j,k,l

KijθjKklθl
∂2τ̄

∂θ̇i∂θ̇k
−
∑
i,j,k,l

Kij(Cjk +Djk)θk
∂τ̄

∂θ̇i

+
∑
i

θ̇i
∂τ̄

∂θi
= −1 (11.187)

in D and τ̄(θ, θ̇) = 0 on the boundary of D, where K = M−1. Proceeding as
above, we expand τ̄ in powers of ε2

τ̄ =
τ̄0
ε2

+ τ̄1 + ε2τ̄2 + · · · , (11.188)

and find that τ̄0 is a function of the energy and the solvability condition for τ̄1 leads
to the averaged equation

(
P0l

N

)2

lim
T→∞

1
T

T∫
0

∑
i,j,k,l

KijθjKklθl
∂2T0(E)
∂θ̇i∂θ̇k

dt = − 2 for 0 < E < EC

T0(EC) = 0, T0(0) = ∞.

Next, we change coordinates to E and N − 1 angles on the surfaces E = const. so
that the above averaged equation takes the form

(
P0l

N

)2

lim
T→∞

1
T

T∫
0

∑
i,j

θiθj θ̇iθ̇j T
′′
0 (E) +

∑
i,j

Kijθiθj dt T
′
0(E)

 dt
= − 2 for 0 < E < EC . (11.189)
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Rather than proceeding with the calculation for N , we consider the case N →
∞ to recover the continuous column. Thus, we note that

lim
N→∞

(
l

N

)2∑
i,j

θiθj θ̇iθ̇j =
1
4

 l∫
0

(
∂

∂t
W 2
x

)
dx

2

(11.190)

and

lim
N→∞

(
l

N

)2 ∑
i,j,k,l

KijθiθjKklθkθl =
1
µ

l∫
0

W 2
xx dx. (11.191)

Setting

ã1(E) = lim
T→∞

1
T

T∫
0

P 2
0

4

 l∫
0

(
∂

∂t
W 2
x

)
dx

2

dt (11.192)

and

ã2(E) = lim
T→∞

1
T

T∫
0

P 2
0

µ

l∫
0

W 2
xx dx dt. (11.193)

we rewrite (11.189) as

ã1(E)T ′′0 (E) + ã2(E)T ′0(E) = −2 for 0 < E < EC (11.194)

with the obvious definition of T0(E). We define

ai(E) = 〈ã1(E)〉i.c. (i = 1, 2) (11.195)

as the mean over initial conditions.
The continuous column theory is essentially a long wave theory. The initial data

must therefore be restricted to the first few modes. Therefore, when averaging over
initial conditions, we assign these modes much higher probability than to the higher
ones. The analysis of the N -fold pendulum shows that

a1(E) = a1E
2, a2(E) = a2E, (11.196)

where a1 and a2 are determined by the weights assigned to the modes. Thus, the
two-dimensional model essentially represents the qualitative behavior of the contin-
uous column. It follows that (11.150) is also valid in the continuous case, and so
is the stability criterion (11.164) with a3 properly defined. We conclude that if the
noise intensity is large relative to damping, the column loses its stability, and if the
noise is relatively small, the column is stochastically stable.

Exercise 11.4 (Stability of a column with noisy tangential load). Find the limit
N →∞ of the Lyapunov functional for a column with noisy tangential load. Argue
that the behavior of the double or triple pendulum represents qualitatively that of
the noisily loaded column in the nonconservative case as well. 2
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